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Confinement

But there is also a more powerful definition, which requires a 
little more abstraction.

1. Isolated fundamental test quarks have an infinite 
free energy. 

2. Far-apart test quark-anti-quark pairs feel an 
attractive linear potential.
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The first way we learn about in classes is that confinement 
means that:

This talk is about color confinement.  The basic question is: 
what’s the best way to define it? 

By these criteria, pure SU(N) YM theory on  confines color.ℝ4



SU(N) pure Yang-Mills

• Confinement means that Wilson line operators obey 
some selection rules:

C

⃗x

in any finite volume in any scheme

<latexit sha1_base64="blAtsPNRRkb5bxu+w2YJRZ3Wffc="></latexit>⌦
1
N trF P (~x)

↵
= 0

<latexit sha1_base64="yTdtP3c9+f/8wj6CoymizWeMUAQ="></latexit>

lim
A(C)!1

⌦
1
N trF W (C)

↵
= 0

Quark free energy diverges Linear quark-quark potential
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 1-form symmetry in YM theoryℤN

• We expect that QFT selection rules should be explained by 
global symmetries. 

• Confinement involves selection rules for line operators, 
rather than the local operators. 

• The necessary symmetry is called a ``  1-form symmetry”. 

• To understand 1-form symmetries, it’s important to 
define symmetries via the existence of appropriate 
symmetry generators, which are topological operators. 

•  structure arises since collections of N quarks are not 
confined - they bind into a color-singlet baryon.

ℤN

ℤN
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 1-form symmetry in YM theoryℤN

The symmetry is generated by N co-dimension-2 
topological symmetry generators :Uk

<latexit sha1_base64="XYk0CzEjasBb+69f3inC1sSafR8="></latexit>

Uk(Md�2)Un(Md�2) = Uk+n mod N (Md�2)

<latexit sha1_base64="e6TeHs3W1ofTK78/De4p++q4kBQ="></latexit>

hUk(Md�2)WF (C)i = e2⇡i
k
N Link(C,Md�2)hWF (C)i

• Symmetry geometry multiply Wilson loops by  phases…ℤN

Gaiotto, Kapustin, Seiberg, Willett 2014
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Confinement selection rules from symmetry

These selection rules are consequences of the  1-form 
symmetry. 

• The confining phase is thus identified as a phase where 
the  1-form symmetry is not spontaneously broken. 

ℤN

ℤN

C

⃗x

in any finite volume in any scheme

<latexit sha1_base64="blAtsPNRRkb5bxu+w2YJRZ3Wffc="></latexit>⌦
1
N trF P (~x)

↵
= 0

<latexit sha1_base64="yTdtP3c9+f/8wj6CoymizWeMUAQ="></latexit>

lim
A(C)!1

⌦
1
N trF W (C)

↵
= 0
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Why care about  1-form symmetry?ℤN

• Q: What does one gain by rephrasing color confinement in 
this formal way?  A:  A lot of nice things! 

• It’s generally useful to have a symmetry picture of any 
phenomenon. 

• It’s been very fruitful since 2014:  allows predictions about 
phase boundaries in parameter space, anomaly-matching, 
etc. 

• New results, new insights into old results. 

• Example: SU(N) QCD with 1 quark flavor has a point in 
parameter space where gap vanishes (uses results on YM)

7
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SU(N) QCD at large N

With  fundamental-rep quark fields, quark loops are 
suppressed at large N.

NF ∼ 𝒪(1)

• Large N QCD obeys the same selection rules as pure YM:

• Confinement is well-defined in large N QCD!

C

⃗x

in any finite volume in any scheme

<latexit sha1_base64="blAtsPNRRkb5bxu+w2YJRZ3Wffc="></latexit>⌦
1
N trF P (~x)

↵
= 0

<latexit sha1_base64="yTdtP3c9+f/8wj6CoymizWeMUAQ="></latexit>
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⌦
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N trF W (C)

↵
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Confinement in large N QCD

So are the Wilson loop selection rules consequences of a 
symmetry in large N QCD?

