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Spin�in�Hydro?

◆Where and Why ?

https://www.bnl.gov/newsroom/

news.php?a=112068

Heavy-ion collisionSpintronics

http://mmatsuo.com/

Possibility of 
QGP spintronics!? 

◆ Spin as a quantum number

Spin = good quantum # in nonrelativistic theory

Transport phenomena of spin?



One-page�Summary

(1) Spin hydrodynamic equations in a torsionful geometry

(2) Mode mixing between shear and spin modes 

Three main messages from our new paper:
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Hydro
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+

Extending hydrodynamics to include spin

(3) Green-Kubo formula for a rotational viscosity 

Similar to the one discussed in Hattori-MH-Huang-Matsuo-Taya: PLB795,100 (2019)



Sketch�of�our�result

 = frequency scale
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Outline

　  Motivation:

　  Approach:

　  Result: 

Hydrodynamics of  
a relativistic spinful fluid?

Semi-phenomenology based on local thermodynamics

(1) Spin hydrodynamic equations in a torsionful geometry

(2) Mode mixing between shear and spin modes 

(3) Green-Kubo formula for a rotational viscosity 



Semi-phenomenological 

derivation 

of hydrodynamic equation



What�is�hydrodynamics?

The oldest but state-of-the-art  
phenomenological field theory

B. Pascal (1623-1662) D. Bernoulli (1700-1782) C-L. Navier (1785-1836) G. Stokes (1819-1903)L. Euler (1707-1783)

1700 1800 19001600

Pascal’s law Hydrodynamics
Euler equations 

(Perfect fluid)
Navier-Stokes equations 

(Viscous fluid)



Prototype:�Charge�diffusion

x
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e(x)
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◆ Bulding blocks of hydrodynamic equation

(1) Conservation law: 
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@tn+ ~r ·
~J = 0
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~J / �~rn(x)

x
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Diffusion mode
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@tn�D~r
2
n = 0
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ω = −iDk
2

(2) Constitutive relation:
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~J = �Tn

~r(�µ) ' �D~rn

(3) Physical properties: Values of 
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κn, χn
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(D = κn/χn)



Irreversiblity�of�diffusion

No-go for time-reversal process!

Thermodynamic concepts, especially, 2nd law, should  be there!

x
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Phenomenological�derivation

Charge density: EoM:  

Step 1. Determine dynamical d.o.m (& its equation of motion)
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n(x)
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@tn+ ~r ·
~J = 0

Entropy density: Chemical pot.:

Step 2. Introduce entropy & conjugate variable
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s(n)
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Tds = −µdn
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βµ ≡ −

∂s

∂n

Current:

Step 3. Write down all possible terms with finite derivatives
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~J = 0� Tn

~r(�µ) +O(~r2) = �Tn

~r
@s

@n
+O(~r2)

Step 4. Restrict terms to be compatible with local 2nd law
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9 sµ such that @ts+
~r · ~s � 0
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κn ≥ 0 with
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~s = �µ ~J



First�way�to�determine�κn
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~J = �Tn

~r(�µ)

◆ Linearized constitutive relation
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' �D~rn with D ⌘
n

�n
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@tn�D~r
2
n = 0Diffusion equation: 

Dispersion relation: 
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ω(k) = −iDk
2

◆ Green’s function interpretation of the result
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eGnn

R
(ω,k) =

iχnDk
2

ω + iDk2
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χn = lim

k→0

eGnn

R
(ω = 0,k)

◆

Charge density correlator enables us to obtain D



Second�way�to�determine�κn
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~J = �Tn

~r(�µ)
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~J = �Tn

⇥

~r(�µ)�� ~E
⇤

◆ Constitutive relation under external electric field

◆ First-order perturbation w.r.t. the external gauge field
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hĴ i(x)i =

Z
dtd3xGJiJj

R (x� x
0)Aj(x

0) ' lim
ω!0

1

ω

ImG
JiJj

R Ej(x)

This hydrodynamic constitutive relation should match  

with the field-theoretical expectation value of the current!

