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Alpha clusters in light nuclei

Ikeda, Takigawa, Horiuchi, PTPS Ext. Num. (1968) 464 
Figure from von Oertzen, Freer, Kanada-Enʼyo,
PR 432, 43 (2006)

The threshold rule
• Prominent clustering in states near 

the threshold
• Seeds of clustering in the ground 

state
• Significant impact on element 

synthesis (e.g., Hoyle state)



12C: 3𝛼 configurations vs a single SD

DEFORMATION AND CLUSTER STRUCTURES IN 12C . . . PHYSICAL REVIEW C 88, 014321 (2013)

-8 -4 0 4 8
x

-8

-4

0

4

8

y

-8 -4 0 4 8
x

-8

-4

0

4

8

y

-8 -4 0 4 8
x

-8

-4

0

4

8

y

-8 -4 0 4 8
x

-8

-4

0

4

8

y

-8 -4 0 4 8
x

-8

-4

0

4

8

y

(a) (b) (c) (d)

(e) (f) (g) (h)

-8 -4 0 4 8
x

-8

-4

0

4

8

y

-8 -4 0 4 8
x

-8

-4

0

4

8

y

-8 -4 0 4 8
x

-8

-4

0

4

8

y

FIG. 11. (Color online) Density distributions of some SDs out of 31 SDs which are used in Ref. [23]. Units of vertical and horizontal axes
are fm.

Our calculation reasonably reproduces the overall features
of the structure of 12C. The energies and the B(E2) transition
strength of the ground state rotational band are well described.
The lowest excited states of negative parity, 1−, 2−, and 3−,
are also reasonably described, although the excitation energies
are slightly too high. The Slater determinants which dominate
in these states show three-α structure. Our calculation also
reproduces the excitation energy of the Hoyle (0+

2 ) state
reasonably. This state is found to be described by superposition
of many Slater determinants, consistent with the former
cluster-model calculations. However, the radius of the 0+

2 state
is calculated to be significantly smaller than those. The energy
gain associated with the spin-orbit interaction in the present
method seems to be responsible for this difference. The three-α
linear-chain structure appears at around 15 MeV excitation,
forming a rotational band.

In our calculation, we find two 2+ states, 2+
2 and 2+

3 ,
to appear at excitation energies over 10 MeV. Recent
measurements report existence of a 2+ excited state in a similar
energy region. There have been arguments that the measured
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FIG. 12. (Color online) Energy levels of 12C employing 3α SDs
with Skyrme SLy4 interaction (a), the results of GCM calculation of
Ref. [23] (b), and experiments (c).

2+ state is a member of the rotational excitation built on the 0+
2

state. However, our calculation provides rather small B(E2)
values for the transitions of both 2+

2 → 0+
2 and 2+

3 → 0+
2 . This

fact suggests that neither 2+
2 nor 2+

3 state may be regarded as
the rotationally excited Hoyle state.

The success for the description of 12C nucleus reported in
this paper clearly shows that the present approach is promising
for systematic description of various many-body correlations
including clustering in light nuclei.

In the present study, we use existing parameter sets of
standard Skyrme forces. Since Skyrme forces are designed
to describe nuclear properties of the whole mass region
with a single Slater determinant, a readjustment of the
parameter set may be required to provide more satisfactory
descriptions in the configuration mixing approach. Such
refinement of the force will be an important issue in our future
studies.
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FIG. 13. (Color online) Energy levels of 12C in the configuration
mixing calculation with the SDs constructed by the imaginary-time
evolution (IT), and 3α, and all of these configurations (IT + 3α). See
text for details.
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FIG. 11. (Color online) Density distributions of some SDs out of 31 SDs which are used in Ref. [23]. Units of vertical and horizontal axes
are fm.

Our calculation reasonably reproduces the overall features
of the structure of 12C. The energies and the B(E2) transition
strength of the ground state rotational band are well described.
The lowest excited states of negative parity, 1−, 2−, and 3−,
are also reasonably described, although the excitation energies
are slightly too high. The Slater determinants which dominate
in these states show three-α structure. Our calculation also
reproduces the excitation energy of the Hoyle (0+

2 ) state
reasonably. This state is found to be described by superposition
of many Slater determinants, consistent with the former
cluster-model calculations. However, the radius of the 0+

2 state
is calculated to be significantly smaller than those. The energy
gain associated with the spin-orbit interaction in the present
method seems to be responsible for this difference. The three-α
linear-chain structure appears at around 15 MeV excitation,
forming a rotational band.

