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Introduction:
What is Borromean nuclei?



Atom = Nuclei + Electrons
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Nuclel = Proton + Neutron?

pral

Electromagnetic force
(repulsive)

[ @@

\\@ O




Nuclear (strong) force
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Yukawa theory (1935)
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Nuclear (strong) force
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Yukawa theory (1935) — (QCD) — HAL QCD method (2007-)




[sotope and stability of nuclei

Given the atomic number Z,
how many neutrons can the nuclei have?



Chart of Nuclide
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A naive expectation




Exotic nuclei

A + 1n does not form the bound state.
BUT, A + 2n does form the bound state!!



Borromean nuclei




Examples of Borromean nuclei

PEFZI(N)

‘He =*He + 2n
H1i =°Li +2n
22C =20C + 2n



What is measured special?

— & Large matter radius—
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Tanaka et al. PRL 104, 062701 (2010)

dB(E1)/dE ., (e*fm®/MeV)

— & Soft dipole resonance
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Nakamura et al. PRL 96, 252502 (2006)

- Can we understand these phenomena from a simple EFT?

- Do we have certain universal relation for Borromean nuclei?

[M. Hongo, D. T. Son, arXiv:2201.09912 [nucl-th]]
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Exotic (but universal) properties

of Borromean nuclei?

£ Approach:
Eftective field theory

Result:

(1) Ratio of the charge and matter radii
(2) E1 dipole strength function




Assumption for EFT to work

— & Two scales at present
~ 120 keV

s-wave neutron scattering length: a ~ — 19fm & ¢, = :
m,a

Binding energy of Borromean: B(=S,,) ~ 100keV for **C

We assume only these two scales are relevant!

(For instance, the neutron effective range is 1, ~ 2.8fm < |a|)
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Review on EFT of neutrons

— & Effective Lagrangian

v2
L= Y w10+ oo ) b+ oty

, Vv 1
=) ) (ﬁt - > Vo — adeJr Ylyld+diy gy

[Neutron field: v, Auxiliary dimer (“di-neutron”) field: d]

— & Green’s function & scaling dimension of dimer




EFT for Borromean nuclei

— & Effective Lagrangian

2 2
Eth(i(?t | 2V IB>h+¢T<i&gl v )¢

™mp 2m¢

+ g(hTpd + ¢'d"h) + L,, + counterterms

[Borromean nucleus: A, Core nucleus: ¢ with m;, = (A + 2)m, and my = Am,]

3
Noting that [£] = 5 and [y] = [¢] = 5 and [d] = 2,

we find that the coupling constant g is dimensionless: |g] = 0

M SERY

Need to renormalize by computing >— =




Renormalization , - p

¢ Green’s function of Borromean nucleus

2 2
_ p dg 1 q
Gy, ' (p) = Zn (po = o | Bo> +4792/(2W)3 fa (—po | p° + —)

with the field renormalization factor Z, and fa(x) = N

— & On-shell renormalization scheme

dg

—1 00 ~ L 2 o
, Gh (po,O) po:—B_O ><:>< Zh(BO B)_|_47Tg /(27_‘_)3 fCL(BQ) =0
Ihdibale! —1 d
apo Gh (p070) po=— B D L Zh . 47_‘_92/ q3 fC/L(Bq) —1
(27)
q’ 2m,
Bare (physical) binding energy B, (B) and B, = B + e and y = ——
H Nty

g2

. . 2
Noting 7 = ¢g°/g; , we rewrite the second eq. as 95 =

1+ 47792f(2d7rq)3 fC,l,(Bq)



RG equation and running coupling

Noting 7; = ¢g°/g5,» we can rewrite the second condition as

)

dg 2
. 2 / _ 2
“n = 4ng /(277)3 folBg) =1 < 9= L+ 479> [ 5 [4(Bag)

— & RG equation and its solution
0 2 (A \*?
L =80 =2 (5) ¢ >0

A+2\%% 1
g (F) = — ( il ) 1 (Ey : Energy of the Landau pole)
n

Eog

g

(i) Use experimental data to determine the running coupling at £
(ii) Compute ratio of two observables at the same order of g°
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Exotic (but universal) properties

of Borromean nuclei?

£ Approach:

Eftective field theory of point-like particles based on two
relevant scales: binding energy B and scattering length a

Result:

(1) Ratio of the charge and matter radii
(2) E1 dipole strength function




(1) Charge and Matter radii



“Sizes” of Borromean nuclei

— & Mean-square radii

- Core size = Charge radius: (r?)
- Di-neutron radius: (r?)

A
(re)
A+2

2
- Matter radius: (r2) = (r?) 4
A+2

0O,
oJo

— & Form factors and radii

1
Fk?)=1- gkz(rg) + -~ witha=c,n




Charge radius

— & Charge radius of Borromean nuclei

/
(rz) = — 611m— hﬁ* — AV g fe(5)

o0 k2 (A1 2)5/2 B

(1 [ arccos 3

ot U
fC(ﬁ) = < . 5 h 5
arCcCoOS
\—52_1 1)3/27 6>1

1
= U5




Di-neutron radius

— & Di-neutron radius of Borromean nuclei

0 JL
(r?) = — 6lim— h=—>— |

k—0 Ok?

The leading coupling between a dimer and “photon”
is not given by a minimal gauge coupling!!




Effective dimer-photon vertex

— ¢ Analytic formula for effective vertex at small k?