• Natural guess: at large N, there’s a  1-form symmetry 

which explains the selection rules, just as in YM theory. 

• Curiously, this guess is not right. 

• Rest of the talk will explain why.

ℤN

We usually expect that selection rules are consequences of 
symmetries.
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Obstructions to 1-form symmetry

Two basic issues:

• Existence of open Wilson lines in large N QCD. 

• Large N quark loop suppression isn’t quite universal.

I’ll explain these issues, then show how things work explicitly in 
a calculable example, 2d scalar QCD on the lattice using the 
hopping expansion.

Upshot: there are no non-trivial topological co-dimension-2 
operators in large N QCD with an action on Wilson loops.
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Endability Issue

Large N QCD has open Wilson lines:

• This is inconsistent, so  cannot be topological 

operators in large N QCD.

Uk(Md−2)

Rudelius, Shao 2020 

• Suppose it has topological  operators.  ThenUk(Md−2)

<latexit sha1_base64="Oe636sZ8wUQQAYhxJiP+C4SvUIo="></latexit>D
1
N tr Q̄(x)ei

R x0
x a Q(x0)

E
= O(1)
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Closed versus open Wilson lines

• Given the assumption that   is topological, its 

action on a Wilson line on a curve C can be calculated by 

“shrinking”:

Uk(Md−2)

• Data can be obtained from an infinitesimal neighborhood 

of C - no info on whether C is open or closed! 

• So failure of topological property on open Wilson lines 

implies failure for closed Wilson loops. 12



Quark loops at large N
• If quark loop contributions are universally suppressed at 

large N, how could correlation functions of  be 

different in QCD versus pure YM theory?

Uk(Md−2)

• At large N, the interesting  operators have . 

•  for , so  is most interesting. 

•  acts trivially on  with N-ality 

Uk(Md−2) k ∼ N

⟨ 1
dR

WR(C)⟩ = 0 nR ∼ N nR ∼ 1

U1(Md−2) WR(C) nR ∼ 1
<latexit sha1_base64="tW7+Wjm+9MwYSPkQN9lKIrSkOjk="></latexit>

U1(⌃d�2)WR(C) = e
2⇡i
N nR WR(C) = WR(C) +O

✓
1

N

◆

• We’ll see that quark loops aren’t universally suppressed!
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What we might expect

• In QFTs with exact  1-form symmetry on , the fusion 

rules force

ℤN ℝd

<latexit sha1_base64="Equ9q9P2VBREVjSocjMctP/ab6o="></latexit>

hUk(Md�2)i = e2⇡`k/N , ` 2 Z

• In pure YM on , .ℝd ℓ = 0
• Consider 2d QCD on  and suppose the ’s are all 

topological up to 1/N corrections, and obey fusion rules:
ℝ2 Uk

<latexit sha1_base64="66FBBNwyWa3cpLavf0IbBha/8V8="></latexit>

hUk(x)i = 1 + vk/N + · · ·
hUk(x)Uk0(0)i = 1 + fk,k0(x)/N + · · ·

• NB: in  the ’s are local operators.d = 2 Uk
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Quark loop non-suppression