In our calculation, we find two 2+ states, 2+
2 and 2+

3 ,
to appear at excitation energies over 10 MeV. Recent
measurements report existence of a 2+ excited state in a similar
energy region. There have been arguments that the measured
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2+ state is a member of the rotational excitation built on the 0+
2

state. However, our calculation provides rather small B(E2)
values for the transitions of both 2+

2 → 0+
2 and 2+

3 → 0+
2 . This

fact suggests that neither 2+
2 nor 2+

3 state may be regarded as
the rotationally excited Hoyle state.

The success for the description of 12C nucleus reported in
this paper clearly shows that the present approach is promising
for systematic description of various many-body correlations
including clustering in light nuclei.

In the present study, we use existing parameter sets of
standard Skyrme forces. Since Skyrme forces are designed
to describe nuclear properties of the whole mass region
with a single Slater determinant, a readjustment of the
parameter set may be required to provide more satisfactory
descriptions in the configuration mixing approach. Such
refinement of the force will be an important issue in our future
studies.

-95

-90

-85

-80

-75

-70

E
ne

rg
y 

[M
eV

]

(a) IT
0+ 2+ 4+

(b) IT + 3α
0+ 2+ 4+

(c) 3α
0+ 2+ 4+

FIG. 13. (Color online) Energy levels of 12C in the configuration
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FIG. 11. (Color online) Density distributions of some SDs out of 31 SDs which are used in Ref. [23]. Units of vertical and horizontal axes
are fm.

Our calculation reasonably reproduces the overall features
of the structure of 12C. The energies and the B(E2) transition
strength of the ground state rotational band are well described.
The lowest excited states of negative parity, 1−, 2−, and 3−,
are also reasonably described, although the excitation energies
are slightly too high. The Slater determinants which dominate
in these states show three-α structure. Our calculation also
reproduces the excitation energy of the Hoyle (0+

2 ) state
reasonably. This state is found to be described by superposition
of many Slater determinants, consistent with the former
cluster-model calculations. However, the radius of the 0+

2 state
is calculated to be significantly smaller than those. The energy
gain associated with the spin-orbit interaction in the present
method seems to be responsible for this difference. The three-α
linear-chain structure appears at around 15 MeV excitation,
forming a rotational band.

In our calculation, we find two 2+ states, 2+
2 and 2+

3 ,
to appear at excitation energies over 10 MeV. Recent
measurements report existence of a 2+ excited state in a similar
energy region. There have been arguments that the measured
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FIG. 12. (Color online) Energy levels of 12C employing 3α SDs
with Skyrme SLy4 interaction (a), the results of GCM calculation of
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2+ state is a member of the rotational excitation built on the 0+
2

state. However, our calculation provides rather small B(E2)
values for the transitions of both 2+

2 → 0+
2 and 2+

3 → 0+
2 . This

fact suggests that neither 2+
2 nor 2+

3 state may be regarded as
the rotationally excited Hoyle state.

The success for the description of 12C nucleus reported in
this paper clearly shows that the present approach is promising
for systematic description of various many-body correlations
including clustering in light nuclei.

In the present study, we use existing parameter sets of
standard Skyrme forces. Since Skyrme forces are designed
to describe nuclear properties of the whole mass region
with a single Slater determinant, a readjustment of the
parameter set may be required to provide more satisfactory
descriptions in the configuration mixing approach. Such
refinement of the force will be an important issue in our future
studies.
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FIG. 1. (Color online) Contour plots of nuclear densities of the stored SDs for 12C. A sequential number of the SD is indicated in the top
of the panel. Units of vertical and horizontal axes are fm.

SDs increases, it is more and more difficult to find the new
SD which satisfies the overlap condition. In this way, we store
SDs which include important correlation effects and which are
linearly independent to each other as much as possible.

We show density distributions of several SDs generated
in this procedure in Fig. 1. The numbers assigned to the
figures, 1, 3, 14, 21, 23, 34, 39, and 50, simply indicate
the adopted ordering. The first one which shows a spherical
shape is the HF solution for the ground state. Other SDs in
Fig. 1 show a variety of cluster structures. For example, !3
shows an equilateral triangular three-α structure [Fig. 1(b)],
!14 shows a three-α linear-chain [Fig. 1(c)], and !23 shows
a 8Be+α-like structure [Fig. 1(e)]. We thus observe that
the present procedure efficiently produces SDs with various
cluster structures in an automatic manner.

