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Why color superconductivity now?
1. Recent progress in QCD and QCD-like theories at finite  
→ gap calculation for the precise comparison is necessary 

2. Interest in finite-  &  phase diagram w.r.t. neutron star mergers, etc. 
→ Weak-coupling calculation can set the boundary condition
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Recent lattice & weak-coupling QCD calculations
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(w/ pairing gap 
  at weak coupling)

PpQCD + 6
μ2Δ2

4π2

 
(w/o pairing gap)
PpQCD

Lattice QCD

pQCD band: scale variation

Abbott et al. (2024)

Fujimoto (2023)
QCD at finite isospin density:

Unlike in the case of QCD at finite baryon density, the effect of the pairing gap is large
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Role of weak-coupling QCD in constraining EoS
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Gorda,Komoltsev,Kurkela (2022); 
Komoltsev,Somasundaram, et al. (2023)

- QCD effect significantly softens the 
equation of state at high density 

- The QCD result used here is the 
same weak-coupling expansion as 
in the previous slide 

- Cross check between lattice & 
weak-coupling QCD is useful
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Finite-T & µ phase diagram
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superconducting order parameters, !" and !c, as well as
the values of the three charge chemical potentials, #Q, #3,
and #8. These are obtained by solving the coupled set of
six gap Eqs. (13) together with the three neutrality con-
ditions (14). By using standard numerical recipes, it is not
extremely difficult to find a solution to the given set of nine
nonlinear equations. Complications arise, however, due to
the fact that often the solution is not unique.

The existence of different solutions to the same set of
equations, (13) and (14), reflects the physical fact that there
could exist several competing neutral phases with different
physical properties. Among these phases, all but one are
unstable or metastable. In order to take this into account in
our study, we look for the solutions of the following eight
types:

(1) Normal quark (NQ) phase: !1 ! !2 ! !3 ! 0;
(2) 2SC phase: !1 ! !2 ! 0 and !3 ! 0;
(3) 2SCus phase: !1 ! !3 ! 0 and !2 ! 0;
(4) 2SCds phase: !2 ! !3 ! 0 and !1 ! 0;
(5) uSC phase: !2 ! 0, !3 ! 0, and !1 ! 0;
(6) dSC phase: !1 ! 0, !3 ! 0, and !2 ! 0;
(7) sSC phase: !1 ! 0, !2 ! 0, and !3 ! 0;
(8) CFL phase: !1 ! 0, !2 ! 0, !3 ! 0.
Then, we calculate the values of the pressure in all

nonequivalent phases and determine the ground state as
the phase with the highest pressure. After this is done, we
study additionally the spectrum of low-energy quasipar-
ticles in search for the existence of gapless modes. This
allows us to refine the specific nature of the ground state.

In the above definition of the eight phases in terms of !c,
we have ignored the quark-antiquark condensates !". In
fact, in the chiral limit (m" ! 0), the quantities !" are
good order parameters and we could define additional
subphases characterized by nonvanishing values of one or
more !". With the model parameters at hand, however,
chiral symmetry is broken explicitly by the nonzero current
quark masses, and the values of !" never vanish. Hence, in
a strict sense it is impossible to define any new phases in
terms of !".

Of course, this does not exclude the possibility of dis-
continuous changes in !" at some line in the plane of
temperature and quark chemical potential, thereby consti-
tuting a first-order phase transition line. It is generally
expected that the ‘‘would-be’’ chiral phase transition re-
mains first order at low temperatures, even for nonzero
quark masses. Above some critical temperature, however,
this line could end in a critical end point and there is only a
smooth crossover at higher temperatures. Among others,
this picture emerges from NJL-model studies, both without
[24] and with [25] diquark pairing (see also Ref. [21]). We
should therefore expect a similar behavior in our analysis.

Our numerical results for neutral quark matter are sum-
marized in Figs. 1 and 2. These are the phase diagrams in
the plane of temperature and quark chemical potential,
obtained in the mean-field approximation in model (1) in
the case of an intermediate diquark coupling strength,

GD ! 3
4GS, and in the case of a strong coupling, GD !

GS, respectively. The corresponding dynamical quark
masses, gap parameters, and three charge chemical poten-
tials are displayed in Figs. 3 and 4, respectively. All
quantities are plotted as functions of # for three different
fixed values of the temperature: T ! 0; 20; 40 MeV in the
case of GD ! 3

4GS (see Fig. 3) and T ! 0; 40; 60 MeV in
the case of GD ! GS (see Fig. 4).

Let us begin with the results in the case of the diquark
coupling being GD ! 3

4GS. In the region of small quark
chemical potentials and low temperatures, the phase dia-
gram is dominated by the normal phase in which the
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FIG. 1. The phase diagram of neutral quark matter in the
regime of intermediate diquark coupling strength, GD ! 3

4GS.
First-order phase boundaries are indicated by bold solid lines,
whereas the thin solid lines mark second-order phase boundaries
between two phases which differ by one or more nonzero
diquark condensates. The dashed lines indicate the (dis)appear-
ance of gapless modes in different phases, and they do not
correspond to phase transitions.
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FIG. 2. The phase diagram of neutral quark matter in the
regime of strong diquark coupling, GD ! GS. The meaning of
the various line types is the same as in Fig. 1.

