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What is phonon?

Quantum description of lattice vibration
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Why/when is phonon important?

Thermal conductivity
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Electron-phonon interaction

Superconductivity

LaHio

Other phenomena include
- thermal expansion
- structural phase transition




Non-interacting picture

Hamiltonian of non-interacting phonon (harmonic approximation)

ﬁ():Zhwq(l;};l;q | 2)
q

X Phonon 1s non-interacting
— infinite lifetime
— infinite thermal conductivity

X Phonon 1s temperature-independent
— no displacive structural phase transition

Phonon spectrum

X Phonon 1s volume-independent
— no thermal expansion

Energy




Non-interacting picture

Hamiltonian of non-interacting phonon (quasi-harmonic approximation)

Ho =) hwy(V)(biby + )
q

X Phonon 1s non-interacting
— infinite lifetime
— infinite thermal conductivity

X Phonon 1s temperature-independent
— no displacive structural phase transition

Phonon spectrum

X Phonon 1s volume-dependent
— finite thermal expansion

Energy




Many-body problem of phonons

Phonon Hamiltonian with interaction terms (anharmonicity)

A NN 1 A A
H =) hwg(blby+5)+Us+Us
q

v Phonon 1s interacting via anharmonicity
— finite lifetime
— finite thermal conductivity

v Phonon 1s volume-dependent
— finite thermal expansion

Phonon spectrum

v Phonon 1s temperature-dependent
— explains structural phase transition Energy




How to solve the many-body problem?

A ap A 1 A A
H =3 hwy(bhbg + 5) +Us + Us + -
q

Perturbative expansion
Dyson equation

H=Hy+Us+0Us+--- Gw)] ™ = [Go(w)] ! = E(w)

perturbation Free energy expansion (cumulant)

F=F+F+Fto+---

Variational approach (self-consistent phonon)

H = Ho+Us +Usg+ - Find a good one-body approximation
— Ho + (Ho — Ho+Us + Uy + - - ) based on the free-energy minimization

Monte Carlo or Molecular dynamics (1f classical)




History of many-body phonon theory (and others)
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Perturbation theory
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Anharmonic self-energies

“tadpole” “loop” ,l\ “bubble”
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A interaction interaction
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Complex

ReY,(w) =mp  eigen-energy shift

Im>,(w) =P linewidth (inverse scattering rate)




Bubble self-energy

Phonon scattering by the three-phonon process BasGa
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Boltzmann transport theory
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Prediction of thermal conductivity
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Good agreement between theory and experiments

=>

useful for computational discovery of novel
thermal management materials




4-phonon scattering

First theoretical prediction Experimental validation
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However, the same approach does not necessarily improve the
prediction by Boltzmann+3ph in general cases.




Limitation of the perturbation method

N

Series expansion may not converge if the perturbation term H' is reasonably large.

This can happen more likely for strongly anharmonic materials

A

The non-interacting Hamiltonian Hj, is ill-defined in many cases (high-symmetry phases of solids).
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Anharmonic renormalization solves imaginary phonon problem

Effective harmonic force constant at finite temperature SrTiOs tetragonal (T < 105

QR25

SrTiO3 cubic (T > 105 K)

Self-consistent phonon theory:

Q Stochastic implementation : Errea ef al., PRB 2014
Deterministic implementation: TT and S. Tsuneyuki, PRB 2015

Effective force constant from MD: Hellman et al., PRB 2011



Self-consistent phonon (SC1) theory

N. R. Werthamer, Phys. Rev. B 1, 572 (1970)

N

H : Exact Hamiltonian of the interacting phonon system with full anharmonicity.

Density operator: PH = exp(—fH)
Y OP | trlexp(—8H)]

. 1 . ) . .
Exact free energy: Fy =tr(pgH) + ~tr(pglnpyg) infeasible to calculate

B

\ 4

H, : Effective one-body Hamiltonian of the interacting phonon system 7, = > hQ (Ej;f)q lj
q

eXP(—ﬁﬁo)
tr[exp(—ﬁ?flo)]

Approximated free energy: Fy(Ho) = tr(pu, H) + %tr( A 1n Py,

Density operator: py, =

computation is
feasible

Feynmann—Gibbs—Bogoliubov inequality: F'g < F'y (7:[0)




SC1 free energy and SC1 frequency

A

Feynmann—Gibbs—Bogoliubov inequality: Fg < F'y (7‘[0)

SC1 vibrational free energy
SC1 frequency
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A diagrammatic view of SC1 theory