B. Projections of parity and angular momentum

The SDs prepared by the method in Sec. II A are, in general,
not eigenstates of parity and angular momentum. To calculate
matrix elements between eigenstates of parity and angular
momentum, we apply the projection method. The projection
operators are given as usual by

P̂ π = 1
2

[1 + (−1)π P̂r ], (4)

P̂ J
MK = 2J + 1

8π2

∫
d$DJ∗

MK (α,β, γ )R̂(α,β, γ ), (5)

where P̂r is the space inversion operator, R̂(α,β, γ ) is the
rotation operator for the Euler angles, α, β, and γ , and DJ

MK

is the Wigner’s D function defined by

R̂(α,β, γ ) = e−iαĴz e−iβĴy e−iγ Jz , (6)

DJ
MK (α,β, γ ) = e−iαMdJ

MK (β)e−iγK, (7)

where J , M , and K are the total angular momentum, its
projection onto the laboratory z axis, and its projection onto
the body-fixed z axis, respectively.

We define the norm and Hamiltonian matrix elements
between the projected SDs |!i⟩ and |!j ⟩ as

nJπ
iK,jK ′ ≡ 2J + 1

8π2

×
∫

d$DJ∗
KK ′ ($)⟨!i |e−iαĴz P̂ πe−iβĴy e−iγ Ĵz |!j ⟩,

(8)

hJπ
iK,jK ′ ≡ 2J + 1

8π2

×
∫

d$DJ∗
KK ′ ($)⟨!i |e−iαĴz Ĥ P̂ πe−iβĴy e−iγ Ĵz |!j ⟩.

(9)

Here, we use the formula

P̂
J †
MKP̂ J

MK ′ = P̂ J
KK ′ . (10)

In Eqs. (8) and (9), we need the rotation of wave functions. It
is achieved by successive operations of small-angle rotations.
For example, the rotation of a wave function φ over an angle
γ around the z axis is achieved by successive rotations of a
small angle, (γ = γ /Nγ , Nγ times,

e−iγ ĵz |φ⟩ = (e−i(γ ĵz )Nγ |φ⟩, (11)

To achieve the small-angle rotation, we employ the Taylor
expansion method:

e−i(γ ĵz |φ⟩ ≈
Nmax∑

k=1

(−i(γ ĵz)k

k!
|φ⟩. (12)

Typically, we take Nmax = 4 and (γ = π
90 .

014321-3
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Alpha clusters in heavy nuclei

Andreyev, et al., PRL 110, 242502 (2013)

𝛼-particle formation probabilities

Neutron pairing gaps

Alpha decay
• Existence of cluster components in 

the ground state
Ψ = Ψ!" +Ψ#$%!&'(

• Correlation with pairing

Can we see the effect in the mean-
field wave functions?

Varga, Lovas, Liotta, PRL 69, 37 (1992)
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Local 𝛼-removal strength function
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Probed by 𝛼 knockout reaction
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𝛿(𝒙 − 𝒓)
Point-𝛼 approx.
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J.L. Wood et a!., Coexistence in even-mass nuclei 105

Mg SIP SCI ArK30!’kNo A! -

2S-~~ I

EI~_ (4
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I I I I I I I I
10 12 — N — 18 20 0CC. PROB. 0CC. PROB

Fig. 2.1. Two-neutron separation energies in an sd shell- Fig. 2.2. A schematic view of the pair occupancies vI for
model calculation. Thesizes of the black circles are propor- a single shell. The left-hand side shows a situation for a
tional to the disagreement between theory andexperiment, nucleus with a completely filled shell. The right-hand side
The situation in the N = 20 nuclei is discussed in section shows the situation in a nucleus with a partially filled shell.
3.2.1. The figure is adapted from [Bro88]. See also fig. 3.8.
Data are taken from [Orr9l].

nucleons the shell model Hamiltonian plus residual interactions,

H = ~ (P~ + V(r
1) +~i~.~1)+~V(r,,rj), (2.1)

where i and j run over valence nucleons, can be diagonalized in a configuration space consisting of
the few particles or holes occupying shell model orbits in the valence shell. In its most developed
form, such a program has been completed for the sd shell [Bro88] which covers the region defined
by 8 ~çZ ~ 20, 8 ~ N 20 and involves matrix diagonalizations of dimension up to 93710 (in the
m scheme). An example of results from this program in comparison with experiment is shown in
fig. 2.1.
The limit to a calculational program based on diagonalizing eq. (2.1) is the dimension of the

configuration space: this grows rapidly with the size of the shell model valence space. Beyond
the sd shell, the 1 f712 shell can be handled [Kut78], but after that the configuration space must
be truncated. The most direct approach to this is to truncate to a few subshells: this has rarely
been used because it is not realistic. However, an ingenious alternative is the use of the quasispin
formalism [Ker61] and its extension: the generalized seniority formalism [Tal7 11. The idea is that,
at least for singly closed shell nuclei, the effect of the residual two-body forces can be limited to
a short-ranged “pairing” force acting on the (alike) valence nucleons. This produces a strongly
pair-correlated structure as the nuclear ground state. Using the occupation number representation,
the creation operator for such a correlated pair can be expressed as