Matching condition

Green-Kubo formula:
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κn = lim
ω→0

1

ω

ImGJ
x

J
x

R
(ω,k = 0)



Semi-phenomenology

◆ Bulding blocks of hydrodynamic equation

(1) Conservation law: 
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@tn+ ~r ·
~J = 0

(2) Constitutive relation:

(3) Physical properties: Values of 
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~J = �Tn

~r(�µ) ' �D~rn
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κn, χn
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(D = κn/χn)

(1) Conservation law

(2) Constitutive relation

(3) Physical properties

Ward-Takahashi identity 
resulting from symmetry of systems

Phenomenological analysis  
based on local thermodynamics laws

Matching the hydrodynamic result 
with the field-theoretical correlator
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Angular�momentum�conservation

Total AM Orbital AM Spin AM
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J
µνρ

= x
ν
Θ

µρ
− x

ρ
Θ

µν
+Σ

µνρ
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Decomposition: 

Conservation law: ∂µΘ
µν

= 0, ∂µJ
µνρ

= 0
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◆ What we expect for the angular momentum:



How�we�define�spin�current?

Noether current often have unacceptable  property!

Gauge currents are often more useful!!

◆ Gauge current

Introduce background gauge fields Aµ coupled to symmetry

Gauge current : 
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J
µ(x) ≡

δS[ϕ;Aµ]

δAµ(x)
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(action : S[ϕ;Aµ])

Symmetry of QCD = Poincare & flavor symmetries

Background field = Vierbein        , spin connection

and flavor gauge field
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e
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µ
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ω
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µ
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Aµ



Torsionful�background

Θ
µ
â(x) ≡

1

e(x)

δSQCD

δe â
µ (x)

�

�

�

�

ω, A

, Σ
µ

âb̂
(x) ≡ −

2

e(x)

δSQCD

δω âb̂
µ (x)

�

�

�

�

�

e,A

◆Definition of EM tensor and spin current

To make the spin connection independent bkg.,  

we need to consider a torsionful curved spacetime!

, T â
µν = ∂µe

â
ν

� ∂νe
â
µ + ω

â

µ b̂
e b̂
ν
� ω

â

ν b̂
e b̂
µ .
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6= 0

When there is no torsion (or                        ),
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Γ
µ

νρ
= Γ

µ

ρν

the spin connection is completely fixed by the vierbein!

◆ Subtle issue



Spin�current�of�QCD

LQCD ⌘ �
1

2
q̄
⇣

γâe µ
â

�!
Dµ �

 �
Dµe

µ
â γâ

⌘

q � q̄Mq �
1

2
tr
⇣

gµνgαβGµαGνβ

⌘

◆EM tensor and spin current of QCD

Θ
µ
â =

1

2
q̄
�

γµ
−→

D â −
←−

D âγ
µ
�

q + 2 tr (GµρGâρ) + LQCDe
µ
â ,

Σ
µ

âb̂
= −

i

2
q̄e

µ
ĉ{γ

ĉ,Σ
âb̂
}q,

Healthy operators satisfying
(1) Hermiticity  

(2) Gauge invariance{

→ only 3 spin densities as d.o.f. 

Besides,            is
composed of only fermion spin  

totally anti-symmetric w.r.t 3 indices{
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Σ
µ

âb̂



Ward-Takahashi�identity

Poincare invariance
(1) Diffeomorphism 

(2) Local Lorentz invariance{

(Dµ � Gµ)Θ
µ
â = �Θ

µ

b̂
T b̂

µâ +
1

2
Σ
µ ĉ

b̂
R

b̂
ĉµâ +

(Dµ � Gµ)Σ
µ

âb̂
= �(Θ

âb̂
�Θ

b̂â
),

◆EM conservation and spin eom as WT identities

R
â

b̂µν
⌘ ∂µω

â

ν b̂
� ∂νω

â

µ b̂
+ ω â

µ ĉω
ĉ

ν b̂
� ω â

ν ĉω
ĉ

µ b̂
,

, T â
µν = ∂µe

â
ν

� ∂νe
â
µ + ω

â

µ b̂
e b̂
ν
� ω

â

ν b̂
e b̂
µ .