The self-consistent phonon (SC1) equation is obtained via Vo, Fu(Ho) =0

“Hatree-Fock” theory for phonons

A diagrammatic representation of the SC1 theory:
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Force constant calculation: A brute-force approach
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Force constants from sparse modeling

Vatm = Vo + V3 + V4 + -

1 1 1
=5 Z D iuiuy + 31 Z Pijruiujur + A1 Z PijrotitjUpthy + - - 50 | ?
7:7j \ . iajak \ . iajakae 40 -

basis ad)
parameters oy |

:b@ 10

700 [1

600 | =4

T . 500 K

b — [(I)l7 by, ..., D M] M: The number of independent parameters e
o~ 200F

OVaLm _ ObT Swof 7
Fainv = = P =Ad 800 f L
8’& 8’& 600 |

400
200 R

- N

1400 §p
1200 | n=~06
1000 |

800 [

Shrinkage :
600 |-

B 400 f1

$é = argmin | AP — FDFTH2 + a|P|P 004
b

™

3 s 5 6
Distance (A)

o PpO—0

p=1: LASSO p=2: ridge regression




© ©
(- (-
H~ (&)

Error in forces
(@)
(@)
W

F® (eV/fu)
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Temperature dependent phonon in cubic SrTiO3
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o
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% 400 Green line:
= SCP result@300K
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% 200 Red circle:
~ INS result@300 K

@ HSE hybrid functional

@ Anharmonic stabilization of soft modes

TT and S. Tsuneyuka, J. Phys. Soc. Jpn. 87, 041015 (2018)



First-principles implementation of SCP (SC1)

How to update @ (effective 2nd-order force constants )?

+ Stochastic methods

- SSCHA http://sscha.eu

- QSCAILD  https://github.com/vanroeke/gscaild
- HiPhive nttps://hiphive.materialsmodeling.org

- Phonopy https://phonopy.github.io/

Stochastically displace atoms 1n a supercell and update
® so as to minimize Ve Fr(Ho)

Pros. - Full anharmonicity (at the mean-field level)

- No explicit computation of anharmonic
force constants

Cons. - More expensive computationally

+ KForce constant based approach (FC-SCP)

- ALAMODE https://alamode.readthedocs.10/

From Ve Fr(#Ho) = 0, derive the self-consistent
equation analytically. The Taylor series 1s truncated.

<[:I—7:[()>:<U'()—Z/A{()—|—(73—|—U4—|—...>O
~ <(7() —Z/A{()—|—(74>O

Pros. . . .
- More efficient particularly for scanning
temperature
- Faster convergence
Cons.

+ Omut higher-order anharmonicity
- Requires anharmonic force constants as input



http://sscha.eu
https://github.com/vanroeke/qscaild
https://hiphive.materialsmodeling.org
https://phonopy.github.io/
https://alamode.readthedocs.io/

Consistency between two approaches

Stochastic method (SSCHA) Force-constant based approach (FC-SCP)
. Errea et al., Phys. Rev. B 89, 064302 (2014). TT and S. Tsuneyuki, Phys. Rev. B 92, 054301 (2015).
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CsPbBr3
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Another comparison on anharmonic solid
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Does not satisfy the variational principles. Looks heuristic.

E. Fransson, P. Rosander, F. Eriksson, J. M. Rahm, TT, and P. Erhart, Commun. Phys. 6, 1 (2023).
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Application to el-ph problem: band-gap renormalization
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History of superconducting Tcrecord

Somayazulu et al.,

300 - PRL 122, 027001 (2019).
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Distortion and phonon instability in Fm3m-LaH1o0

a =t C2 (5) = =@== R3m (166) @ == [MMmm (71)
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Stabilization of Fm3m-LaH1i0 by anharmonic renormalization
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Tc calculated with renormalized phonon

DFT for superconductors (SCDFT)
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Phonon linewidth from first principles

SC1 is still one-body (infinite lifetime) SC1 + Bubble gives finite line width
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harmonic spectrum SC1 spectrum
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SrTiO3: phonon linewidth & thermal conductivity

Phonon spectral function

Boltzmann transport theory
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Green line: SCP result@300K

TT and S. Tsuneyuki, J. Phys. Soc. Jpn. 87, 041015 (2018)




Quasiparticle approximation

{Ga(w)} ™ ={Gy(w)} ! = £J[G”, 23] (w = wo)

v

07, = (w5,)° — 2wy ReXp [G°, @3] (Qqy)

qv qv

Quasiparticle (QP) approx.
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Full-frequency dependence - Better one-body approximation
(often) inconvenient for el-ph calculation - Dropped frequency dependence

TT and W. Saidi, Phys. Rev. Lett. 129, 185901 (2022)



Quasiparticle approximation

{Ga(w)} ™ ={Gy(w)} ! = £J[G”, 23] (w = wo)

v

07, = (w5,)° — 2wy ReXp [G°, @3] (Qqy)

qv qv

Quasiparticle (QP) approx.