RÜSTER, WERTH, BUBALLA, SHOVKOVY, AND RISCHKE PHYSICAL REVIEW D 72, 034004 (2005)

034004-4

E.g., a few NJL model analyses

Rüster et al. (2005)
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Fig. 2. Phase diagram of dense quark matter obtained in the NJL model with the parameters chosen to give ∆ = 40 MeV at
µ = 500 MeV and T = Ms = 0. The strange quark mass Ms is fixed at 150 MeV under the assumption that the first-order
chiral phase transition occurred at some chemical potential below 390 MeV and ⟨s̄s⟩ ∝ Ms above that would not induce large
corrections to Ms. The doubly critical point and the gCFL onset are marked by a cross and a triangle respectively.

sectors, that leads to equality in the number of nine (three
colors and three flavors) quarks, and thus the electric and
color neutrality is enforced [23].

The enforced neutrality at zero temperature is broken
at small temperatures of a few MeV [2]. At higher tem-
perature, especially in the vicinity of the critical temper-
atures, it is a good approximation to estimate µ’s in the
normal phase, i.e., µe = −M2

s /4µ and µ3 = µ8 = 0. Then
the ordering of the Fermi momenta, µs < µu < µd is con-
cluded, which can be understood in an intuitive way; the
number of s-quarks is suppressed by Ms and so d-quarks
should be more abundant than s-quarks to maintain elec-
tric neutrality. From this, the average Fermi momenta
should obey the following ordering; µ̄su < µ̄ds < µ̄ud.

The gap equation to determine ∆’s contains the mo-
mentum integration around the Fermi surface which effec-
tively picks up the density of states at the Fermi momen-
tum. The larger the density of states is, the greater the gap
parameter becomes. In this way the ordering ∆2 < ∆1 <
∆3 is realized from the average Fermi momenta ordering,
which follows the presence of the dSC phase accordingly,
as first discussed in Ref. [24].

2.4 Doubly critical point

The phase boundary on which ∆1 goes to zero crosses the
phase boundary on which ∆2 goes to zero at the “doubly
critical point” where two phase transitions with respect
to ∆1 and ∆2 take place simultaneously. Since the exis-
tence of the uSC and dSC phases are robust and model-
independent, so is the doubly critical point.

We would shortly comment upon a puzzling question
concerning the doubly critical point. The question is the
following; what are the effects of gauge field fluctuations
on the doubly critical point?

In weak coupling the gauge field fluctuations bring
about an induced first-order phase transition and the criti-
cal temperature is shifted [25,26]. Between the CFL phase
and the uSC or dSC phase, no manifest effects would
be expected because eight gluons are all massive in both
phases. Therefore we can conclude that the phase transi-
tions from the CFL phase toward either the uSC or dSC
phase is surely of second order belonging to the same uni-
versality class as an O(2) vector model.

The gauge field fluctuations play an important role, on
the other hand, between the 2SC phase and the uSC or
dSC phase and the phase transition is forced to be of first
order.

The doubly critical point is the point at which two
phase transitions meet and three gluons become massless

Fukushima (2005)

Still unsettled to date… 
One can in principle set the boundary at  from weak-coupling QCDμ ∼ O(GeV)
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Complication: stress on the pairing
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→ less symmetric pairing in “bad” diquark channel

Δ ≃ m2
s /(4μ)

Color antisymmetric 
Flavor symmetric

Color antisymmetric 
Flavor antisymmetric

As one lowers density, 
charge neutrality splits 

the Fermi momenta
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Digression: analogy to hadron physics
- Color superconductivity: 

caused by diquark condensation 

- Diquark as inspiration: 
quarks are tightly bound inside hadrons 
(nebulous concept like constituent quarks) 

- Phenomenology: 
  - Baryon spectroscopy 
  -  rule in weak non-leptonic decays 
  - Structure functions in deep inelastic scattering, etc…

ΔI = 1/2

10

u
d u

e.g. Jaffe (2004)
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Digression: “good” and “bad” diquarks
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- Spin-singlet (antisymmetric), flavor antisymmetric:  

- Spin-triplet (symmetric), flavor symmetric: 

Ĥ |0⟩ = − 3
4 C |0⟩

Ĥ |1⟩ = 1
4 C |1⟩

Spin-spin interaction part of the Breit Hamiltonian from one-gluon exchange:

Ĥ = − αs ∑
i≠j

Mij(ti ⋅ tj)(σi ⋅ σj)
color spin

(ta)ij(ta)kl = −
Nc + 1

4Nc
(δijδkl − δilδkj) +

Nc − 1
4Nc

(δijδkl + δilδkj)

(3 ⊗ 3 = 3̄ ⊕ 6) color 3̄A color 6S

good diquark [qq’]

bad diquark (qq’)

Mij ∝ 1/mimj

3 3
p

p′￼ −p′￼

−p

we will see that bad diquark becomes important in the dense medium
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Goal of this talk
- Revisit the weak-coupling calculation of the pairing gap 

- Revisit the classification of the diquark condensate 

- Dense medium is Lorentz non-invariant, 

and  decomposition is unique 

→ Classification by the term symbol  possible 

     (similar to non-relativistic case) 

- What is the ground state of the color superconductor 

for a given color & flavor representation?

J = L + S
2S+1LJ

12

Bailin,Love (1984); Alford,Bowers,Cheyne,Cowan (2003); many other works …
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Weak-coupling gap calculation: 
RG equation for superconductivity
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Weak-coupling calculation

- Color superconductivity: nonperturbative phenomenon but can be 
calculated at weak coupling 

- There are three ways to read out the gap: 
1) Gap equation (Schwinger-Dyson eqn) 
2) Singularity in the fully renormalized two-particle vertex function 
3) Renormalization group (RG) equation 

14

ln( Δ
μ ) = −

3π2

c

1
g

− 5 ln g + ln
256π4

e(π2+4)/12c
+ o(g0)

3)

Son(99); Hsu,Schwetz (99); Fujimoto (25)

Schafer,Wilczek (99); Pisarski,Rischke(99); Hong et al. (99); 
Wang,Rischke(01)

Brown,Liu,Ren (99)

1), 2)cf. Barrois (1978)
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- Color superconductivity: nonperturbative phenomenon but can be 
calculated at weak coupling 

- There are three ways to read out the gap: 
1) Gap equation (Schwinger-Dyson eqn) 
2) Singularity in the fully renormalized two-particle vertex function 
3) Renormalization group (RG) equation  

- 1) & 2) are known to give the same results. 
I showed that 3) can also give the same result as 1) & 2).