S~= >cj(a~a7)~°~, (2.2)

Cooper pair

𝑛 ↑ 𝑛 ↓ 𝑝 ↑ 𝑝 ↓
Looking for
occupied 4 seats
at the same location

Local 𝛼-removal strength function

𝑉 $

𝑈 $
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Fig. 3. Missing-mass spectra for the a-knockout reactions, the isotopic
dependence of the (p, pa) cross sections, and a comparison with the
theoretical calculations. (A to D) Missing-mass spectra for the a-knockout
reactions for tin targets (A) 112Sn, (B) 116Sn, (C) 120Sn, and (D) 124Sn. The
effect of a small dip between the ground state peak and the broad continuous
bump in (B) on the count of the peak is within the fitting error and does not
change the conclusions of this study. The red lines in (A) to (D) represent the
results of the fits with the Gaussians for the ground-state peaks (the black
dashed-dotted lines) and the simulated shapes of the continuum (the blue
dashed lines). They include the experimental acceptances of the momenta

and the geometric cuts. (E) Isotopic dependence of the cross sections, as
determined experimentally (black points) and theoretically (red line).
(F) Dependence of the effective number of a clusters, Na, on the mass
number A of the tin nuclei in the calculation using the gRDF approach (23)
with the DD2 parameters (5). (G) Ratios of the cross sections s and Na. In (A)
to (D), the error bars are statistical only; in (E) and (G), the error bars are
dominated by the statistical errors but also include the systematical errors
(~1.6%). (Details are given in the methods.) In (E) and (G), the correlated
normalization uncertainty of the theoretical values is not presented because it
is canceled out when we discuss the isotopic dependence of s and s/Na.
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𝑆!
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Fig. 2.1. Two-neutron separation energies in an sd shell- Fig. 2.2. A schematic view of the pair occupancies vI for
model calculation. Thesizes of the black circles are propor- a single shell. The left-hand side shows a situation for a
tional to the disagreement between theory andexperiment, nucleus with a completely filled shell. The right-hand side
The situation in the N = 20 nuclei is discussed in section shows the situation in a nucleus with a partially filled shell.
3.2.1. The figure is adapted from [Bro88]. See also fig. 3.8.
Data are taken from [Orr9l].

nucleons the shell model Hamiltonian plus residual interactions,

H = ~ (P~ + V(r
1) +~i~.~1)+~V(r,,rj), (2.1)

where i and j run over valence nucleons, can be diagonalized in a configuration space consisting of
the few particles or holes occupying shell model orbits in the valence shell. In its most developed
form, such a program has been completed for the sd shell [Bro88] which covers the region defined
by 8 ~çZ ~ 20, 8 ~ N 20 and involves matrix diagonalizations of dimension up to 93710 (in the
m scheme). An example of results from this program in comparison with experiment is shown in
fig. 2.1.
The limit to a calculational program based on diagonalizing eq. (2.1) is the dimension of the

configuration space: this grows rapidly with the size of the shell model valence space. Beyond
the sd shell, the 1 f712 shell can be handled [Kut78], but after that the configuration space must
be truncated. The most direct approach to this is to truncate to a few subshells: this has rarely
been used because it is not realistic. However, an ingenious alternative is the use of the quasispin
formalism [Ker61] and its extension: the generalized seniority formalism [Tal7 11. The idea is that,
at least for singly closed shell nuclei, the effect of the residual two-body forces can be limited to
a short-ranged “pairing” force acting on the (alike) valence nucleons. This produces a strongly
pair-correlated structure as the nuclear ground state. Using the occupation number representation,
the creation operator for such a correlated pair can be expressed as

S~= >cj(a~a7)~°~, (2.2)
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Finite-size effect of 𝛼 particle
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Finite-size effect of 𝛼 particle (BCS case)
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𝛼 reduced width
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Deuterons in nuclei
• QRPA calculation by Kenichi Yoshida 

• Finite-size effect (𝑟* ≠ 𝑟+)?

