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Outline of the Talk

1. The Hohenberg—Kohn theory: The v-representation problem and mathematical
problem of the original proof

2. In Levy—Lieb universal functional, the v-representation problem is settled
3. Other universal functionals: Lieb’s functional and its grand-canonical version
4. Validity of Local Density Approximation in DFT
References:
o Lieb, Density functionals for Coulomb systems, 1983

o Lewin-Lieb—Seiringer, Universal functionals in density functional theory, 2020.
The local density approximation in DFT, 2019 (include most of the talk)

o Helgaker—Teale, Lieb variation principle in DFT, 2022
@ Lammert, In search of the Hohenberg—Kohn theorem, 2018
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Density Functional Theory

Notation: & = (r,0), with » € R? and o € {1,...,q}. q = 2 for electrons. Write

q
/dm = Z i dr
o=1

For N fermions (X ) = (x4, ..., xy), we define single-particle density p, by
pu(r) =N Z /Rd WT01,7'2,02,...,'rN,aN)|2dr2...drN

..... on=1

The Hamiltonian we W|I| consider is
Hwv)=T+V+W,

I vzz_:v(rj), W= > wr,—r)).

1<i<j<N

7j=1
En(v) = whr;f (¢|H(v)|yp) = Ground State Energy
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The Hohenberg—Kohn Theorem

Define Vi := {v: H(v) has a ground state}. p is v-representable < p,, comes from a

ground state ¢ for v € V. Here
Ap := {p: v-representable densities}

For p € Ay, define the Hohenberg—Kohn functional as
Fiuc(p) := En(v) = [ pur)o(r) dr

Theorem 1 (Hohenberg—Kohn)

Assume vy, vo € Vv and there are two ground states 1) and vy s.t. py, = py,. Then
v] = vy + constant, i.e., v is a unique functional of p € Ay. Moreover, the HK
variational principle holds:

En(v) = min {FHK(p) + /vp: pE AN}




Original Proof of HK Theorem

Proof: “The proof proceeds by reductio ad absurdum’ [Hohenberg—Kohn, 1964].
Assume vy # vg + constant and py, = py, = p.

(A): “Now clearly 1)1 cannot be equal to 1 since they satisfy different Schédinger
equations” [HK]. Also v, is not a ground state for H(vy).

Applying the Rayleigh-Ritz variational principle,

By(vr) < (sl H(u)ls) = En(v) + [ (01 = v2)p.

Likewise En(v9) < En(v1) + [(v2 — v1)p. These lead to the contradiction
EN(U1> < EN(Ul)- L]
Proof of (A): If 11 = 1o,

(En(v1) = En(v2)¥n = (H(v1) = H(v2))thr = (v1 — v2)¢1.
Hence if (B): ¢ does not vanish almost everywhere, then v; = vy + C.
This contradicts the assumption. O
The condition (B) guaranteed by the unique continuation principle (UCP).
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Mathematical Problem of Hohenberg—Kohn Theorem

HK approach is not satisfactory from a mathematical point of view since:

e Ay and Vy are unknown sets (v-representability problem)

@ The proof requires v19) = vyt implies v; = vy (unique continuation principle)
Denote | A| := the volume (Lebesgue measure) of set A.

Definition (Unique Continuation Principle)

The potential v and w satisfy the unique continuation principle (UCP) if H(v)y = 0 for
some ¢ and [{1) = 0}| > 0, then ¢ = 0.

Notation: LP := {f : [ga f(z)Pdx < 00} and f € LP + L if f = g+ h with g € L?
and h is bounded.

Theorem 2 (UCP for L? potential [Garrigue, 2018])

Any v,w s.t. and v,w € LP + L with p > max(2,2d/3) satisfy UCP.

E.g. Coulomb Hamiltonian satisfies UCP. (proved in 2018!) 6/21



Hohenberg—Kohn Theorem via UCP

Theorem 3 (New HK Theorem)

Assume v;, w € LP + L> and (v;, w) satisfy UCP. If there are G.S. 1; s.t. py, = py,,
then vy = vy + constant.

Proof.

(s H (o) o) = (ir[H2)|on) + [ pos (00 = v) 2 (il H(w)lt2) + [ iy (00 = 02)
> (] H(v1)|¢1)
Hence 1, is a g.s. for H(vs) and
(H(v1) — H(vz))y = Z:('Ul<7'j> — va(r;))y = 0.