15

ln( Δ
μ ) = −

3π2

c

1
g

− 5 ln g + ln
256π4

e(π2+4)/12c
+ o(g0)

1), 2), 3)

Son(99); Hsu,Schwetz (99); Fujimoto (25)

Schafer,Wilczek (99); Pisarski,Rischke(99); Hong et al. (99); 
Wang,Rischke(01)

Brown,Liu,Ren (99)

cf. Barrois (1978)
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RG approach to BCS instability
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Λ

kF

Fermi surface

Benfatto,Gallavotti (1990); Polchinski (1992); Shankar (1993)…

Consider an EFT with the UV cutoff ,  ( )| l | < Λ l = k − kF

Sint =
4

∏
i=1

∫|l|<Λ

d4ki

(2π)4
V(l1, l2, l3, l4)ψ̄(l4)ψ̄(l3)ψ(l2)ψ(l1) V =

k −k

−k′￼k′￼
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RG approach to BCS instability
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Λ

kF

Fermi surface

RG 
transformation

Λe−t

kF

Fermi surface

Benfatto,Gallavotti (1990); Polchinski (1992); Shankar (1993)…

RG transformation near the Fermi surface:

Consider an EFT with the UV cutoff ,  ( )| l | < Λ l = k − kF

1. Integrate out the fast modes 
i.e., reduced the cutoff as  

2. Introduce rescaled momenta: 
   (  goes up to ) 

3. Rewrite in terms of rescaled field: 

Λ → Λe−t

l′￼ = l et l′￼ Λ

ψ′￼(l′￼) = e−3t/2ψ<(l′￼e−t)

Sint =
4

∏
i=1

∫|l|<Λ

d4ki

(2π)4
V(l1, l2, l3, l4)ψ̄(l4)ψ̄(l3)ψ(l2)ψ(l1)

Slow mode: ,   
Fast mode:  ,  

ψ< = ψ(l) 0 < | l | < Λe−t

ψ> = ψ(l) Λe−t < | l | < Λ

V =

k −k

−k′￼k′￼
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RG approach to BCS instability
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Benfatto,Gallavotti (1990); Polchinski (1992); Shankar (1993)…

Renormalized effective action (only in terms of the slow modes):

S′￼int =
4

∏
i=1

∫|l′￼|<Λ

d4k′￼i

(2π)4
V(l′￼1e−t, l2e−t, l3e−t, l4e−t)ψ̄′￼(l′￼4)ψ̄′￼(l′￼3)ψ′￼(l′￼2)ψ′￼(l′￼1)

<latexit sha1_base64="rt3UBSBjt7UmDWxFYJypV1pxzzk="></latexit>

p

p + q

k1 k2 = �k1

k3 k4 = �k3

(a) Zero sound (ZS) diagram

p

p + q00

k1 k2 = �k1

k4 = �k3 k3

(b) ZS’ diagram

p �p

k1 �k1

k3 �k3

(c) BCS diagram

+ + +
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RG approach to BCS instability
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Benfatto,Gallavotti (1990); Polchinski (1992); Shankar (1993)…

S′￼int =
4

∏
i=1

∫|l′￼|<Λ

d4k′￼i

(2π)4
V(l′￼1e−t, l2e−t, l3e−t, l4e−t)ψ̄′￼(l′￼4)ψ̄′￼(l′￼3)ψ′￼(l′￼2)ψ′￼(l′￼1)

<latexit sha1_base64="rt3UBSBjt7UmDWxFYJypV1pxzzk="></latexit>

p

p + q

k1 k2 = �k1

k3 k4 = �k3

(a) Zero sound (ZS) diagram

p

p + q00

k1 k2 = �k1

k4 = �k3 k3

(b) ZS’ diagram

p �p

k1 �k1

k3 �k3

(c) BCS diagram

+ + +

RG equation: 
dVL(t)

dt
= − V2

L(t)

Renormalized effective action (only in terms of the slow modes):

Partial wave expansion: 
V(θ) = ∑

l

(2L + 1)VLPL(cos θ)
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RG approach to BCS instability
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RG equation: 
dVL(t)

dt
= − V2

L(t)

Solution: 

 

                 … singular at  when 

VL(t) =
VL(t = 0)

1 + VL(t = 0) t
t = − 1/VL(0) VL(0) < 0

Benfatto,Gallavotti (1990); Polchinski (1992); Shankar (1993)…

<latexit sha1_base64="rt3UBSBjt7UmDWxFYJypV1pxzzk="></latexit>

p

p + q

k1 k2 = �k1

k3 k4 = �k3

(a) Zero sound (ZS) diagram

p

p + q00

k1 k2 = �k1

k4 = �k3 k3

(b) ZS’ diagram

p �p

k1 �k1

k3 �k3

(c) BCS diagram

(attractive interaction)

- Singularity → Break down of the Fermi liquid picture 
Manifestation of the BCS instability 

- Pairing gap  = Energy scale  at the BCS instability 
- From the scale parameter:  

→ 

Δ Λ
t = − ln(Λ/ϵF)