CHAZONO, YOSHIDA, YOSHIDA, AND OGATA PHYSICAL REVIEW C 103, 024609 (2021)

FIG. 3. Radial component of ϕpn(R). The solid, dashed, and dot-
dashed lines correspond to the cases of V0 = −100, −490, and −600
MeV fm3, respectively. Note that each line is multiplied by R2.

that we are interested in, respectively. They are constructed
by mainly the (νp1/2)−1(π p1/2)−1 configuration, and the
superposition of the (νp1/2)−1(π p3/2)−1 and
(νp3/2)−1(π p1/2)−1 configurations, respectively. With an
increase of the pairing strength, the energies become lower
and the strengths get enhanced for both states. For the case
of V0 = −600 MeV fm3, the (p3/2)−2 configuration is not
negligible for enhancing the transition strength to the 1+

2 state.
Therefore, the collectivity of the 1+

2 state becomes stronger
with an increased pairing strength.

The question arisen here is how much of the pairing
strength we should employ. We are going to look at the energy
difference of the 1+ states; $E = E1+

2
− E1+

1
. For the case

of V0 = −100, −490, and −600 MeV fm3, the calculated
$E is 5.41, 4.12, and 3.48 MeV, respectively, while $E =
3.95 MeV experimentally. We can thus say that the pairing
strengths V0 = −490 and −600 MeV fm3 are a reasonable
choice in the present study.

Next, we check the behavior of ϕpn(R). The radial com-
ponents of ϕpn(R) with V0 = −100 MeV fm3 (solid line),
−490 MeV fm3 (dashed line), and −600 MeV fm3 (dot-
dashed line), respectively, are shown in Fig. 3. It should be
noted that each line is multiplied by R2. One can clearly find
that the stronger the pair interaction is, the larger the ampli-
tude of R2ϕ̂pn(R) is, i.e., the stronger collectivity the pn pair
has. Note that in the V0 → 0 limit, the independent-particle
picture of 16O is realized. Then, the peak of the R2ϕ̂pn(R) will
almost disappear.

C. Triple differential cross section for 16O(p,pd)14N∗ reaction
at 101.3 MeV

In Fig. 4 we show the TDX for the 16O(p, pd ) 14N∗ reac-
tion at 101.3 MeV as a function of T L

1 . The emission angle
of particle 1 is fixed at (θL

1 ,φL
1 ) = (40.1◦, 0◦) and that for

particle 2 at (θL
2 ,φL

2 ) = (40.0◦, 180◦); we follow the Madison
convention. At T L

1 ≈ 52 MeV, the RL condition is almost
satisfied. This kinematical condition corresponds to Epd ≈
56 MeV and θpd ≈ 68◦ for the p-d scattering. The results

FIG. 4. Triple differential cross section (TDX) for the
16O(p, pd ) 14N∗ reaction at 101.3 MeV. The solid, dashed, and
dot-dashed lines corresponds the results with ϕ̂pn of V0 = −100,
−490, and −600 MeV fm3, respectively.

using ϕ̂pn calculated with V0 = −100, −490, and −600 MeV
fm3 are shown by the solid, dashed, and dot-dashed lines,
respectively. One sees a clear correspondence between V0 and
the TDX. In other words, the height of the TDX reflects
the collectivity of the pn pair that forms deuteron in 16O.
Unfortunately, however, it is difficult to make a quantitative
comparison of the current results with experimental data. This
is mainly because of the approximate treatment of ϕpn in
Eq. (18); the TDX of knockout reactions is known to be quite
sensitive to the radial distribution of the wave function of the
particle to be knocked out, which may be affected by the
approximation of Eq. (18) in the present case. A sensitivity
test of the TDX on ϕpn is given in the Appendix. Besides, there
may exist other reaction mechanisms that are not considered
in this study; we come to this point in Sec. IV. Nevertheless,
the V0 dependence of the TDX can safely be investigated,
which is our primary objective of this study.

FIG. 5. Ratio of the TDX height to that calculated with V0 =
−100 MeV fm3. The circles (asterisks) represent the results of the
DWIA (PWIA) calculations.
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Summary
• Local 𝛼-removal strength function: 𝑆!

(#) 𝒓, 𝐸
• HF+BCS calculation
• 112-124Sn: g.s. ➝ g.s.

• Consistent with 𝛼-knockout experiment
• Sensitive to pairing correlations
• Finite-𝛼 effect: Peak shift to larger 𝑟

• Local 𝛼-addition strength function: 𝑆!
(8) 𝒓, 𝐸

• Strong isotopic dependence due to bound/unbound orbitals
• Finite-𝛼 effect: Enhancement of surface peak

• Deuterons in nuclei
• Correlations beyond mean field  (QRPA)
• Position-dependent deuteron-like states
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