SrTiO3 1
(@) =~ [ImGy(w)|
900 8001 . s T Harmonic
800 L|'T" i GCP
= —— QP
700 E 600 O INS (300K)
= 600 % g
g % 400 3rd-order
§ 400 &
o £ 200
é 300 8 - 4th-order S
200 . = g anharmonicity -
e Ay 0- '
100 it 1 ". |
Full-frequency dependence - Better one-body approximation
(often) inconvenient for el-ph calculation - Dropped frequency dependence

TT and W. Saidi, Phys. Rev. Lett. 129, 185901 (2022)



GWA and SCP: A comparison

GWA SCP
starting
(unperturbed) Kohn—Sham (DFT) SC1
Go (Hartree—Fock for phonons)
Interaction Screened Coulomb W Renor mc.zlfzed
anharmonicity @,
‘ BryS &5
Self-energy > = 1GW >, =" |G”, P35
QP approx.

(“one-shot”)

enke = €nge + Re (php |V (enk) — ™| onge)

02, = (w5,)? — 2w3, ReXE [G5, ©3](Qq,)

Beyond
one-shot

QSGW, scGW

QSGW-like treatment,
another approach (e.g., PRB 107, 094303 (2023))




CsPbBr3

Frequency (cm™!)

But, accurate prediction of Tc is challenging

{Gew)} " ={G (W)}
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~ TGS, 8§](w = wo)

\ 4

)

Squared frequency (cm

O

DO

p—t

Quasiparticle (QP) approx.

)7 — QwS ReX, LGP, @3](24q,)

With DFT volume
00- SC1
/ IO s e
GPCigt=iae
L Pz et
/:;Zlf;:;”w QP approx.
Expt. Tc = " )
) e SCP theory: Tc = 198 K
BT tcae T QP approx.: 7. =423 K
= . . Expt.: Te = 403 K
300 300 400 450 500

Temperature (K)




Influence of lattice parameter

Expt. ¢ ( SCI
5.85 (473K) 590  (400K) 595
600 . 5 . S
| - SCI1
500{ -®  QP[0]
- -~ : ; - x QPS]
N +  QP-NL Expt. Tc
L e “ (403 K)
2 *i S g
— ) \i R AFD mode
200 - — - _ _ _ b o S .
f Tk
100 Tt~ L
—1.0 0.0 +1.0 +2.0
da/ay (70)

oT.
Oa

TT and W. Saidi, Phys. Rev. Lett. 129, 185901 (2022)
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Structure optimization at finite temperatures

Self-consistent phonon (SC1) theory

@ Able to compute renormalized phonons at finite temperatures

a Able to compute crystal structures at finite temperatures

R. Masuki, T~
R. Masuki, T~

[ et al., Phys. Rev. B 106, 224104 (2022) Ryota Masuki
et al., Phys. Rev. B 107, 134119 (2023) (Univ. Tokyo)




SC1 free energy and SC1 frequency

A

Feynmann—Gibbs—Bogoliubov inequality: Fg < F'y (7‘[0)

SC1 vibrational free energy
SC1 frequency

R ) A 1 R R
Fy (7—[0) — tr(PHo H) T Etr(pHo In p”Ho) anharmonic

A
—
 E DS SN PP LT TAG FRAL PRETRD S I R TSGR FEALEREERD L P o 9 PRI S A RN IR AL 0 T N o PRI JOF” A ST RSP JRPRER S TN AR ST TR R RS SR RD IR AR P L O ST TR JRIC PRI EL ST ST SRR TS S\ DD PPN 3

1
» Qg — wg T 9 Z(I)él(_% q; —q',CI')qu'
q/

1
+ 8 Z (1)6(_q7 q; _q/7 q,§ _q”a q")aq’aq”

|
|
|
;

F[:T+UQ+U3+174+U5+U6+"'
:7:[()—|—(U'2—2/?2—|—(j3-|—ﬁ4-|-ﬁ5—|—(76—|—'”)

S oY S s e B e e Vo

€L, oS PP ARAARNTRR Y - SRR S RN NS e PSR R R T TR 9 YN AR & o) JE e

:;3 q/ q//
- tr(puo H) = tr(proHo) + tr(pw, (U2 — Uz)) | -
| + tr(ppUs) + tr(pp,Us) + - | A(2ng + 1)
b 3 o g —
S e
even-term anharmonicity |

displacement




Atomic force at finite temperature

e\

SC1 free energy Fgr-y = min Fy (’HO) Free energy surface
0
T>Te
Atomic force F' = — OLBo OFscs
OR,, OR,,
DFT force SC1 correction : T<T.
VO
0
(9FSC1 Moe 0Fsci .
Z a OV aq(()) displacement

:Z\/Mae(oz,OV) _Zq)g —q;q;0v)ag + = ZCI)5 —q:¢;—q' ;¢ 0v)agarg + - -

qq’

odd-term anharmonicity

See also stochastic implementation (SSCHA): Monacelli et al., Phys Rev B 98, 024106 (2018).