Δ = ϵF exp (−
1

|VL(0) | ) Gap in BCS approximation. 
Ladder summation via RG eq
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Modified RG equation
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S′￼int =
4

∏
i=1

∫|l′￼|<Λ

d4k′￼i

(2π)4
V(l′￼1e−t, l2e−t, l3e−t, l4e−t)ψ̄′￼(l′￼4)ψ̄′￼(l′￼3)ψ′￼(l′￼2)ψ′￼(l′￼1)

<latexit sha1_base64="rt3UBSBjt7UmDWxFYJypV1pxzzk="></latexit>

p

p + q

k1 k2 = �k1

k3 k4 = �k3

(a) Zero sound (ZS) diagram

p

p + q00

k1 k2 = �k1

k4 = �k3 k3

(b) ZS’ diagram

p �p

k1 �k1

k3 �k3

(c) BCS diagram

+

RG equation: 
dVL(t)

dt
= − V2

L(t) −
g2

6π2

Renormalized effective action (only in terms of the slow modes):

Tree-level amplitude is sensitive to 
d.o.f near the Fermi surface 

→ renormalization at the tree-level

Δ ∝ exp (−
1
g ) Δ ∝ exp (−

1
g2 )

NB: w/o the const. term:

Son (1998); Hsu,Schwetz (1999); Fujimoto (2025)

Benfatto,Gallavotti (1990); Polchinski (1992); Shankar (1993)…

VL=0(l1, l3) ≃ −
g2

6π2
ln ( μ

g2 | l1 − l3 | )
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Further modification to RG equation
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<latexit sha1_base64="rt3UBSBjt7UmDWxFYJypV1pxzzk="></latexit>

p

p + q

k1 k2 = �k1

k3 k4 = �k3

(a) Zero sound (ZS) diagram

p

p + q00

k1 k2 = �k1

k4 = �k3 k3

(b) ZS’ diagram

p �p

k1 �k1

k3 �k3

(c) BCS diagram

RG equation: 
dVL(t)

dt
= −Z(t)V2

L(t) −
g2

6π2

One has to use the resummed propagator for fermions…
→ wave function renormalization

Z(t) = (1 +
g2

9π2
t)

−1

ln( Δ
μ ) = −

3π2

c

1
g

− 5 ln g + ln
256π4

e(π2+4)/12c
+ o(g0)
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Intermediate summary:

- There are three ways to calculate the gap consistent with each other: 
1) Gap equation (Schwinger-Dyson eqn) 
2) Singularity in the fully renormalized two-particle vertex function 
3) Renormalization group (RG) equation  

- Advantage of RG method 3): one only has to calculate a tree-level 
QCD amplitude whereas the other methods require one-loop 
calculation 
→ portability toward the higher-order computation?

23

ln( Δ
μ ) = −

3π2

c

1
g

− 5 ln g + ln
256π4

e(π2+4)/12c
+ o(g0)

1), 2), 3)

Son(99); Hsu,Schwetz (99); Fujimoto (25)

Schafer,Wilczek (99); Pisarski,Rischke(99); Hong et al. (99); 
Wang,Rischke(01)

Brown,Liu,Ren (99)
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Helicity amplitude & classification based on it

24
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Problem: pairing below the CFL density
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density
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d s

Color-flavor locked phase 
(CFL)

Stress breaks up the CFL pairing when Δ ≃ m2
s /(4μ)

Color antisymmetric 
Flavor symmetric

Color antisymmetric 
Flavor antisymmetric

As one lowers density, 
charge neutrality splits 

the Fermi momenta

What is the favored pairing 
below the CFL density??
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Preceding analysis based on NJL model

26
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FIG. 1: Pictorial representation of simple single-flavour pair-
ing in neutral quark matter. This will be referred to as the
(1SC)3 phase in the text. The requirement of electric neutral-
ity and a nonzero strange quark mass forces the Fermi mo-
menta of the three flavours apart. Two colours of each flavour
form (3̄A,3S ,1,+)(Cγ3) Cooper pairs (1SCu, 1SCd and 1SCs).
The third colour of each flavour forms (6S,3S ,0,+)(Cγ0γ5)
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FIG. 2: Pictorial representation of simultaneous 2SC and 1SC
pairing in neutral quark matter. This will be referred to as
the 2SC+1SCs phase in the text. This will only occur if the
condensation energy of the 2SC pairing is strong enough to
offset the cost of dragging the red and green u and d Fermi
momenta away from the values dictated by electrical neutral-
ity and the strange quark mass, to a common value.

the up and down quarks. We do not take into account
the CFL phase, nor its gapless variant gCFL [23, 24], nor
crystalline (LOFF) pairing [25, 26, 27], and so on. Our
study is relevant to regions of the phase diagram where
three flavours of quark are present, but there is either
no cross-flavour pairing, or only pairing between the up
and down quarks (“2SC+s” in the the nomenclature of
Ref. [15]). Such regions have been found to exist in stud-
ies of the QCD phase diagram using NJL models. For
example Ref. [28] finds a 2SC phase with strange quarks
for stronger diquark coupling (GD = GS) at T = 0, over
the chemical potential range 398 MeV ! µ ! 412 MeV
(see their Figs. 2 and 6). Ref. [29] also finds such a phase
(see their Fig. 7). It is also interesting to note that there
is some chance our considerations might be relevant to
the early life of the star, when T " 1 MeV, neutrinos
are trapped, and the resultant lepton number chemical
potential can favor a 2SC phase with strange quarks [30].
However some studies only find up and down quarks at
this time [31]. Moreover, single flavour phases will only
be relevant if they have large enough gaps to survive at
these temperatures. We find that their critical temper-
atures are of order 1 MeV(see Fig. 7), but this result is
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FIG. 3: Pictorial representation of CSL pairing in neutral
quark matter. This will be referred to as the (CSL)3 phase in
the text. It is composed of up, down and strange quark CSL
condensates, labelled CSLu, CSLd and CSLs respectively.
The requirement of electric neutrality and a nonzero strange
quark mass forces the Fermi momenta of the three flavours
apart. The red, green and blue colours of each flavour pair in
a colour-antisymmetric channel.
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FIG. 4: Pictorial representation of 2SC and CSL pairing
in neutral quark matter. This will be referred to as the
2SC+CSLs phase in the text. Colour neutrality will create
a small Ø(∆2/µ) splitting between the Fermi momenta of the
blue s quarks and s quarks of the other two colours. If this
splitting is sufficiently large it will prevent the CSLs conden-
sate from forming.

