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Beyond mean field model (Subtracted Second RPA) with EDF

Targets of Second RPA
. {a) v \X——\/ Ipith <> Iplh

Giant Resonances (b) i_vv ' +\/__i Iplh <> 2p2h

Gamow-Teller states
{c) i—-—i+~f + ++$—-i + +/\_\/+ 2p2h < 2p2h

beta decay
More correlations in Collective and non-collective excitations
1p-1h+2p+2h correlations
tensor correlations
Pairing correlations
keeping universality of applications

* Spreading width of giant resonances
* Quenching of spin-isospin excitations.
* Low-energy pigmy states

* Beta-decay lifetime




RPA (random phase approximation) and
SSRPA (subtracted second RPA)models

RPA ground state is defined as
) = e’ |®).
where

S = Z Cph (I){I;Eﬂh .
ph

SRPA operator is

S = Z CPH(I)H dp + — Z Cpp’hh (I)Hpﬂpfﬂhﬂhr
ph php h'

The basic idea is the same as the coupled cluster model
with singlet (s)- and doublet (d)- pairs.
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SRPA phonon operator

ph RPA
E v Jr
+ (XPIPEhth p @ ﬂh2 Ay
pPi1<pa
hi<hsg
v T T
o YPIPE hihaOhy Qpo Cpa Opy )
SRPA

Equation of motion gives
SRPA matrix equation

|H,QT] = hwQt



RPA equation.

A B|[x¥ XV
5 ] e

A1 =Aphiprh
= < HF|[a}ap, [H,a!,ap]]|HF >
=(Ep — Ev)0pp Onns + Vpnrny

Bl] :Bph;p'h’
—— < HF|[ala,,[H,a!,a,]]|HF >

— Y pp'hh'
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RPA equation.

5 ] ] e

A — Ay Ao _ (Bu Bz
Aoy A2 )’ Ba1 Bao

Ay =Aphprn

= < HF|[a}ap, [H,a!,ap]]|HF >
=(Ep — Ep)dpp Onns + I?ph’hp'

Bl 1 :Bph;p'h’

—— < HF|[a}a,,[H,a},a,]]|HF >

— Y pp'hh'

~ Ipih <> Iplh

Iplh «>2p2h

I R

A12 =Aphipipohiha

=< HF”{IL{IP? H, a;glai,zah?ahl]HHF >

—U (h1h2) Vi, papha Oty — U(0102) Viipahs s Opps

U(h;h,)is an anti-symmtrizer.
A2z :Aplpzhlhzmi?fzhihé
= < HFH“L“L“M%N |H, a;,la;,gahaahrl]HHF >
=(Ep, + Ep;, — Eny — Eny )U(p1p2)U (h1ha)
X Op, ', Opopt, Ony 1), Onaht,
+ U(h1h2) Vs, popt v, Ok b, Okl
+ U(P1P2)ffh1h2h;h§5plp; Opapt,
— U(p1p2)U(h1h2)U (pipy)U (hihy)
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The Subtraction procedure

Large scale SRPA calculations have shown that:

@ The SRPA strength distribution is sistematically shifted towards lower
energies compared to the RPA one

o This shift is very strong (~ 3-4 MeV ), RPA description often spoiled

i

This is trivial since EDF is designed to describe the mean field properties of nuclear
observables; in other words for HF and RPA calculations

The Subtraction procedure (I. Tselyaev Phys. Rev. C 75, 024306 (2007))

@ Designed for beyond RPA approaches
@ It restores the Thouless theorem, e.g. instabilities are removed

e Static (w = 0) limit of the SRPA imposed to be equal to the RPA one

SRPA=> convert to RPA-like egation
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SRPA ->Energy dependent RPA-like equation

Ap(@) = Ay + Z Ap(@+in— Ax) ' Ay

2,2

— Z Bp(w+in+ Azz*]_l By,
2.