S

on Gµ ⌘ T ν
νµ,

in the presence

with( )

J
µνρ

= x
ν
Θ

µρ
− x

ρ
Θ

µν
+Σ

µνρ
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∂µΘ
µν

= 0, ∂µJ
µνρ

= 0
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: 4 eom

: 3 eom + 3 constraints



Semi-phenomenology

◆ Bulding blocks of hydrodynamic equation

(1) Conservation law: 
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@tn+ ~r ·
~J = 0

(2) Constitutive relation:

(3) Physical properties: Values of 
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(1) Conservation law

(2) Constitutive relation

(3) Physical properties

Ward-Takahashi identity 
resulting from symmetry of systems

Phenomenological analysis  
based on local thermodynamics laws

Matching the hydrodynamic result 
with the field-theoretical correlator
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Phenomenological�derivation

Entropy density: Chemical pot.:

Step 2. Introduce entropy & conjugate variable

Charge density: EoM:  

Step 1. Determine dynamical d.o.m (& its equation of motion)

Current:

Step 3. Write down all possible terms with finite derivatives

Step 4. Restrict terms to be compatible with local 2nd law
<latexit sha1_base64="n8qxBmVv4P6FotztiI2WOPVyRnY="></latexit>

9 sµ such that @ts+
~r · ~s � 0
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~J = 0
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Tds = −µdn
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~J = 0� Tn

~r(�µ) +O(~r2) = �Tn

~r
@s
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κn ≥ 0 with
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Step1-2.�Identify�d.o.f.

(Dµ � Gµ)Θ
µ
â = �Θ

µ

b̂
T b̂

µâ +
1

2
Σ
µ ĉ

b̂
R

b̂
ĉµâ +

(Dµ � Gµ)Σ
µ

âb̂
= �(Θ

âb̂
�Θ

b̂â
),

- Conjugate variables:
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� ≡

@s

@✏
, �µâb̂

≡ −2
@s

@�
âb̂

- Entropy density: 
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s(x) = s(✏,�
âb̂
)
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Tds = d✏−
1

2
µâb̂

d�
âb̂

with

- Power counting scheme:
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O(∂0) = {β, uâ, e â
µ } and O(∂1) = {µâb̂, σ

âb̂
, ω âb̂

µ }

- 7 dynamical variables: 
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â
,�

âb̂
(or �â)
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(σâ
uâ = 0 = σ

âb̂
u
â)

◆Equation of motion



Step3-4.�Local�second�law

Θ
µ
â = ✏uµuâ + p∆

µ
â + uµ�qâ − �qµuâ + �Θ

µ
â,

Σ
µ

âb̂
= "

µ

âb̂ĉ
(�ĉ + ��uĉ),

∆
µ
â ≡ e

µ
â + uµuâ satisfying ∆

µ
âu

â = 0 = ∆
µ
âuµ.

◆Tensor decomposition

(　　　　　　　　　　　　　　　　　　　  )

Using eom, we find the entropy current (                                ) satisfies
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+ δs

µ
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(rµ � Gµ)s
µ =

⇥

s� �(✏+ p)
⇤

(rµ � Gµ)u
µ + (rµ � Gµ)�s

µ

� (Dµ�
â
� T â

µb̂
� b̂

� �µ â
µ )�Θµ

â

�

�

(a)

� (Dµ�
â
� T â

µb̂
� b̂)�Θµ

â

�

�

(s)
+O(@2)



Step3-4.�Local�second�law
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Require the local second law: 
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µ � 0 for 8β, uµ

, µ
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,
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â b̂
(Dν�

b̂
� T b̂

νĉ�
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δs
µ = O(∂2) = δσ
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η, ζ, ηs ≥ 0and



Result
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◆Constitutive relation

with a contorsion tensor:

◆Equation of motion
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â b̂
=

1

2
⌘s(∆

µν
∆
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◆Transport coefficient: η, ζ, ηs



Semi-phenomenology

◆ Bulding blocks of hydrodynamic equation

(1) Conservation law: 
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@tn+ ~r ·
~J = 0

(2) Constitutive relation:

(3) Physical properties: Values of 
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~J = �Tn

~r(�µ) ' �D~rn
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κn, χn
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(D = κn/χn)

(1) Conservation law

(2) Constitutive relation

(3) Physical properties

Ward-Takahashi identity 
resulting from symmetry of systems

Phenomenological analysis  
based on local thermodynamics laws

Matching the hydrodynamic result 
with the field-theoretical correlator
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◆Bulding blocks of hydrodynamic equation
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@tn+ ~r ·
~J = 0