UCP implies [{1y; = 0}| = 0, so that for a.e. r1,..., 7y
Yo (uilry) —wa(ry)) =0, or=v+C. (C=(E(vn)—E(v))/N) [
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Summary of HK Theorem via UCP

@ Usually, HK theorem has the v-representablity problem.

@ The proof relies on the unique continuation principle.

@ For many-body Coulomb potential, UCP was proved for the first time in 2018
Consider w € LP + L. Define the new set of v-representable densities:

Ry = {py: ¢ ground state of H(v) for some (v, w) satisfying UCP}

Then HK theorem says that any p € R,, arises from a unique potential v.
However, the set R, is still essentially unknown.

It is an important problem to determine how large R, is.

In other words, to generalize UCP to more general potentials v.
Mathematically, the Levy—Lieb universal functional is more accessible.
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The Levy—Lieb Universal Functional

Consider d > 3 and v, w € L¥? + L. Levy-Lieb gave the following two-step
minimization:

En(v) = 1nf{FLL +/ r)dr: /,0 N}
FLL[P]Zwﬁlf { Z/Wﬂ} |2dX+1<§%<N/|¢ —Tk)dX}

Fip[p] is independent of v, so it is a universal functional of p.
This requires to identify the N-representable densities. Note

Theorem 4 (Hoffmann-Ostenhof Inequality)

> [IVw(X)PdX > [ [Vypr)P dr.

This will give the optimal restriction \/p € H' :={f € L*: Vf € L*}. 02




N-Representability

Theorem 5 (Representablity of the one-particle density)
Assume \/p € H" and [ p= N. Then there ist) € H' s.t. p = py.

Proof: For ¢ > N (e.g. He), just take

H ”'J ) det(0;(0n))1<j k<N
v N!

For ¢ < N, take a Slater determmant

w(x) = ST, 0 — [P it )

where 6, are chosen to ¢; orthonormal, e.g. (not so good for computation)

2
0;(r) = —

T1
dt p(t,rYdr'. [
—00 Rd—1
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v-representablity for Levy—Lieb Functional

Collectively, the set of N-representable densities Zy is
IN:{pELlﬂL3:pZO,/p:N,V\/ﬁEHl}

Then for v,w € LY¥? + 1>, we have

Ey ( ) = plenf]‘\] {FLL —l—/ d’l"} FLL[,O] = <w|11£1>f:1 ( . )
pyp=p

Since Zy is explicitly known, v-representablity problem has been settled.
Note
1 3
AN CcC Iy C L NL°.

~—
not convex set convex set vector space

Since v — Ey(v) is concave, we can see Ey(v) is the Legendre transform of Fip, on Zy

Remark: The harmonic oscillator potential is not in L%? 4+ L.
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Lieb's Universal Functional

However, F11, is not convex. We use the convex hull

Fy, := Convz, (Fi1) :=sup{f(p): f convex, f(p') < FioLlp],Vp' € Iy},

which is the Legendre transform of Ey(v).
Let I' be a mixed state obeying

D=2 o) (Wyl, a;20, > a;=1

and pr := 3, a;py,. Then we can write

Fulp] =inf {Tr (TH(v=0)): T >0,Te(T") =1, pr = p}

Theorem 6 (Variational Principle for F1, and F11)

For p € Iy, the infima of F, and Fy, are attained, i.e., inf = min.
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Duality Between Fy, and Ey(v)

Explicitly,
Fpr[p] = min {Z B p=Y ajp;, Y a;=1p¢€ IN}
J J J

En(w)=inf{Tr (T'H(v)): T >0, Tr(I") =1, pr = p}
— it {FL[p] + /R o(F)p(r) dr} .

Then we have the duality principle
Fyp] = SUP{EN(U) — /dv(r)p(r) dr:ve LY? 4[>
R

= sup{—/Rd v(r)p(r)dr:ve LY? + L™, H(v) > O}.

In this sense, F1, is more natural than Fi;,. However, this supremum is not attained for
most densities (e.g. for v with UCP and p vanishes on a set). 13/21



Grand-Canonical Universal Functional

The grand-canonical (GC) universal functional is

Faelp] := inf {ZTr (HO)T,) : > Tr(T,) <1, Y pr, = p}

n>1 n>1

Then the infimum is attained and we have
Faclp] = min {Z aiFilpl: p=2 ajp;, Y oy =1,p; € Ij}
J J J

= miﬂ{ZﬁjFLL[Pj]i p= Zﬁjpja ZBJ =1, /pj < N}
J J J

Hence the GC functional is also a convex hull of Fi ..

