
When is Axial Gauge Applicable?

Xiaojun Yao 

University of Washington


Bruno Scheihing-Hitschfeld, XY, 2205.04477


QCD Seminar

January 18, 2024



Introduction
• Gauge invariance —> redundant gauge degrees of freedom

• Eliminate them in the Faddeev-Popov quantization
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A[A] = nµAa

µ(x)Axial gauge condition

• Useful in some perturbative calculations, e.g. TMD
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• Action with the gauge fixing part

Belitsky, Ji, Yuan, hep-ph/0208038

• But sometimes give inconsistent results 



Example: Heavy Quark and Quarkonium Transport
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• Heavy quark diffusion in quark-gluon plasma

Q

• Heavy quark diffusion coefficient = chromoelectric correlator
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Heavy quark effect

on the thermal state

Casalderrey-Solana, Teaney, hep-ph/0605199



Example: Heavy Quark and Quarkonium Transport
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• Quarkonium dynamics in high T quark-gluon plasma
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Brambilla, Escobedo, Soto, Vairo, 1612.07248

Dissociation/recombination = quantum decoherence Akamatsu, Rothkopf, 1110.1203 and more

• Quarkonium transport coefficient = a new chromoelectric correlator
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Example: Heavy Quark and Quarkonium Transport

5

• Quarkonium dynamics in low T quark-gluon plasma
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• Generalized gluon distribution for small-size quarkonium dynamics

• General KMS relation
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Two Chromoelectric Field Correlators
• Different operator orderings

Mehen, XY, 2009.02408

Color interactions in

both initial and final states

since HQ carries color

Color interactions in 

either initial or final state 

since quarkonium colorless
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• NLO perturbative results in Feynman gauge 
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Origin of Axial Gauge Puzzle
• Study a more general gauge choice

• Issue arises in the order of taking limits
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• Consider a gauge transformation from Feynman to axial in Abelian case:
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Nonperturbative Perspective: Abelian
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• Transformation matrix has zero eigenvalue
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• In non-Abelian case:
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<latexit sha1_base64="1hUSt4a2GZJk9bhs2tby4PXdb4c="></latexit>

lim
n̄·x!1

nµ@µ✓
a(x) = 0

Nonperturbative Perspective: Non-Abelian

At n̄ ⋅ x → ∞
<latexit sha1_base64="BC2EWOGVry4/jju/ZmNhcq9WT3s=">AAACEnicbZBPS8MwGMZT/875r+rRS3CI28HRylAvwtSLxwmuG2x1pGm6haVpSVJxlH0GL34VLx4U8erJm9/GdJugmy+E/Hie9yV5Hy9mVCrL+jLm5hcWl5ZzK/nVtfWNTXNr25FRIjCp44hFoukhSRjlpK6oYqQZC4JCj5GG17/M/MYdEZJG/EYNYuKGqMtpQDFSWuqYJd7GfqTg+UHxvgTPoJNdP1rGzm16aA81dcyCVbZGBWfBnkABTKrWMT/bfoSTkHCFGZKyZVuxclMkFMWMDPPtRJIY4T7qkpZGjkIi3XS00hDua8WHQST04QqO1N8TKQqlHISe7gyR6slpLxP/81qJCk7dlPI4UYTj8UNBwqCKYJYP9KkgWLGBBoQF1X+FuIcEwkqnmNch2NMrz4JzVLaPy5XrSqF6MYkjB3bBHigCG5yAKrgCNVAHGDyAJ/ACXo1H49l4M97HrXPGZGYH/Cnj4xu5VZpg</latexit>

n ·A0(x) = V (x)n ·A(x)V �1(x)

<latexit sha1_base64="ccn9er5YuQpkUyX7RutfjEDnlY0="></latexit>

Tr[(nµAµ(n̄ · x = 1))2] cannot be changed by gauge transformationThus

Cannot smoothly go from a gauge with  to axial gauge n ⋅ A(n̄ ⋅ x → ∞) ≠ 0 n ⋅ A = 0



Applicability Condition
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• Gauge transformation towards axial gauge breaks down at 


• Not always a problem in calculations


• If operator  contains no fields at  —> canceled  

• If operator  contains fields at  —> problem! 

• Axial gauge works fine quarkonium chromoelectric correlator because only 
finite-extended Wilson lines involved


• Axial gauge breaks down for heavy quark chromoelectric correlator 
because gauge field at infinite time involved

n̄ ⋅ x → ∞

O[A] n̄ ⋅ x → ∞

O[A] n̄ ⋅ x → ∞

<latexit sha1_base64="njwcr+/KPStOChk20OHuL0GSm+0=">AAACNnichVDLSsNAFJ3UV62vqEs3g0VwISWRoi5bdeFGrGgfkMQymU7aoZMHMxOhhHyVG7/DXTcuFHHrJzhps9BW8MDAmXPv5Z573IhRIQ1jrBUWFpeWV4qrpbX1jc0tfXunJcKYY9LEIQt5x0WCMBqQpqSSkU7ECfJdRtru8CKrtx8JFzQM7uUoIo6P+gH1KEZSSV392vY4wolNAwltH8kBRiy5TOvQPoLkIaF3Vt1Js89NRv7pS7t62agYE8B5YuakDHI0uvqL3Qtx7JNAYoaEsEwjkk6CuKSYkbRkx4JECA9Rn1iKBsgnwkkmZ6fwQCk96IVcPWVrov6cSJAvxMh3VWfmWMzWMvGvmhVL78xJaBDFkgR4usiLGZQhzDKEPcoJlmykCMKcKq8QD5DKUaqkSyoEc/bkedI6rpgnlepttVw7z+Mogj2wDw6BCU5BDVyBBmgCDJ7AGLyBd+1Ze9U+tM9pa0HLZ3bBL2hf31FaqxI=</latexit>R
DAe

iS[A]
O[A]R

DAeiS[A]