sensitive to the cutoff (see end of Section V) so it remains
an open question whether they can survive during the era
of neutrino trapping.
The paper has the following structure. Section II sum-

marizes the 1SC and CSL pairing patterns. Sections III
and IV discuss the model and approximations used to
calculate the free energy of the colour superconducting
phases that are of interest here. In all cases, electrical
and colour neutrality constraints are imposed. Section V
shows the behaviour of the 1SC and CSL gap parameters
as functions of µ and T . The gaps are then used in a free
energy calculation, the results of which are presented in
Section VI as a sequence of (µ, T ) phase diagrams for
neutral three flavour quark matter for different values of
Ms. Section VII presents conclusions and directions for
further research.

Alford,Bowers,Cheyne,Cowan (2002); Alford,Cowan (2005)

Based on comparison of 

free energy: 

 

→ Larger  is favored 

→ Larger attraction leads to 

     larger  

→ Classification of the (attractive) 

     interaction between quarks

Ωpaired = Ωunpaired − Cμ2Δ2

Δ

Δ
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One-gluon exchange attraction
- Cooper instability: 

  Fermi surface 
  Attractive interaction 

- One-gluon exchange (OGE) amplitude for quarks

27

}

3 3
p

p′￼ −p′￼

−p

Cooper pair 
(diquark condensation)

→ Superconductivity

(ta)ij(ta)kl = −
Nc + 1

4Nc
(δijδkl − δilδkj) +

Nc − 1
4Nc

(δijδkl + δilδkj)

(3 ⊗ 3 = 3̄ ⊕ 6)

color 3̄A color 6S

Attractive 
→ Color superconductivity

There are other quantum numbers, such as spin (helicity) and flavor 
→ enriches (complicates?) the pairing pattern
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One-gluon exchange (OGE) amplitude
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One-gluon exchange (OGE) amplitude
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q2
0 − q2 − ΠE/M

ΠE ≃ m2
D , ΠM ≃ − i

π
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D

q0

|q |
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Debye screening

Landau damping 
→ dynamical screening
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One-gluon exchange (OGE) amplitude
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1

q2
0 − q2 − ΠE/M

ΠE ≃ m2
D , ΠM ≃ − i

π
4

m2
D

q0

|q |

mD ≃ gμ
Debye screening

Landau damping 
→ dynamical screening

ℳ++;++ = (t1 ⋅ t2)g2 [DE cos2 θ
2

+ DM (cos2 θ
2

+ 2 sin2 θ
2 )]

ℳ+−;+− = (t1 ⋅ t2)g2 [DE cos2 θ
2

+ DM cos2 θ
2 ]

p1

p2 = − p1

p3p4 = − p3

θ

|p | = μ

Scattering amplitude ℳλ1λ2;λ3λ4
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Helicity amplitude

31

<latexit sha1_base64="RfJNBZjUUpMd4VjP1Ai64YWhIx4="></latexit>

�1,p1 �2,p2 = �p1
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q = p1 − p2

ℳλ1,λ2;λ3λ4
(θ) = ∑

J

(2J + 1)ℋJ
λ1λ2

dJ
λλ′￼

(θ)

(λ = λ1 − λ2 , λ′￼ = λ3 − λ4)

Helicity amplitude

Wigner d-matrix

Jacob,Wick (1959); Bailin,Love (1984)

When , λ = λ′￼ = 0 dJ
00(θ) = PJ(cos θ)
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Helicity amplitude
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ℋJ
++ =

1
2

ℋS=0,L=J
++ +

J
2(2J + 1)

ℋS=1,L=J−1
++ +

J + 1
2(2J + 1)

ℋS=1,L=J+1
++

|J; λ1λ2⟩ = ∑
LS

2L + 1
2J + 1

CJλ
L0SλC

Sλ
1
2 λ1

1
2 (−λ2)

|J; LS⟩

Helicity amplitude

Wigner d-matrix

Decomposition in terms of canonical LS states:

RG equations for these amplitude evolve independently Hsu,Schwetz (99); 
Fujimoto (25)

Jacob,Wick (1959); Bailin,Love (1984)
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Decoupling of the RG equations
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dℋS=0,L=J
++

dt
= −

NZ(t)
2 (ℋS=0,L=J

++ )2 −
g2

3μ2

dℋS=1,L=J±1
++

dt
= −

NZ(t)
6 (ℋS=1,L=J±1

++ )2 +
g2

9μ2

Z(t) = (1 +
g2

9π2
t)

−1
N = μ2/2π2

RG equations for a helicity amplitude with different  evolve independently:(S, L)

The decoupling is guaranteed by the orthogonality of the Legendre polynomial:

ℋS=0,L=J
++ = − (2g2/3)(DE

L + 3DM
L )

ℋS=1,L=J±1
++ = − (2g2/3)(DE

L − DM
L )