DFT and SC1: A comparison

DFT (0 K) SC1 (finite temperature)
What to Enthalpy Free energy
minimize H=Uy+pV G =Uy+ Fscy +pV
OLBo Okpo  OdFsci
F FO{ — Fa _

orces R, R R

1 8UO 1 6‘U0 1 6’Fs<31
Stress tensor Oaf = Tos =

QO 8604,8 QO 860&5 QO 860&5




Supercel Computational workflow

l - -y

Compute force constants | B _ —
end. 3rd, 4th, ...) | Ego —Uy=Us; +Us + Uy +

1 1 1
l T2 > Pijuiu; + 30 > D jpuiujug + 7 Y Pijreuiujugty + -
ij O\ i,k RN N
Input initial céi)s)placement b P barameters basis
/53
for each temperature , , , .
e l ....................... \- + (Generate dlsplacement_force dataset using DFT calculation (N 100 training snapshots)
Update T e e e + Estimate force constants using compressive sensing (linear regression)
displacement g, force constants
! l adaptive LASSO  ®ada-LAsSO = argmin |A® — FPH3 + A Z w;| P3|
0
Solve SCP equation F. Zhou, W. Nielson, Y. Xia, V. Ozolins, PRL 113, 185501 (2014}.
TT and Tsuneyuki, PRB 92, 054301 (2015)

|

Compute forces

-

l | [001] [110] [111]

+ 1nitial displacement
works as a small
perturbation that

breaks the symmetry

No

Are forces small
enough?

Tetraaonal Orthorhombic Rhombohedral
P4mm Amm?2 R3m

Pm3m
H timized structure . .
: ol : Figures from J. Fujioka. et al, Sci Rep 5, 13207 (2015).




“"Renormalization” of force constants

nth-order IFC nth-, (n+1)th-, ... order IFC
in a displaced structure in the reference structure
O (q15q2;- -3 qn) = PR (@13 92 - - -5 qn) _ Normalmode
displacement (variable)
+ 2 B 0ni 0j1) X €,
? ¢ ¢ 00¢ n—+1 ql q2,...,4n,Y]J]1 1
' w3 0 . .
amn S o oo SN Z@lez (q15G25 - - - 3 Gn; 015 02) X &5, &, +
3132
nth-order IFC
in a distorted lattice Strain tensor (variable)
(I)EL?jiuyzbn (Rlozl; e ;Rnan) — (I)(O) (RlOél; s R Oén) /
+ Z (0) i (Riaas ... Rpans Ryay) X wpy o Ry
e e 3 ?—*7 1 i (0) Cartesian coordinate
0 S ot + 2 Z Z Q) (Br015 5 oo Ryof; Ryal)
oo T R{ o ph vf Ry iy v

X ’U,IJJ1 'Rla Vlu/"/ ! _R20{,2Vé —|— « o e

R. Masuki, TT et al., Phys. Rev. B 106, 224104 (2022)



How good is “"renormalization”?

Thermal expansion of Si Harmonic phonon of BaTi103

x 10~ 800

0 SCP. IFCs f DFT h +2 %, renormalized IFCs K
| - ede +1 %, renormalized IFCs -
—— 42 %, IFCs extracted from DFT

—— +1 %, IFCs extracted from DFT

—— SCP, renormalized IFCs 600 -

¢

400 1

)
-
=

frequency [cm™!]

S

—2001

0 200 400 600 800 1000
Temperature [K]

—400

purple: compute harmonic and anharmonic
IFCs for 14 different lattice constants v Good agreement between the renormalization

technique and full DFT calculation.
green: compute harmonic and anharmonic IFCs
for ao only. The IFCs at different lattice
constants are estimated by “renormalization”.