• The fusion rules would imply

• If , no contradiction.  But if , thenk ∼ 1 k = k̄N

• Contradiction for .k ∼ N

<latexit sha1_base64="Xbg/OUU8YpaRKp255SnIzqWuVT4=">AAAC8HicbVFNbxMxEPUuX6UtNIUjF0OElKhSWFcVcKzgwgkVibSV4mXl9c6m1trele0NiTb5H9wQV/4REj8GJ9lSkjKSpec3bzzjeWklhXVR9CsI79y9d//BzsPdvf1Hjw86h0/ObVkbDkNeytJcpsyCFBqGTjgJl5UBplIJF2nxfpm/mICxotSf3ayCWLGxFrngzHkq6UyoZHosAQ+TojftU7O+USsUvkmR3vSIQmWF9DWkv0 Uc9zHlWenstrLYfK9HjiYJefWx/6VIOt1oEK0C3wakBV3UxllyGKQ0K3mtQDsumbUjElUubphxgktY7NLaQsV4wcYw8lAzBTZuVgta4JeeyXBeGn+0wyv234qGKWtnKvVKxdyV3c4tyf/lRrXL38aN0FXtQPN1o7yW2JV4uW2cCQPcyZkHjBvhZ8X8ihnGnfdkowtnmoP0/9DwlZdKMZ011E+sWGoXIxI383mXzOdekEFOZbbaa9Nce0SfX9u1aCXmr8TcSMyGxJmGOpg6oxpnPOldIdse3AbnxwPyenDy6aR7+q71Zwc9Qy9QDxH0Bp2iD+gMDRFHv4Mw2Av2QxN+C7+HP9bSMGhrnqKNCH/+AQ1669c=</latexit>

hUk(x)i ⇠ hU1(x+ ✏1)U1(x+ ✏2) · · ·U1(x+ ✏k)i ⇠ (1 + v1/N)k

<latexit sha1_base64="2kFpMoUIl8mRqLgiFhSafeCxFJU="></latexit>⇣
1 +

v1
N

⌘k̄N
⇠ ek̄v1 6= 1

• We are assuming that

<latexit sha1_base64="66FBBNwyWa3cpLavf0IbBha/8V8="></latexit>

hUk(x)i = 1 + vk/N + · · ·
hUk(x)Uk0(0)i = 1 + fk,k0(x)/N + · · ·
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Obstructions to 1-form symmetry
In a sense, we’re done: there’s no 1-form symmetry in large N 
QCD, for two reasons:

• Existence of open Wilson lines in large N QCD. 

• Large N quark loop suppression doesn’t apply to the 

would-be symmetry generators.

Next, let’s see how the failure of 1-form symmetry happens in a 
concrete example.  Discussion will get more technical!

16

Punchline: either you can have selection rules without a 
symmetry (in the sense of existence of co-dim-n topological 
symmetry generators), or we need a further generalization of 
symmetry to understand (approximate) confinement in QCD. 



2d scalar QCD

• Let’s explore 2d scalar SU(N) QCD, on the lattice, using 

the hopping ( = large mass) expansion.

<latexit sha1_base64="zpG669YLH6p3aMzlNEEeluvoIAU="></latexit>

Z =
Y

`

Z
du`

Y

x

Z
d�xd�

†
x

Y

p

e�sYM(up)
Y

`

e�sH(�†
xu`�x0 )

Y

x

e�m2�†
x�x

p = plaquettes  = linksℓ x = sites

• Rich enough to share the key features of real QCD, but 

simple enough to study explicitly.
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• In 2d there is a maximally-nice gauge action called the 

‘heat kernel’ action:
<latexit sha1_base64="DdJXXvW50J2Qhq0DT0EP62UDPtE="></latexit>

e�sYM(up) =
X

↵

d↵�↵(up) e
�g2c↵Ap

• For pure YM get continuum results even on coarse lattices

Migdal 1975, 
Menotti+Onofri, 1981

<latexit sha1_base64="zpG669YLH6p3aMzlNEEeluvoIAU="></latexit>

Z =
Y

`

Z
du`

Y

x

Z
d�xd�

†
x

Y

p

e�sYM(up)
Y

`

e�sH(�†
xu`�x0 )

Y

x

e�m2�†
x�x

2d scalar QCD

• The hopping term (scalar kinetic term) is
<latexit sha1_base64="zLLgjHliP1zmtphR2GcLYJR9tTg="></latexit>

sH(�
†
xu`�x0) = ��†

xu`�x0 + h.c.
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Hopping expansion
• For small , matter field integral gives a sum over all 

possible Wilson loop insertions , representing 

quark world-lines.  Schematically:

κ

WF(Γ)

• For us the two interesting  operators are Wilson loops 

  and ’s, the generators of the  1-form 

symmetry of the 2d YM theory.