NB: this is for color  channel3̄



Yuki Fujimoto (Niigata U) /39

Angular momentum decomposition
- In vacuum, or conventionally,: 

  - J is an only good quantum number 
  - S & L are not conserved separately due to Lorentz transformation 

- At finite density: 
  - the special rest frame of the dense medium 
    → Lorentz invariance explicitly broken 
  - rotational symmetry alone remains good symmetry 
  - RG equations for different spin & orbital angular momentum    
    channel decouple 

- So, the pairing problem decouples between independent states labeled by: 
 (color, flavor, incoming helicity, )2S+1LJ

34
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Classification

35

11

Case Color Flavor Helicity 2S+1LJ Amplitude Gap

1 3̄ Antisymmetric ++ 1S0 (35) (36)

2 3̄ Symmetric ++ 1P1 (37) (39)

3 6 Symmetric ++ 3P0 (42) (43)

4 6 Antisymmetric ++ 3S1 (44) (45)

TABLE II. The most attractive channel for a given color and flavor representation.

This equation holds for J = L � 1, L, and L+ 1 and corresponds to the helicity amplitude

in Eq. (27). These RG equation is common both for the color 3 and 6 representations, and

the same for any flavor representation as well. As one can see, in these equations, there is no

mixing of the coupling function between di↵erent channels. This guarantees that the pairing

problem decouples between the system with di↵erent labels (28). Because of this decoupling,

even if only one component of the interaction is attractive and all other repulsive, the system

still undergoes a pairing instability into a state with the label (28) for which the interaction

is attractive.

Let us find the most attractive pairing channel for a given color and flavor representation

of a diquark, by resorting to the relations:

DE/M
L > DE/M

L+1 > 0 , DM
L > DE

L . (32)

The first equation follows from the Rodrigues formula for the Legendre polynomial. The sec-

ond equation follows from that the electric interaction is Debye screened, while the magnetic

interaction remains unscreened statically and is only screened dynamically, so the magnetic

interaction dominates at a small angle ✓ ⌧ 1. These relations indicate that the most attrac-

tive pairing channel must be found in a channel with the smallest J and L possible. The

electric and magnetic propagators in L = 0 and 1 channels to leading order in g are

DE
0 =

1

4µ2
ln

"
1 +

✓
2µ

mD

◆2
#
, DE

1 ' DE
0 �

1

2µ2
, (33)

DM
0 =

1

6µ2
ln

"
1 +

4

⇡

✓
2µ

mD

◆3
#
, DM

1 ' DM
0 �

1

2µ2
. (34)

We will consider each case with di↵erent color and flavor structure, and determine the

remaining labels in Eq. (28), namely, the helicity and 2S+1LJ ; in Table II, we summarize

the most attractive channel for each case with a di↵erent color and flavor. We compare the

“good” diquark

“bad” diquark

CFL

Single-flavor 
pairing

very weak pairing 
(repulsive in 

vacuum)

Constraint: total diquark wave function has to be antisymmetric 
-1 = (color) x (flavor) x (spin) x (-1)L

Table of the most attractive channels with largest pairing gap for a given color, flavor reps.:
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Gap as a function of chemical potential

36
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Pairing in weak coupling regime
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Schematic figure of the Fermi momenta:

Lower  
→ strange quark mass 
tries to pull  of each 

quark apart

μB

kF

Color-spin locked (CSL)

Schafer (2000); Schmitt (2005); Fujimoto (2025)

(3̄c, Sf, + + ,1 P1)

(3̄c, Sf, + + ,1 P1)

(3̄c, Sf, + + ,1 P1)

(3̄c, 3̄f, + + ,1 S0)
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QCD phase diagram in the weak-coupling regime

38

Fujimoto, work in progress (2025)
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Summary
- Classification of color superconductivity by the color, flavor, 

helicity (chirality), term symbol  as in non-relativistic case 

- Single-flavor pairing inevitable at lower density 
→ color-spin locked phase? 

- Determination of the superconductivity gap & the phase 
diagram in the weak coupling regime underway

2S+1LJ

39



Yuki Fujimoto (Niigata U) /39

Bonus material

40
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QCD constraint: speed of sound

41
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Comparison of the gap

42

← longitudinal 
← transverse

When (Color, flavor) = , two possibilities:(3̄c, Sf) (helicity,2S+1 LJ) = {( + + ,1P1)
( + − ,3S1)
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Why CSL?

43
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More pairing (in all the colors) is of course energetically favorable 18

mismatch of the u- and d-quark Fermi momenta are moderately small, the most attractive

pairing occurs in (3̄c,1f , 1S0) channel according to the classification above [see (3̄c,1f , 1S0) in

Fig. 3, middle panel]. In this case, the two-flavor color superconductivity (2SC) only occurs

among two out of three colors (e.g. red and green) for the flavor 1 channel in fixed-gauge

description [5, 50, 53, 54]. This is owing to the form of the condensate:

h >
↵C�

5 �i / ✏↵�3�1S0 . (46)

The color indices ↵ and � in the condensate has to be antisymmetric, so the color direction

of the gap matrix has to point to a specific direction (which is the third-direction in this

case) in the fixed gauge description, and one can always gauge-rotate the gap orientation to

a single direction in the color space. In contrast, the flavor index is saturated as this is in

the singlet channel, so the color index cannot be contracted with the flavor as in the CFL

case.