Byy(w) = By + Z Ap(w+in — Ay) ' Byyp
2.2

— Y Bu(@+in+ Ap) Ay (11)
2.
Subtraction matrix
(If we subtract E;;,(w = 0) and F(w = 0) from A and B,
SRPA(w = 0) = RPA
Ey(@) =) Ap(@+in—An)" Ay
2,2
Al () = Ajp(w) — Ep(0), | »
5 — Biy(w+in+ Az) By,
BI I_r(ﬂ.]') = B“.-[:ﬂ:}) — F| |.r('[]'). r

2,2

Fir(@) =) Ap(@+in— Ap) ™' Byy
2,2

— Z Blg(ﬂl -+ .Eil’] + A, a}_lﬂg.rp.
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In SRPA with subtraction procedure (SSRPA), A;; and
B11 are modified.

AISI" :AII’ + ZAIQ(AE?)_IAQI’ _|_ Z Blg(ﬂigj_lBglr
2 2

By =By + ) A1a(A22) "' By + ) Bia(Ag) " Ay
> 2

Aph,g'tf (E) =

p’v AU U p/ h’ p't N
N + % + % + %
pA h p h P h p h

48 (Anf + 3 50 A(An) Ay + 3, 5 Bia(Azy) ' By AIZ)

Energy independent SSRPA equation

Aj Asy
s (311* + 3 52 A1(Ax) By + 3, 5 Bia(Ay) Ay Blz)
F — .
B,, 0

DFT2025 38



Lee-Suzuki-Okamoto similarity transformation

Lee and Suzuki, Prog. Theor. Phys. 64 (1980)
Suzuki and Okamoto, Prog. Theor. Phys. 92, 1045 (1994)

Consider |@,,) is a complete set of eigenstates of H,

Dream H|®,) =E,|®,). (3.208)

Each state |@,, ) is decomposed into the P and Q spaces as

Reality |®,) = (P + Q)|®,) = |v) + Q|®,) (3.209)
where |) = P|®,}. Define the operator § which maps the state in (J space into P
space
Sy = Q|d,). (3.210)
Then, we have
|®y) = (I + 8)|v) (3.211)

where [ is the identity operator. The operator § satisfies the relations,

OSP—=S, PSP—=0SQ=0, S*=0. (3.212)
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Thus, the operator e*° has the inverse e~ being a unitary operator, which makes
possible the mapping,

|By) =€e’lv), |v) =e°|Dy). (3.214)

Similarity transformation

These mappings are called “similarity transformations™. Then, |/} is an eigenstate
of a Hamiltonian

Hs =eHe", (3.215)

with the eigenvalue E, since

(&, |H|®,) = (®,le’e > He e |D,) = (v|Hslv) = E, . (3.216)

The decoupling condition

QHsP = Qe SHeP =0,

The effective Hamiltonian Hp in the model space P is expanded to be
1
Hs;=e " He® = H+[H, S1+ 5[[H, ], S+ - - (3.218)

In general, the commutator terms contain two-, three-, - - -, A-body operators, i.e.,
the Hamiltonian Hs can be written in a cluster expansion form as

Hs=H"Y +H? +HD 4., (3.219)

PH3Q= 0)

QHQ
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S;, is an operator to map Q-space to P-space
With the condition of Eq. (3.217), the operator §,; can be expressed as
IS[I = Uiﬂlf_]{ﬁi'—'hJT},

with the operator

d
w=>Y 0l®) (P,
k=1

DFT2025

(3.220)

(3.221)
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of the P space. The effective interaction is then given by

d
1 A
R=IHy—PHP =PVP+ Y PVO 1 Qv |
ot PVE+ L PV “,— oo 2

The true eigenstate of I{ corresponding to the P-space eigenstate |, is given by
o> =c"|p,>

The P-space eigenvalue problem is then written as

Heysl = (PILP+ R) [, = E,|d.) . PH,P+R=>EDF

‘The eigenvalue K, agrees with one of the eigenvalues of H, as long as w is a
solution to Eq, (2-19), In terms of E, and |¢.5 Egq. (2:19) can be solved
formally as

[
= Elm{E,,) ERICH (229
l|'|'T
with
1
w(E) = VP :
(E.) EF_QHQQ : (2.23)

— ) DFT2025
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In SRPA with subtraction procedure (SSRPA), A;; and
B11 are modified.