𝒪glue

WF(C) Uk(x) ℤN

<latexit sha1_base64="G/wKP1mOh5Pkb29qYeUbQmHqU3M="></latexit>

hOgluei = hOgluei0 +
X

loops �

⇣ 

m2

⌘L�

hOglue WF [�]i0 + · · ·

• Physically, .  Large mass expansion!κ /m2 ∼ 1/(m2a2)
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Wilson loop in pure YM

• At 0th order in the hopping expansion, Wilson loop 

expectation value is, of course, same as in pure YM:

• Area law behavior  2d pure YM confines.⇔

<latexit sha1_base64="/5eGJxn25p5Fm1bBI2IjIADBdBE="></latexit>

1

N
hWF(C)i = e

��A[C]

(
1 +O(4)

)
, � = 1

2�+O(1/N)
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<latexit sha1_base64="0MdOGTFYlP/Rugi8AEyO1/d4V8o="></latexit>

1

N
hWF(C)i = 1

N
hWF(C)i0

(
1 +A[C]

⇣


m2

⌘4 2

N
sinh

✓
�

2

◆
+O(6)

)

• The  term is coming from a quark loop, and it’s 1/N 

suppressed as expected.

κ4

Wilson loop in QCD

• Smallest possible loop on the lattice is built from 4 links, 

so first corrections comes at .  Calculation gives:κ4
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Perimeter law behavior

• Working to higher order, we find a perimeter-law piece:

• Perimeter term also comes from a 1/N suppressed 

quark loop 

• If  with loop geometry fixed,  confinement!N → ∞

• 2d QCD contains all the necessary physics to explore our 

puzzles.

<latexit sha1_base64="zHUaFCCkSVOQjeglsJ7g9TRTF4I="></latexit>

1

N
hWF(C)i = e��A[C] +

1

N
e�µL[C] + · · · , µ = logm2/
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1-form symmetry generators Uk(x)

<latexit sha1_base64="9zCH+AFaijOOfBCSyCz5IR8/5j8="></latexit>

Uk(x̃ = ?p) = exp
⇥
sYM(up)� sYM(!�kup)

⇤

• Several equivalent definitions.  

• As a Gukov-Witten operator. 

• Delete x from spacetime, and pick the (conjugacy class 

of) the SU(N) holonomy g around x.  

• The choice                                 defines the ’s. 

• On the lattice, `thin center-vortex’ definition is more 

convenient:

Uk(x)
<latexit sha1_base64="s963o7FhwFY91TkY9SuQ7w+DPM8=">AAACK3icbZDLSgMxFIYz9VbrrerSTbAIrupMKepGKLpxJRXsBTq1ZNLTNjSZGZKMUIZ5Dp/CR3CrD+BKcSe+h2k7i148EPj5/3M4J58Xcqa0bX9amZXVtfWN7GZua3tndy+/f1BXQSQp1GjAA9n0iALOfKhppjk0QwlEeBwa3vBmnDeeQCoW+A96FEJbkL7PeowSbaxO3unjKwyPcckNGWZndwl2BdEDzxOxk5jIDQT0yazZyRfsoj0pvCycVBRQWtVO/sftBjQS4GvKiVItxw51OyZSM8ohybmRgpDQIelDy0ifCFDtePK1BJ8Yp4t7gTTP13jizk7ERCg1Ep7pHJ+oFrOx+V/WinTvsh0zP4w0+HS6qBdxrAM85oS7TALVfGQEoZKZWzEdEEmoNjTnthgsSc5QcRYZLIt6qeicF8v35ULlOuWTRUfoGJ0iB12gCrpFVVRDFD2jV/SG3q0X68P6sr6nrRkrnTlEc2X9/gHRkqaa</latexit>

g = e2⇡i/N = !