Cady(k,p) = To(Po) + k°T1(Py) + K52 (Po)

[ dg 2 11
Fo(Fo) = /(QW)S (Po — q2)2 A /=Ry

dg [1 1 1 q° 5 1
ith T'i(P) = = - = —
with — I3() /(2#)3 [2 Po—a?)? ' 6(F— )" 384m (—Py)3/2
1 [ dq 1 1 1
[y (Py) = = = -
2(Fo) = 3 /(2@3 (P — )" 1287 (—Py)5/
2 iy
P():po—pza K():ko—p—2 : k= |k




Di-neutron radius

— & Charge radius of Borromean nucleitS

0 JL
<r,%>=—611m—2 hh = |
k—0 dk d\{

b4

:g_2< - )3/2 :fnw) 4 e

/
7
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Universal relation

Charge radius: (r2) =

C

3/2
Di-neutron radius: (r2) = g (Ajl—Q) |:fn(6) | Ajl_ch(ﬁ)

2\ __ 2 2\ | A 2
<rm>_ A_|_2<Tn> | A_|_2<Tc>

Matter radius:

Each result is not universal because it is proportional to
the running coupling, which is not expressed by B and a

— & Universal ratio of matter and charge radii

rm) _ Al fa(B)

(r2) 2 fu(B).




Universal relation
<@gA<ﬁ>

0.8
0.7

0.6

Each result is not universal because it is proportional to
the running coupling, which is not expressed by B and a

— & Universal ratio of matter and charge radii

() _ AT, fa(B) {?,A, B> e,

(r2) 2 fu(B).

B A, B < e,




— & Large matter radius—

[
Universal | ™
(ra [ AGr2) °r -
1.0 L | o
z sL|E _
0.9; S
0.8 E 4:_ i
0.7 =
i 3k N
0.6 [ . 0 o
L IB > [ * s A
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Each result is not universalbeq¢ °~ * ° ° J ° ° °©
the running coupling, which iy Tanaka etal. PRL 104, 062701 (2010

— & Universal ratio of matter and charge radii

(ri) AJ fn(ﬁ) 2A, B> e,

(r2) 2 fB)] A B<e

= Suggest a large matter radius of Borromean nuclei?



(2) Dipole strength function



Dipole strength function
— & Definition

dBEl
ZWIM\O WO(E, — By —w), M= Vi Ze

[Coordinate of the core: r., Coordinate of the cms: R

e}

— & Formula in terms of current correlation

dB(K1) 3 1
dow 41 mw?

mGrsw), Gy (w) = / At et (0T T (£)7(0)[0)

[Total electric current operator : J]

Derivation
dB(F1 3 1
Notlng M \/ J we find )_ 31 Z [(n|J|0)|*6(E,, — Ey — w),

dw 471 w?

which is the spectral representation of the above formula.



Result on dipole strength function

— ¢ Sum rules

OO0 O

dB(E1) 3 3
/dw dB(F1) 32262@02% /dww (E1) _ 3 )2

o ar c dw ar” " A(A+2)

0 0

q—+w

— & Analytic formula
dB(E1) 3 1 3 1 b L

Im ij(w) = Im > 1\ | >

dw 4 Tw? 4 Tw?

2 2
— > 1 (Ze)? ‘g /dq qzlmD<w—B— d ,—q)

AT Tw? m¢w2 (2m)? 2myg
3 o o12¢2 A2 (w—DB)? 1

= -—Z%€ JE1
47 T (A+2)%/2 Wt —avw—DB

8 2
with fri(z) =1 — §$(1 + 22)3/2 4 422 (1 + §x2)




Normalized dipole strength function

dB(E1) 32262 122 Al/2 (w—B)zf 1
dw 47 T (A+2)52 ot PN\ ZuVo—B

1 dB(F1)
N |
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0.10
0.08
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0.02




Normalized dipo

r ¢ Soft Dipole resonance—

% ¢ Present work (RIKEN)
12 2 A = S s Ieki et al(MSU).
dB(El) — i 2262 y o> 15[ — T Shimoura et al.(RIKEN)
dw A7t T ( AH E — - - - Zinser et al.(GSI)
C\IQ) _ & A\~ Calculation ]
— 10k ',' with nn correlation |
N - dw % @) ! \\ \\
I ™~ 0.5F s N - T Ty~< T
0125 - i ; ht N -~ T~a
L El:_l 'I ///// ~\\‘\\~_ . -
010? % OOP/?//' L. L. ok .
- 0.0 0.5 1.0 1.5 2.0 2.9 3.0
0.08 B Erel (MeV)
? Nakamura et al. PRL 96, 252502 (2006)
0.06 - !
I [ LT
I ,’ ~~~~~~~
0.04 - 2R
I !
: ":
0.02 - I’
: 1,'
0 2 4 6 8 10 w/B

= Explain a soft dipole resonance of Borromean nuclei?




Applicability of real systems



Examples of Borromean nuclei

PEFZI(N)

‘He =*He + 2n
H1i =°Li +2n
22C =20C + 2n



Examples of Borromean nuclei

— & Two scales at present

s-wave neutron scattering length: a ~ — 19fm & ¢, =

Binding energy of Borromean: B(=S,,) ~ 100keV for 2*C

~ 120 keV

m,a?

We assume only these two ? les are relevant!

(For instance, the neutron effective range is 1, ~ 2.8fm < |a|)

>

‘He =*He + 25 : B ~ 975keV"
H1i=Li+2n : B~369keV
22C =20C + 25 : B~ 100keV

AL = acnd' )¢ mp Correction « aen(2mnB)/?< 0.2 if {

Low-energy resonance
seems to be present...

Correction to our result from
higher-order irrelevant terms
are of order 20% or less!

B < 100keV
la.,, | £2.8fm



Summary
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£ Approach:

Eftective field theory of point-like particles based on two
relevant scales: binding energy B and scattering length a

Result:

(1) Ratio of the charge and matter radii
(2) E1 dipole strength function