AISI" :AII’ + ZAIQ(AE?)_IAQI’ _|_ Z Blg(ﬂigj_lBglr
2 2

By =By + ) A1a(A22) "' By + ) Bia(Ag) " Ay
> 2

Aph,g'tf (E) =

p’v AU U p/ h’ p't N
N + % + % + %
pA h p h P h p h

48 (Anf + 3 50 A(An) Ay + 3, 5 Bia(Azy) ' By AIZ)

Energy independent SSRPA equation

Aj Asy
s (311* + 3 52 A1(Ax) By + 3, 5 Bia(Ay) Ay Blz)
F — .
B,, 0
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Similarity Renormalization Group (SRG)

Vlow—k

q (b) q Q
G '
1 PHsQ= O
v
Q[ QHsP=0 |  QHsQ
I N
A
Fig. 3.13 Schematic illustration of two types of RG evolution for N N interactions in momentum | ee-Suzuki-Okamoto ST

space: a Vjoy_i running in A, and b SRG running in A. Here, g and ¢’ denote the relative momenta
of the initial and final state, respectively. At each A; or A;, the matrix elements outside of the
corresponding blocks or bands are negligible, implying that high- and low-momentum states are
decoupled

Fig. 3.15 A schematic representation of the effective Hamiltonian in the Lee-Suzuki-Okamoto
renormalization scheme. The Hamiltonian Hp = P Hg P in the active model space is renormalized
to take into account the Hamiltonian Hgp = QHsQ in the complimentary space 0 =1 — P by
using the similarity transformation operator S defined in Eq. (3.210). There is no coupling between
P and Q spaces in the model Hamiltonian

DFT2025 14



SSRPA for natural parity states

The transition operators of the spin-independent

modes are:
FIS =Y riYo(ri)
FXV =) riYao(ri)r=(i)

B(Ex) =) _bpu(Ex)* = |Z Xon + (=

ph

Normalization condition

D UK =)+ D (X ipahanal® —

ph pip2hiha
=n;+n =1

(10)

Yo ) Fphl?

2
| p1P2h1h2| )

TABLE I. The energy moments m; and m_; of isoscalar O and
I* transitions obtained by the RPA and SSRPA calculations for '°0O
and *°Ca with SGII interaction.

160
O—l—
RPA SSRPAp SSRPA
m 673.876 738.777 724.324
m_q 1.169 1.147 1.169
2—|—
RPA SSRPAp SSRPAE
mi 8375.433 0831.163 9425.072
m_ 19.471 18.176 19.471
40Ca
O—l—
RPA SSRPAp SSRPA ¢
m 2879.917 3156.741 3091.711
m_q 6.441 6.292 6.441
2-0—
RPA SSRPAp SSRPA ¢
m 35934411 39329.832 38566.354
m_q 120.915 116.860 120.915

DFT2025 15



Self-consistent HF+SSRPA model with Skyrme EDFs

RPA matrices are renormalized taking into
account an enlarged model space from 1p-1h to
1p-1h+2p-2h configurations

B(EO0)(e®fm™)
%] (%] P

—

RN W o

B(E0)(e’fm*)

FIG. 1: IS 0t strength distributions for *O calculated by
SRPA (upper panel)and SSRPA (lower panel) by SGII inter-
action with 2p-2h energy cutoff 60, 70, and 80 MeV. See the
text for more details. SETo00"

Cumulative sum GT strength{h"le‘-.r1}

Convergence check

15 | 2%8pp SGII SSAPA

0 5 10 15 20 25
Ey(MeV)
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FIG. 2: IS 01 strength distributions in 0. The results cal-
culated without and with tensor interaction are shown in the
upper and lower panels, respectively. Results of RPA, SRPA,
and SSRPA are labelled by purple dash lines, black solid lines,
and red solid lines, respectively. The lowest state measured
by experiment [3] is represented by an arrow.