• This is the definition we use.
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Expectation value of Uk(x̃)

• Let’s write . Then⟨𝒪⟩ =
⟨⟨𝒪⟩⟩

Z
<latexit sha1_base64="hzVctamC04eD8OFvAQvsNqrYKhg="></latexit>

hhUk(x̃)ii = hhUk(x̃)ii0 +
⇣ 

m2

⌘4 X

p

hhUk(x̃)tr(up + u†
p)ii0 +O(6)
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Expectation value of Uk(x̃)

• Let’s write . Then⟨𝒪⟩ =
⟨⟨𝒪⟩⟩

Z

<latexit sha1_base64="b6iKvGbh50D4xNcszieYC2c3qZA=">AAADdHicbVLLbtNAFLUbHqU8msISFgNRpURtojiKChukAhJiBUUibaVMHMbja2fkGdsaj6HRZLZs4ff4ERasmDjuIy1XGuno3DP3oXODnLNC9fu/3Y3Grdt37m7e27r/4OGj7ebO4+MiKyWFEc14Jk8DUgBnKYwUUxxOcwlEBBxOguTdMn/yDWTBsvSLmucwESROWcQoUZaaNv9iHpI0 </latexit>

hhUk(x̃)ii = 1 +
⇣ 

m2

⌘4 h
2(A� 1)N e�g2cF +N(!k + !�k) e�g2cF

i
+O(6)

<latexit sha1_base64="hzVctamC04eD8OFvAQvsNqrYKhg="></latexit>

hhUk(x̃)ii = hhUk(x̃)ii0 +
⇣ 

m2

⌘4 X

p

hhUk(x̃)tr(up + u†
p)ii0 +O(6)

<latexit sha1_base64="tH/n0AabCAs6bIwsec3jIk/TZCM="></latexit>

Z = 1 +
⇣ 

m2

⌘4
2ANe�g2cF + · · ·
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• Putting things together and working through , we get𝒪(κ8)

• As is natural to guess from the result above, and one 

can prove in general, the result exponentiates:

Expectation value of Uk(x̃)

<latexit sha1_base64="gv+fg87IviQsXFXsfHyIdcfbn1Y="></latexit>

hUk(x̃)i = 1�
⇣ 

m2

⌘4
2N e�g2cF

✓
1� cos

✓
2⇡k

N

◆◆
+

1

2

⇣ 

m2

⌘4
2N e�g2cF

✓
1� cos

✓
2⇡k

N

◆◆�2
+ · · ·

<latexit sha1_base64="LTtB9RUtK1V/fcMGEy8td06uzPk=">AAADHXicbVFNb9MwGE7C1xgf6+DIxaICdWKtmlKNXZAmkCZOMCS6TaqTynHepFbtJLIdaOXmt/BruCEOXBD/Biftoe14JcuPnvf7faKCM6X7/b+ud+v2nbv39u7vP3j46PFB6/DJpcpLSWFEc57L64go4CyDkWaaw3UhgYiIw1U0e1/7r76CVCzPvuhFAYEgacYSRom21KT1G3OSpRzQaDLrYM14DGZeHSEsV/TLtwhhmBeYQ6 LHqIuwhrlu+hoJcWUaRwcnklCDZ6QoSGVEOKiwZOlUH4XDCuFjNNhIi3gJlflY4WMITTcNB3Ri8Hll45pSfhfTXG2WHeCCoVmTsiq6/tAr9Kmz6hme1CPXbIAmrXa/128M3QT+GrSdtV1MDt3XOM5pKSDTlBOlxn6/0IEhUjPKodrHpYKC0BlJYWxhRgSowDTbVOiFZWKU5NK+TKOG3cwwRCi1EJGNFERP1a6vJv/nG5c6OQ0My4pSQ0ZXjZKSI52jWkkUMwlU84UFhEpmZ0V0SuzBtNV7qwslGQW+tYeJImGJDL7RXAiSxQbbFQSJVDX2A7Nctv3lcifg3KpdyyiFsXLZM/u7R70JLgc9/6Q3/Dxsn71bH3zPeeY8dzqO77xxzpwPzoUzcqh76oZu6k69794P76f3axXqueucp86WeX/+ARA0AJA=</latexit>

hUk(x̃)i = exp


�
⇣



m2

⌘4
2N e

�g2cF

✓
1� cos

✓
2⇡k

N

◆◆
+O(6)

�
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• We’ve learned that  for , within the 

hopping expansion. 