✅

❌



F+i

F+j

⊥
F+i

F+j

⊥
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Example: Two Gluon TMDs
• Weizsacker-Williams TMD (in standard TMD factorization) 

• Dipole TMD (in small-x physics) D. Kharzeev, Y.V. Kovchegov, K. Tuchin, hep-ph/0307037
F. Dominguez, B.-W. Xiao, F. Yuan, 1009.2141

TMD handbook, 2304.03302
<latexit sha1_base64="9LcQMIwfJ86mU2JJxNSOUdDCSmc="></latexit>

TF

⌦
p(P, S)

��F a+i(b�, b?)Wab
[(b�,b?),(�1�,b?)]W

bc
[(�1�,b?),(�1�,0?)]

Wcd
[(�1�,0?),(0�,0?)]F

d+j(0�, 0?)
��p(P, S)

↵

<latexit sha1_base64="tcXDdIfIOvdIpCRV7swsPARcsMc="></latexit>⌦
p(P, S)

��Trc
⇥
U[(�1�,0?),(�1�,b?)]U[(�1�,b?),(b�,b?)]F

+i(b�, b?)U[(b�,b?),(+1�,b?)]

U[(+1�,b?),(+1�,0?)]U[(+1�,0?),(0�,0?)]F
+j(0�, 0?)U[(0�,0?),(�1�,0?)]

⇤��p(P, S)
↵



12

• In practical calculations, to properly write down Feynman rules for 
transverse/spatial Wilson lines need a time cutoff, which serves a regulator 
for the Wilson lines in the time direction, as in the case of Belitsky, Ji, 
Yuan, hep-ph/0208038


• If we integrate over transverse positions


• Standard gluon PDF has finite Wilson line


• The integrated dipole PDF has infinite Wilson lines

Example: Two Gluon TMDs

✅

❌

✅
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Example: Jet Quenching Parameter

<latexit sha1_base64="KCC1mON4Mr8CxU0QldtCA6Yj91Q="></latexit>

q̂ = lim
L�!+1�

p
2

L�

Z
d2k?
(2⇡)2

k2?

Z
d2x?e

�ix?·k?
hTrcWR

⇤ i
dR

• Jet quenching parameter

✅

<latexit sha1_base64="FYQiYi/7JEKy8K9J1yKKqRrHwWE=">AAACgnichZHJTsMwEIadUKCUrcCRi0WFVBCUhP0AUgUXDhwAdUFqSuS4k2LhLNgOooryILwWN54G3OUALYiRLP36vxnNeMaLOZPKsj4Mcyo3PTObnyvMLywuLRdXVhsySgSFOo14JO49IoGzEOqKKQ73sQASeBya3tNlnzdfQEgWhTXVi6EdkG7IfEaJ0pZbfGs+pE5A1CMlPL3LMteRzwkRgM9x6ogA10RWxmM5Zethd+fVdW IQ8dYEvP4PWn9B6zvccoslq2INAk8KeyRKaBQ3bvHd6UQ0CSBUlBMpW7YVq3ZKhGKUQ1ZwEgkxoU+kCy0tQxKAbKeDFWZ4Uzsd7EdCv1Dhgfu9IiWBlL3A05n9keU465u/sVai/NN2ysI4URDSYSM/4VhFuH8P3GECqOI9LQgVTM+K6SMRhCp9tYJegj3+5UnR2K/Yx5Wj28NS9WK0jjxaRxuojGx0gqroCt2gOqLo09g0KsaemTO3Tds8GKaaxqhmDf0I8+wL4KDBmw==</latexit>

WR
⇤ = Tr(WR(0�, x?)W

R(L�, x?)W
R(L�, 0?)W

R(0�, 0?))