FIG. 1: IS 01 strength distributions for ¢O calculated by
SRPA (upper panel)and SSRPA (lower panel) by SGII inter-
action with 2p-2h energy cutoff 60, 70, and 80 MeV. See the
text for more details.
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BIMI) (uy?)

B(IM1) ()

FIG. 1: (Color onhne) Unperturbed p-h and RPA Strength
distributions of **Ca (left panels) and ™Zr (right panels) of
M1 states calculated with the SGII4+T(500.-280) and SAM:-T
(415.5, -95.5) EDFs. The unperturbed p-h results are shown
in upper panels, while RPA results are shown mn lower panels.
The results obtained by SGII4+T and SAMi-T are shown by
red and blue hines, respectively. The experimental data [25]
are shown by the black lines. See the text for details.
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FIG. 2: (Color online) Strength distributions (left panels)
and corresponding cumulative sums (right panels) of M1 ex-
citations in **Ca calculated with the SGII, SGIT4+T(500,-280)
EDFs by RPA (upper panels) and SSRPA (lower panels). The
results obtained by SGII and SGII+T(500.-280) are shown by
red and blue lines, respectively. The experimental data [25]
are shown by the black lines. See the text for details.

Magnetic dipole transitions by SSRPA

DFT2025

T=500 MeVfm?®
U=-280MeVfm?>
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TABLE II: The same as Table I, but for *Zr. The experi-

mental excitation energy 18 ~9.0 MeV.

SGII HF RPA AE(RPA-HF) S5RPA AFE(55RPA-HF)

wio 6.21 8.23 2.02

6.81

0.60

with  8.77 10.46 1.60 8.27 —0.50 12
AE" 156 2.23 1.46 —
SAM:-T HF RPA AE(RPA-HF) S5RPA AE({S5RPA-HF) M 8
w/o 625 E.42 2.17 7.52 1.27 =
with 7.05 9.19 2.14 8.20 1.15 — 4
A EY 080 0.77 1.68 E
(il
0
TABLE III: The main peaks and sums of B(M1) in **Ca
calculated by RPA and SSRPA with the SGII, SGII4+T
(T = 500, = —280), SGII+Tel (T = 500,U = —350), and -4

SAM:-T (T = 415.45, U = —95.53) EDFs= including with and
without tensor terms. The sums of B(M1) are added up to
Emw=15 MeV 1n consistent with those of Fig. 2. The exper-
imental data are taken from Refs. [22-26].

E.(MeV) B(M1) (pi) 3 B(M1) (py

Fxpt. 2] 10227
23]  10.23
24] 1023
25] 1023
6] 1023
SGII RPA .90
SSRPA 7.34
SGII RPA 1135
+T(500,-280) SSRPA 0.05
SGII RPA 11.89

+Tel(500,-350) SSRPA 9.53
SAMi-T w/o RPA 8.60
SSRPA 7.88
SAMi-T w/i RPA 940
SSRPA 8.33

4.0+0.3
3.9+0.3
6.8+0.5
3.85+0.32
3.85+0.32
11.47

4.09

10.73

5.06

10.49

2.46

11.53

3.96

11.33

6.56

4.0+0.3
5.3+0.6
6.8+0.5
3.8510.32
5.36+0.49
11.47
0.54

10.73

8.10

10.49

7.75

11.53
10.21
11.33 DFT2025
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TABLE IIl: The excitation energy of 11 state in “°Zr.