For Fgc, pj have an arbitrary number of particles.
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Duality of Fc

The Legendre transform of Fc is

ESC(0) = inf {FGC[/)] —i—/vp} = it > 0B (v)
Zn non=A>\
For A\ = N € N, we have E{C(v) < Enx(v). If n— E,(v) is convex, i.e.,
E,(v) = E, 1(v) < E,11(v) — E,(v), n>1

then EGC(v) = En(v) holds true.
Such a convexity for the Coulomb potential is still open.

Theorem 7 (Lewin—Lieb—Seiringer '21)

For any \/p € H' there are VPn € H' sit. [ p, € N and Fgclp] = limy, o0 F1 (4]

15/21



The Kohn—-Sham Theory

The Kohn—-Sham (KS) theory provides a good representation of the kinetic energy Ty:

NOA,
Tslp] := min {(¢|Tn|¢) : ¢ is a Slater determinant, py, = p}, Ty :=—> 2”.
j=1

Then we have for ® = (¢1,...,pN)

EN('U :(pl%f"\ls{ Z/|V§0J |2dw—|—/ dr

i [ drdrute < ) palr)pale) + Excw} ,
Bulp) = Fislol Tl — 5 [[ drdr'u(r —#')pa(r)pa(r').

In principle, the exchange term E..[p] requires to study both Fip[p] and Ts[p].
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The Local Density Approximation

From now on, we consider w(r ) = ]'r|_1 in d =3 and

FLivaclp] // d’rd’r +/ Dlp] + Evrpalp].
~ 2 Jrsws |1° —

Iocal

non local

Theorem 8 (Validity of LDA, Lewin—Lieb—Seiringer '20)

There is a C = C(q) > 0 s.t. for any ¢ > 0 and p

|Faclpl = Dlp] — Evpalp]l
< z—:/(p +p)+C (1 + %) /11{3 IV/p(r)|2dr + g /]R3 IV/p(r) [ dr.

c1p"? 4 o(p*?) (p— 0+)
c2p™® — e3p™ + 0(p*?)  (p = o0)

with f like f(p) = {




Remark on Theorem

@ It is expected that same result for Fi;, and Fj,

@ Error term is not optimal.

e Maybe it should only involve p*/3, p*/3 |V, /p|?, |V p!/3|? or |Vp|.
e For px(7) = p(N~Y3r) we obtain

Faclpn] = N*3D[p] + NErpa[f] + O (Nf)

o Extended to short-range potentials [Mietzsch '20].
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The Kinetic Energy Functional

Consider
Tlp) i=min {(Y[Tn|) + (¥|) =1, py = p} = F[p].
For one-particle density matrix with kernel v,
Yo, y) = N/@b(m,XW(y,X) dX,  py, () =z, )

A\ ]
we have (¢|Ty|) = Tr [<2> Yy |- The set of N-representable density matrix is

RDy = {7:7T: 0<~<1, Tr(—A7) < oo, Tr(v):N},

AN\ ]
Taclp] :== min {Tr [<2> Y 0<y=4" <1, Tr(-Ay) < o0, p, = p}

Note [p € R, and, if [ p € N, then Taclp] = FP|p].
Also Tgelp] < Tlp] < Tslp] holds, and Ey.[p] = FL[p] — Taclp] — Dlp].
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The Extended Kohn—Sham Model

Finally, we define the extended Kohn—Sham model as
1
EXS(w) = inf {Tr (—2A7> + /pvv + Dip,] + Exc(pv)}
Then EXXS(v) = Ex(v). Consider the Kohn—Sham LDA as

1
EXSEDA()) .= inf {Tr (—2A7> + /PW + Dlp,] + ELDA(PW)}v AeR

’YER’DA

Theorem 9 (Anantharaman—Cancés, '09)

For Coulomb system, if \ < Z = total nuclear charge, EXS'PA(v) has a minimizer
obeying the Kohn-Sham equation

2

A _
<—— 0+ o [T+ f’(%)) P; = €iPs.
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@ The Hohenberg—Kohn Theory is not satisfactory from a mathematical point of view
@ Indeed, v-representability problem exists

@ Mathematically, HK theory needs the unique continuation principle which is not yet
completely understood

@ The Levy-Lieb functional is a universal functional of densities, and
v-representability problem is settled, but not convex.

@ The convex hull of LL functional are Lieb's universal functional and
grand-canonical functional

@ For GC functional, the local density approximation is justified in a sense.

There are some mathematical results for Kohn—Sham theory (e.g. Goto 2022, etc)

Thank you for coming to my talk
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