Unpaired quarks in the remaining color (e.g. blue) in the symmetric 6 color representation

can in principle undergo the pairing because there is a BCS instability in the (6c,3f , 3P0)

channel, but the gap may be too small to be phenomenologically relevant. The magnitude of

this pairing gap may further be suppressed due to the Meissner e↵ect from the 2SC pairing,

as discussed in Ref. [22] (see also Ref. [11]). Let us now discuss the form of the condensate

for this pairing:

h >
↵C�

5�irj �i / �↵3��3�
ij�3P0 . (47)

As this is in the spin-triplet and p-wave channel, this has spin dependence, which is charac-

terized by �i in the relativistic case, as well as dependence on orbital angular momentum,

which is captured by the derivative r
i. The general index structure ⌥ij = �irj can further

be classified as follows [55]:

3P0 : ⌥J=0 = ⌥ii , (48)

3P1 : ⌥i
J=1 = ✏ijk⌥jk , (49)

3P2 : ⌥ij
J=2 = ⌥ij

�
1

3
�ij⌥J=0 . (50)

As for the case of the 3P0 channel, the operator is ⌥ii, so the pairing is isotropic.

From symmetry perspectives, the pairing in this (6c,3f , 3P0) channel has an interesting

consequence. The symmetry breaking pattern becomes the same as in the nuclear phase [55].

: colorα, β

19

Particularly, this phase with the 2SC condensate becomes superfluid owing to the breaking

of the U(1)B symmetry, while the pure 2SC phase is not. The quantum vortices associated

with this superfluidity show peculiar properties [56–58]; they are similar to what is called

the Alice strings [59, 60].

The remaining strange quark may undergo the single-flavor pairing, which we will turn

in the next subsection.

C. Single-flavor pairing

Finally, we turn to the leftmost panel in Fig. 3. When the separation of the u- and

d-quark Fermi momenta are large, the 2SC pairing becomes unstable. This is very likely

in the current calculation because the 2SC and CFL pairing have the same magnitude of

the gap. There can still arise single-flavor color superconductivity (1SC), which has also

been known as the spin-one color superconductor [23, 24, 61–64]. So, directly below the

CFL density, the 1SC phase may be realized instead of the 2SC phase, i.e., the ground state

changes directly from the rightmost panel in Fig. 3 to the leftmost panel.

In the single-flavor pairing, the flavor wave function is always symmetric. Among the

flavor-symmetric ones, the (3̄c, 1P1) channel is the most attractive, which was classified as

the case 2 in the previous section. Therefore, the 1SC pairing occurs in the 1P1 channel,

which is a p-wave pairing rather than the triplet (spin-one) pairing.

Let us now discuss the form of the condensate. Because this is the p-wave condensate,

the gap can have the dependence on the relative motion of quarks r
i:

h >
↵C�

5
r

i �i / ✏↵���
�i , (51)

and in this case, one can take ��i = ��i�1P1 because the color and real space both have three

directions. This is known as color-spin locking (CSL), although in this case the color is locked

with orbital angular momentum to be precise. In this case, the condensate is isotropic both

in the color space and the real space. The RG equation alone cannot determine the form

of the condensate, but it can determine the most attractive interaction channel from the

BCS instability located by increasing the scale parameter from t = 0. Whichever hits the

first with the smallest t is the most attractive channel. In this case, for quarks with any

colors, the BCS instability is hit first in the (3̄c, 1P1) channel. The CSL pairing pattern
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: spacei color can always be gauge-rotated to 3rd directioncolor cannot be gauge-rotated
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Helicity amplitudes in different channels

44

12

FIG. 2. Pairing gap evaluated in the weak-coupling regime for Nf = 2. The band corresponds

to the renormalization scale variation. The dotted lines with lighter colors at small µ are the

extrapolation to the region where perturbation theory may not be justified. Left: For the di↵erent

cases as classified in Table II. Right: Comparison of the paring gaps (39) and (40).

values of the pairing gap as a channel with the largest gap is favored the most. For the

pairing gap, we use the one evaluated by solving the RG equation (see Ref. [22] for details).

In all the cases, we find that the pairing between quarks with the same helicities are favored

over the pairing between the opposite helicities.

The magnitude of the gap as a function of quark chemical potential µ in Nf = 2 is

shown in the left panel of Figure 2. We use the running coupling constant from the two-

loop QCD beta function evaluated in the MS scheme with the scale ⇤MS ' 340MeV. The

band corresponds to the scale variation, for which we follow the convention by choosing the

renormalization scale ⇤̄ = 2µ and varying it by a factor two.

Case 1: Color 3̄ and flavor antisymmetric

We first consider the case that the color is in the antisymmetric 3̄ representation and

flavor is antisymmetric. The remaining wave function has to be symmetric. The most

attractive channel is J = L = 0, i.e., 1S0 channel in the same helicity scattering:

H
1S0
++ = �

2g2

3

�
DE

0 + 3DM
0

�
. (35)

13

The gap in this channel is

�1S0 ' e�
⇡2+4
12 mD

✓
1 +

4µ2

m2
D

◆ 1
2
✓
1 +

32µ3

⇡m3
D

◆
exp

 
�

p
3⇡2

g

!
. (36)

As one can see in the left panel of Fig. 2 the gap in this channel stays almost constant with

the value �1S0 ⇠ 5–50MeV.