• This means that for , at large N we can write

⟨Uk(x̃)⟩ ∼ e−N k ∼ N

k ∼ N

• Meanwhile, in pure YM, , and 

.  ``Quark loops’’ give  correction! 

• Finally, for , . 

• Not consistent with  generating a  symmetry.

⟨Uk(x̃)⟩ = e2πiℓk/N = 1

1 − 0 = 1 ∼ 𝒪(1) 𝒪(1)

k ∼ N ⟨Uk(x̃)⟩ ∈ (0,1)

Uk(x̃) ℤN

Expectation value of Uk(x̃)

<latexit sha1_base64="8ErfCCkgFp/3W/yzJzACadeK+ss="></latexit>

hUk(x̃)i = 0
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• Large N QCD doesn’t have a  1-form symmetry. 

• Open Wilson line considerations are inconsistent with 

the existence of topological co-dim-2 operators. 

• One might have hoped that co-dim-2 operators would 

be topological thanks to quark loop suppression. But 

there’s no reason to expect that in the cases of interest. 

• We verified that the would-be 1-form symmetry generators 

fail to be topological in a solvable model. 

• Fundamental matter contributions are not suppressed!

ℤN

Fate of  1-form symmetry in large N QCDℤN
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Outlook
• Wilson loops in large N QCD obey the same selection rules 

as pure YM.   

• They are not explained by a  1-form symmetry. 

• Is there some symmetry principle that could explain them? 

• If yes, seems to require some appropriate generalization 

of “generalized global symmetry”. Is there one? 

• If no, we’d have to accept selection rules without  

symmetries. Seems very strange! 

• Are there examples apart from large N QCD? 

• We think both options are entertaining…

ℤN
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Thank you for listening!
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Backup: exponentiation of ⟨Uk(x̃)⟩

• The heat kernel action on each plaquette can be written as
<latexit sha1_base64="k0fsY8TkMOo/UZhJH3afY+qGOc4="></latexit>

X

↵

d↵�↵(up) e
�g2c↵ = exp

"
X

↵

Re
1

g2↵
�↵(up)

#

• Inserting  = changing weight of one plaquette :Uk(x̃) p = ⋆ x̃
<latexit sha1_base64="Qdk9Ton75EZOBzZMkrasiNQzu1Q="></latexit>

g2↵ ! e
2⇡ik
N n↵g2↵

• Clustering arguments then imply
<latexit sha1_base64="qcIcnGc7Ov8U7xLOeAUdV7+2F/o="></latexit>

Z̃(g2, k) = e�AF̃ (k) = e�A(F+ 1
A f(k)) ) hUk(x̃)i = e�f(k)

where f(k) has a nice 1/N expansion, akin to free energy F

N-alitynα =
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Backup: rescaling

• We could try defining , which is forced to 

have a unit VEV both in YM and in large N QCD. 

• Immediate conflict with  fusion rule is avoided. 

• But at large N these operators are quite singular.  

Correlation functions do not satisfy cluster decomposition! 

• At least for ,  with  diverges for 

any separation , only decays once . 

• Can’t interpret  as generators of a  1-form symmetry.

Vk(x) ≡
Uk(x)

|⟨Uk(x)⟩ |

ℤN

κ ≪ 1 ⟨Vk(x)†Vk(0)⟩ k ∼ N

r ∼ N0 r ≳ N

Vk(x) ℤN
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