R. Masuki, TT et al., Phys. Rev. B 106, 224104 (2022)




Application to consecutive transition in BaTiOs

VASP code for DFT (PAW)
PBEsol xc functional
2x2x2 supercell for force constant calculation

Truncate Taylor series at the fourth-order
80 training structures (80 static DFT calculations) ALAMODE

https://alamode. readthedocs.io/

SCI frequency for cubic BaTiO3

800 -

600 - Ferroelectric soft mode

400 -

200 2
=< =

Phonon frequency (cm™1)




Cubic-to-Tetragonal transition

Start the calculation with small displacements along [001]

0.014
I ) : . I
e N v Succeeded 1n predicting structural phase transition
\ . with a temperature hysteresis
;U 0.010 - ? & v Predicted TC ~ 600 K EXpt.Z TC ~393 K
= | . . .
N / A v Overestimate 7¢ due to slightly larger (+0.01 A) lattice constant
0008 by PBEsol
R 550 600 650 700
= 0.050- _ Previous theoretical studies:
S8 (.02 \x \\x o~ '(_T)i( ) MC, effective Hamiltonian (no ZPE, LDA): 297 K !}
= Y . . .
S 0.000 0(2) MC, effective Hamiltonian (ZPE, LDA) : 265 K [
= 0025 j f MD, DFT-fitted model potentials (PBEsol): 160—170 K 1
S _0.050-
g e '1] Zhong, Vanderbilt, Rabe, PRL1994.
S —0.075 '
g ' , ' Tetragonal 2] Zhong, Vanderbilt, PRB1996.
Sl by G 00 (Ts>T>Tsy) 3] Q1, L1u, Grinberg, Rappe, PRB2016.

Temperature [K]

R. Masuki, TT et al., Phys. Rev. B 106, 224104 (2022)




Successive phase transition

0.05
Tetra.: small displacements along [001]
Ortho.: small displacements along [110] 0.00 - —
Rhombo.: small displacements along [111] S s
D L~
& —0.05 = cubic
9 ~ tetra
— —0.10
our method [K] experiment [K] “: ortho
cubic-tetra 606 ~390 Romb
tetra-ortho 509 ~ 270 | —0.15 R
ortho-rhombo 411 ~ 180 ["‘5
—0.201
rhombo ortho tetra cubic
—(0.23

“350 400 450 500 550 600 650
Temperature K|

v Successive phase transition can be reproduced with the correct sequence

R. Masuki, 1T et al., Phys. Rev. B 106, 224104 (2022)



Lattice parameters and spontaneous polarization

T 4.04 rhombo ortho tetra cubic
@ 4.03-
= .
=
S 4.02 I l
P!
=
o
-
o 4.01
.
% rhombo ortho tetra cubic 0
— A0 0 50 500 FR0 600 650 350 400 450 500 550 600 650
Temperature [K| Temperature [K]
= :
L 4.02 il 810- \
1= (T T e - — 3
£ 1 —— = ot —~
4.00 ::;..'—.--—0 N
g I * -
— 150 200 250 300 350 400 150 200 250 300 350 400
Temperature [K] Temperature (K]

v Able to compute finite-temperature structural parameters and spontaneous polarization

R. Masuki, TT et al., Phys. Rev. B 106, 224104 (2022)



Temperature 7" [K]

200 -

100 -

Our method

—e— cubic-tetra

--A-- tetra-ortho

ortho-rhombo

Pressure p [GPa]

450

400 -

3950 -

DO
oy
-

Temperature 7" [K]
DO
-
-

100 -

00 1

Finite temperature + finite pressure

Expt.

Phys. Rev. Lett. 78, 2397 (1997).
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Comparison between SC1 and MD

SC1 Molecular dynamics (MD)

- Lower computational costs

- Finite-temperature structures can - Full anharmonicity
be obtained deterministically
Pros. | . Able to simulate order-
- Phonons can be obtained disorder transition

simultaneously

- Include zero-point motion

- Approximate the atomic
distribution by Gaussian
assuming displacive transition

- High computational cost

Cons. |
- (usually) ignores the zero-

- Anharmonicity is included at point motion
the mean-field level




Summary & perspective

» Perturbative expansion has been successful in predicting phonon- 100
phonon scattering rates and thermal conductivity of various solids. 140 -

}—L
)
-]

However, it may breakdown for strongly anharmonic solids.

}_I.
-
-]

Frequency (cm™1)
Co
-

» Variational approach (Self-consistent phonon) 1s a powertul tool for
obtaining a better one-body description of phonon. It even enablesus =1/
to calculate structures at finite temperatures.

» Future directions %4-04
More application studies 55;4-03-
Transport properties near the phase transition [, ZE 1.02
Higher-order anharmonicity (5th, ...) % Lol
Comparison to MD using machine-learning FF e E | thombo ™ o tetra  cubic
— AW 200 450 500 550 600 650

Temperature [K]