The energy is calculated with

SGII+(T,U)=(500,-280) and SAMi-T,(T,U)=(415.5,—91.4). A ET is the difference of energy be-

tween with and without the tensor interaction. The experimental energy is ~9.0 MeV. The unit is

in MeV.
SGII+(T,U) HF RPA AE(RPA-HF) SSRPA AF(SSRPA-HF)
w /o 6.21 8.23 2.02 6.81 0.60
with 8.77 10.46 1.69 8.27 —0.50
Excitation AET 2.56 2.23 1.46
Energy SAMi-T+(T,U) HF RPA AE(RPA-HF) SSRPA AFE(SSRPA-HF)
w /o 6.25 8.42 2.17 7.52 1.27
with 7.05 9.19 2.14 8.20 1.15
A ET 0.80 0.77 1.68
SGII+('T,U) HF RPA SSRPA
w/o 15.53 15.24 (98.1%) 12.56 (80.9%)
with 14.73 (94.8% 10.93 (70.4%
B(M 1> ABT -0.51 E3.2 %)) -1.63 ((10.5 %)}
strength
SAMi-T+(T,U) HF RPA SSRPA
w/o 15.53 15.37 (99.1%) 13.27 (85.4%)
with 15.22 (98.0%) 13.05 (84..0%)
ABT DF T-0025(1.1%) -0.22 (1.4%)
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ED 1 T 1 T 1 T 1 T 1 Eu
o ar | BERD . 97; RPA - TABLE IV: The same as Table III, but for *Zr. When the
™ 15 [— Mi-wo ] E15 i calculated strengths are fragmented in several states in SS-
= - E‘T{""""?. m RPA, the theoretical excitation energies are defined by the
i 10 . mml } 'E“] i 7 centroid energies of the strength distributions. The expen-
E c [ E c 1 mental data are from Refs. [27-30].
R 4 35 R 4
! . @)@ s (b E.(MeV) 5 BOMD) (%)
o] IR L W L [y I L I Expt. [27] 8.90+0.15 —
[ [28] 8.1-105 6.7
1[]1 B SGI|+T[ E-'D'ﬂ, 'EED} SSRHPA i ] [?g.] 0.53L0.06 —
[30] 9.0 4.1740.56
SGII RPA 823 15.24
- SSRPA 7.15 12.56
SGII RPA 10.46 14.73
+T(500,-280) SSRPA 8.55 10.94
(c) SGII RPA 10.93 1455
+Tel(500,-350) SSRPA 8.74 10.44
SAMiTw/o RPA 842 15.37
SSRPA 7.64 13.27
K SAMi-Tw/i RPA 0.19 15.22
13'23 o S SSRPA 8.30 13.05
N SGI+T(500,280) 1 40t
20r — ppa 1t
| l [29] C. lwamoto et al., PRL108,262501 (2012)
_ SSHPA —agl.
ol T
Z 15+ 1=
= o
— 16 20k
= u i
= 10 5 B(to) = 10
4
ok ] B(M1) = g;l+g,s
5l i
(a) . - (b}
1 1 I k I 1 1 1 1 1
U455 i 2 a5



Summary

EDF is optimized for the mean field descriptions of ground
states and excited states; HF and RPA level

Second RPA and similar theoretical models beyond mean
field should take care of renormalization of EDF
which includes already the effect of 1p-1p model space.

Lee-Suzki-Okamoto similarity transformation gives a guide
to construct appropriate EDF for beyond RPA models

DFT2025
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Progress of Theoretical Physics, Vol. 64, No. 6, December 1980
Convergent Theory for Effective Interaction in Nuclei®

Kenji SUZUKI and Shyh Yuan LEE*

§ 2. Similarity transformation and Rayleigh-Schrédinger theory

We consider a many-body system which is described by the Schrédinger equa- |

tion
H|¥)=E[V) 2-1)
with the Hamiltonian
H=H,+V, (2-2)
P:1p-1h [H,, P]=[H, Q]=0,

a similarity transformation

Q:2p-2h+--- QOH,P=PH,0=0.
N=¢",

the effective Hamiltonian H.; is given by

Lg[{" — ¢ ru}}t?:u’

IIT,,_-rr — PAP— P ]II};) P m 1s an operator which has the properties
w=QwlF,

Helgy =9

D> PoP=000=PpO=0.
DFT2025 24
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