Kovner, Wiedemann, hep-ph/0304151

Liu, Rajagopal, Wiedemann, hep-ph/0605178

• Calculation of the Wilson loop of finite extent, then take limit 



Conclusions
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• Axial gauge puzzle:


• Two chromoelectric field correlators for heavy quark and quarkonium 
transport look identical in axial gauge, but perturbative calculations in 
Feynman gauge show they are different


• Origin of the issue: break down of gauge transformation towards axial 
gauge at 


• Not always give incorrect results: can be safely applied when gauge 
fields at infinite “time” are not involved in operators of interest

n̄ ⋅ x → ∞



Backup: Two Chromoelectric Field Correlators

Ei(t2)

Ei(t1)

• Correlators for heavy quark and quarkonium in-medium dynamics

Ei(t1)

Ei(t2)
Ei2(R2, t2)

Ei1(R1, t1) Ei1(R1, t1)

Ei2(R2, t2)

Single heavy quark Heavy quark antiquark pair

J.Casalderrey-Solana, D.Teaney, hep-ph/0605199 Thomas Mehen, XY, 2009.02408

x

t

Color interactions in

both initial and final states

since HQ carries color

Color interactions in 

either initial or final state 

since quarkonium colorless

<latexit sha1_base64="PwSUAxokd15XKcXLINqgAFMzMX0="></latexit>

gQQ̄
E (t) = g2TF

D⇣
Ea

i (t)Wab
[t,0]E

b
i (0)

⌘E

T

<latexit sha1_base64="Pub00jLK5qLP9CQwpVhU+XjQ+2U="></latexit>

gQE(t) = g2
⌦
Trc

�
U[�1,t]Ei(t)U[t,0]Ei(0)U[0,�1]

�↵
T

<latexit sha1_base64="Q0/nvFSWJP4WNg9Je/9ZunyWmsg=">AAACEXicbZDLSsNAFIYn9VbrLerSzWAR6qYkUtSNUHTjzgrpBZoQJtNpO3QyCTMToYS+ghtfxY0LRdy6c+fbOEmz0NYfBj7+cw5nzh/EjEplWd9GaWV1bX2jvFnZ2t7Z3TP3DzoySgQmbRyxSPQCJAmjnLQVVYz0YkFQGDDSDSY3Wb37QISkEXfUNCZeiEacDilGSlu+WXMZ4iNG4B10RU6+A69g6ooQOmJWy+xx5Dunvlm16lYuuAx2AVVQqOWbX+4gwklIuMIMSdm3rVh5KRKKYkZmFTeRJEZ4gkakr5GjkEgvzS+awRPtDOAwEvpxBXP390SKQimnYaA7Q6TGcrGWmf/V+okaXnop5XGiCMfzRcOEQRXBLB44oIJgxaYaEBZU/xXiMRIIKx1iRYdgL568DJ2zun1eb9w3qs3rIo4yOALHoAZscAGa4Ba0QBtg8AiewSt4M56MF+Pd+Ji3loxi5hD8kfH5A/ekm9g=</latexit>

hOiT = Tr(O⇢T )

15
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Backup: Two Chromoelectric Field Correlators

T.Binder, K.Mukaida, B.Scheihing-

Hitschfeld, XY, 2107.03945Y.Burnier, M.Laine, J.Langelage, L.Mether, 1006.0867

<latexit sha1_base64="a0hjitRa8HtsL5DpM4ovRc5t7wM="></latexit>Z +1

�1
dt eip0t

⇣
gQQ̄
E (t)� gQE(t)

⌘
=

g4Nc(N2
c � 1)TF p30
(2⇡)3

⇡2

• At NLO they have different values 

• However, they look identical in temporal axial gauge A0 = 0
<latexit sha1_base64="iNWvhzSDh+JaivMlYaC6kNyR8JQ="></latexit>

g2TF

⌦
Trc

⇥
Ei(t)Ei(0)

⇤↵
T

E

E E

E

E

E

<latexit sha1_base64="JmUOrEGu0J3S0nm6XJIsq5j098w=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BETwmYB6QrGF2MkmGzM4uM71CWPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dQSyFQdf9dnJr6xubW/ntws7u3v5B8fCoaaJEM95gkYx0O6CGS6F4AwVK3o41p2EgeSsY38781hPXRkTqAScx90M6VGIgGEUrtYa9u8e0Pu0VS27ZnYOsEi8jJchQ6xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346P3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAfXfipUnCBXbLFokEiCEZn9TvpCc4ZyYgllWthbCRtRTRnahAo2BG/55VXSvCh7l+VKvVKq3mRx5OEETuEcPLiCKtxDDRrAYAzP8ApvTuy8OO/Ox6I152Qzx/AHzucPLoqPew==</latexit>

gQE

<latexit sha1_base64="uKgWZdRfPWOXSPsbDpgUdShtQpY=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiCB4bsB/QpmWz3bRLN5uwu1FKyP/w4kERr/4Xb/4bt20O2vpg4PHeDDPz/JgzpW372yqsrW9sbhW3Szu7e/sH5cOjlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb9ye3Mbz9SqVgkHvQ0pl6IR4IFjGBtpP5ocNdP3Z6PZepm2aBcsav2HGiVODmpQI7GoPzVG0YkCanQhGOluo4day/FUjPCaVbqJYrGmEzwiHYNFTikykvnV2fozChDFETSlNBorv6eSHGo1DT0TWeI9VgtezPxP6+b6ODaS5mIE00FWSwKEo50hGYRoCGTlGg+NQQTycytiIyxxESboEomBGf55VXSuqg6l9WaW6vUb/I4inACp3AODlxBHe6hAU0gIOEZXuHNerJerHfrY9FasPKZY/gD6/MHnneSmw==</latexit>

gQQ̄
E

What’s wrong?