Case 2: Color 3̄ and flavor symmetric

Let us then consider the case that the color is in the 3̄ representation and the flavor is in

symmetric channel. The remaining wave function has to be antisymmetric, and the smallest

possible channels of J and L satisfying antisymmetry of the wave function are either in the

++ helicity and 1P1 channel or in the +� helicity and 3S1 channel. The corresponding

helicity amplitude for the former case is

H
1P1
++ = �

2g2

3

�
DE

1 + 3DM
1

�
, (37)

and for the latter case is

H
3S1
+� = �

2g2

3

�
DE

0 +DM
0

�
. (38)

From Eqs. (33, 34), it turns out that H
1P1
++ < H

3S1
+� when the coupling is g . 0.92, so the 1P1

channel in the same helicity scattering is the most attractive. When the coupling constant

is relatively large g & 0.92, but still in the weak-coupling regime, the inequality becomes

opposite: H
1P1
++ > H

3S1
+�. However, this does not directly infer that the (+�, 3S1) channel

is favored over the (++, 1P1) channel when g & 0.92; the (++, 1P1) channel has stronger

magnetic interaction compared to the (+�, 3S1) channel as one can read out from the

coe�cient of the DM term. The favored channel should be determined from the comparison

of the gap.

One can then determine which is the most attractive channel by comparing the magnitude

of the gap. The pairing gap in these channels are

�(++,1P1) ' e�4e�
⇡2+4
12 mD

✓
1 +

4µ2

m2
D

◆ 1
2
✓
1 +

32µ3

⇡m3
D

◆
exp

 
�

p
3⇡2

g

!
, (39)

�(+�,3S1) ' e�
3(⇡2+4)

8 mD

✓
1 +

4µ2

m2
D

◆ 3
2
✓
1 +

32µ3

⇡m3
D

◆
exp

 
�
3
p
3⇡2

p
2g

!
. (40)
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In the right panel of Fig. 2, we plot the behavior of these gap as a function of µ. It turns

out that the gap is always larger in the 1P1 channel compared to the 3S1 channel.

From Eqs. (36, 39), one can see that �1S0 and �1P1 has a fixed ratio:

�1P1

�1S0

' e�4
' 0.018 . (41)

Therefore, the gap in the 1P1 channel in the case 2 also stays constant with the value

�1P1 ⇠ 0.1–1MeV.

Case 3: Color 6 and flavor symmetric

Next, we consider the case that the color is in the symmetric 6 representation and the

flavor is in the symmetric channel. This channel has been conventionally thought to be

repulsive because c6 = 1/3 > 0. This is true in the vacuum, however, this is not the case in

the medium. The most attractive channel in the color 6 representation is 3P0 in the same

helicity scattering:

H
3P0
++ = �

g2

3

�
DM

1 � DE
1

�
. (42)

We note that this contribution vanishes in the vacuum in which DE = DM. They only

survive when DE
6= DM, so this is purely the in-medium e↵ect. This is essentially why the

same helicity pairing only accounted for the spin singlet pairing in the model employing the

same interaction for the vacuum and in medium, see, e.g., Ref. [50]. We also note such an

attraction is also present in QED, in which one replaces c6 = 1/3 ! 1 and g ! e. The

corresponding gap is

�3P0 ' e�
3(⇡2+4)

2 mD

✓
1 +

4µ2

m2
D

◆� 3
2
✓
1 +

32µ3

⇡m3
D

◆
exp

 
�
3
p
6⇡2

g

!
. (43)

As one can see in Fig. 2, this gap in the 3P0 channel is less than 10�9 eV order in the weak

coupling regime and decreases drastically as µ increases. This pairing is stable against the

splitting of the Fermi surface, so, there can in principle be superconductivity in this channel

at absolute zero temperature. In reality, the gap is too small and easily washed away by the

thermal fluctuations, so this is negligible phenomenologically. Even if one extrapolate this

weak coupling results down to µ ⇠ 400MeV, the gap can only reach up to the eV order.

Of course, this value should not be taken seriously at these low densities. There may be
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Case Color Flavor Helicity 2S+1LJ Amplitude Gap

1 3̄ Antisymmetric ++ 1S0 (35) (36)

2 3̄ Symmetric ++ 1P1 (37) (39)

3 6 Symmetric ++ 3P0 (42) (43)

4 6 Antisymmetric ++ 3S1 (44) (45)

TABLE II. The most attractive channel for a given color and flavor representation.

This equation holds for J = L � 1, L, and L+ 1 and corresponds to the helicity amplitude

in Eq. (27). These RG equation is common both for the color 3 and 6 representations, and

the same for any flavor representation as well. As one can see, in these equations, there is no

mixing of the coupling function between di↵erent channels. This guarantees that the pairing

problem decouples between the system with di↵erent labels (28). Because of this decoupling,

even if only one component of the interaction is attractive and all other repulsive, the system

still undergoes a pairing instability into a state with the label (28) for which the interaction

is attractive.

Let us find the most attractive pairing channel for a given color and flavor representation

of a diquark, by resorting to the relations:

DE/M
L > DE/M

L+1 > 0 , DM
L > DE

L . (32)

The first equation follows from the Rodrigues formula for the Legendre polynomial. The sec-

ond equation follows from that the electric interaction is Debye screened, while the magnetic

interaction remains unscreened statically and is only screened dynamically, so the magnetic

interaction dominates at a small angle ✓ ⌧ 1. These relations indicate that the most attrac-

tive pairing channel must be found in a channel with the smallest J and L possible. The

electric and magnetic propagators in L = 0 and 1 channels to leading order in g are

DE
0 =

1

4µ2
ln

"
1 +

✓
2µ

mD

◆2
#
, DE

1 ' DE
0 �

1

2µ2
, (33)

DM
0 =

1

6µ2
ln

"
1 +

4

⇡

✓
2µ

mD

◆3
#
, DM

1 ' DM
0 �

1

2µ2
. (34)

We will consider each case with di↵erent color and flavor structure, and determine the

remaining labels in Eq. (28), namely, the helicity and 2S+1LJ ; in Table II, we summarize

the most attractive channel for each case with a di↵erent color and flavor. We compare the