(2) Constitutive relation:

(3) Physical properties: Values of 
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(D = κn/χn)

(1) Conservation law

(2) Constitutive relation

(3) Physical properties

Ward-Takahashi identity 
resulting from symmetry of systems

Phenomenological analysis  
based on local thermodynamics laws

Matching the hydrodynamic result 
with the field-theoretical correlator



First way to compute ηs 

Linear-mode analysis 
on spin-hydro



Linearized�spin-hydro

Perturbation on the top of  
global static thermal equilibrium:

<latexit sha1_base64="9c8N4gxLpFxI00NvhxYTXrZ9GPs="></latexit>









✏(x) = ✏0 + �✏(x)

v
i(x) = 0 + �v

i(x)

�
â(x) = 0 + ��

â(x)

with the flat background

with a set of parameters:

◆ Linearized spin-hydrodynamic equations:

O(δ)
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Linear-mode�analysis

Linearized eom can be solved by the use of Fourier tr.!

δO(x) = e
−i(ωt−k·x)

δÕ(k)
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EoM: 
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A(ω,k)δÕ(k) = 0
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(A(ω,k) : 7× 7matrix)

Characteristic equation: 
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detA(ω,k) = 0

◆ Dispersion relation

: !sound(k) = ±cs|k|−
i

2
�kk

2 +O(k3),

: !spin,k(k) = −iΓs.
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2
− i

p
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2
.



Dispersion�relation

(a) Longitudinal modes (b) Transverse modes
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Mode mixing! 
(Level repulsion)
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Spin-spin�correlator

Taking k = 0, all spin modes has 
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ωspin(k = 0) = −iΓs

Spin densities shows a gapped relaxation dynamics 

with a characteristic time scale 
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τs = Γ
−1

s

Definition of  spin susceptibility:

ω

ω ωω ⟂ ω ⟂

ω

ω ωω ω

lim
k!0

eGσiσj

R (ω = 0,k) = χsδ
ij ,

ω

ω ωω ⟂ ω ⟂

ω

ω ωω ω

eGσ
i
σ
j

R (ω,k) =
iχsΓs + · · ·

ω + iΓs +O(k2)
δij ,

◆ Green’s function interpretation of the result

Spin-spin correlator: 

( )

Spin-spin correlator enables us to obtain
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Γs ≡

2ηs

χs



Second way to compute ηs 

Linear-reponse theory 
w.r.t. background field



Linear-response�theory
�

� �

�Θ
µ
â
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◆ Constitutive relation



Linear-response�theory

◆ Constitutive relation
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Unusual but necessary limit!!

◆ Green-Kubo formula for the rotational viscosity ηs
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By perturbing the system with a contorsion K, we obtain
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â
|(a),Σ

0̂ν
b̂

R (ω,k)K b̂
0̂ν

(x)



Green-Kubo�formula

ηs = − lim
Γs⌧ω⌧Γ

lim
k!0

eG
Θx

ŷ
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0̂x
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R (ω,k).

WT identity: − iωeΣ0̂x
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ŷ

��
(a)

(ω,k)

◆ Three expressions of Green-Kubo formula for ηs
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ŷ
|(a)

R (ω,k)

ηs =
1

2
lim

Γs⌧ω⌧Γ

lim
k!0

ω Im eG
Σ0̂x

ŷ
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Constrained limit indeed agrees with the result of the linear-mode analysis!
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Semi-phenomenology

◆ Bulding blocks of hydrodynamic equation

(1) Conservation law: 
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@tn+ ~r ·
~J = 0

(2) Constitutive relation:

(3) Physical properties: Values of 
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~J = �Tn

~r(�µ) ' �D~rn
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κn, χn
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(D = κn/χn)

(1) Conservation law

(2) Constitutive relation

(3) Physical properties

Ward-Takahashi identity 
resulting from symmetry of systems

Phenomenological analysis  
based on local thermodynamics laws

Matching the hydrodynamic result 
with the field-theoretical correlator



Summary�of�our�result
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â b̂
(D̊νu

b̂
� uĉK b̂
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◆Constitutive relation

with a contorsion tensor:

◆Equation of motion
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◆Green-Kubo-formula for rotational viscosity ηs
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When scale separation occurs?
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(Γs ⌧ Γ)



Phenomenological�derivation

Entropy density: Chemical pot.:

Step 2. Introduce entropy & conjugate variable

Charge density: EoM:  

Step 1. Determine dynamical d.o.m (& its equation of motion)

Current:

Step 3. Write down all possible terms with finite derivatives

Step 4. Restrict terms to be compatible with local 2nd law
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9 sµ such that @ts+
~r · ~s � 0
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n(x)
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@tn+ ~r ·
~J = 0
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s(n)
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Tds = −µdn
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βµ ≡ −

∂s

∂n
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κn ≥ 0 with
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~s = �µ ~J



Step 1. Determine dynamical d.o.m (& its equation of motion)

d.o.f. : EoM:  
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{Θ0ν
,φ}
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∂µΘ
µν

= 0, ∂µφ = fµ

Step 2. Introduce entropy & conjugate variable

Entropy:
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s(Θ0ν
,φ)
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βν ≡

∂s

∂Θ0ν
, π ≡

∂s

∂φ

Step 3. Write down all possible terms with finite derivatives
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Θ
µν

= euνuν

+ p∆µν
+Θ

µν

(1), fµ = quµ + f (1)
µ

This gives EoM 
in Hydro+!!

Step 4. Restrict terms to be compatible with local 2nd law
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∃ sµ s. t. ∂µs
µ ≥ 0
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q = −γπ = −γ
∂s

∂φ

Phenomenological�derivation



Spin�hydro�as�Hydro+

Hydro+ is a general framework describing both

- Conserved charge densities: Normal hydrodynamics 

- Nambu-Goldstone mode: Superfluid hydrodynamics

- Critical fluctuation around T~Tc: Original Hydro+ 

- SU(2)A charge density in QCD: Chiral hydrodynamics 

- Spin density: Spin hydrodynamics 

- Stress tensor: Muller-Israel-Stewart theory 

- U(1)A charge density in QCD: Chiral hydrodynamics

}well-defined

} ill-defined

◆ Hydrodynamic (gapless) mode

◆ Non-hydrodynamic (gapped) mode

There are well-defined and (possibly) ill-defined Hydro+!

[See Stephanov-Yin, PRD, 98, 036006 (2018) , …]



Caution�from�old�paper

Liquid crystal can  
have spin density!



Caution�from�old�paper



Spin�hydro�is�ill-defined
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ω(k)

0

…

At finite k

Hydrodynamic modes}

At k = 0 

…

Energy

Spin }Infinite towers of  
non-hydrodynamic modes}

◆ Scenario 1 (Bad: Spin hydro = Hydro++++?)
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ω(k)

…

0

At finite k At k = 0 

…

Hydrodynamic modes}

}Infinite towers of  
non-hydrodynamic modes

Energy

Spin }
◆ Scenario 2 (Better but still not good: Spin hydro = Hydro+?)



Well-defined�HYDRO+

Hydrodynamic modes}

}Infinite towers of  
non-hydrodynamic modes

<latexit sha1_base64="o2e1OSzQh32neEmXg4nwh5nktEc="></latexit>

ω(k)

…

At finite k At k = 0 

…

Energy

◆ When Hydro+ is well-defined

Quasi-hydrodynamic modes}
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≈

This generally happens when  

emergent symmetry appears by tuning parameters (T, m, …)!

- Critical fluid: Scale symmetry emerges at T = Tc 

- SU(2)A chiral fluid: SU(2)A symmetry emerges at mq = 0( )
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Γ
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Γq

If is satisfied, Hydro+ becomes well-defined!!
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Γq ⌧ Γ



HQ-spin�hydro�is�well-defined�

(But I do not know whether there is enough # of heavy quarks…)

Heavy quark spin damping rate is suppressed by 1/mQ,  

 so that HQ-spin hydro is well-defined Hydro+!

◆ Heavy quark spin hydrodynamics

When we consider heavy quark limit: 
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mQ → ∞ ,

emergent heavy quark symmetry appears!



Summary

　  Motivation:

　  Approach:

　  Result: 

Hydrodynamics of  
a relativistic spinful fluid?

Semi-phenomenology based on local thermodynamics

(1) Spin hydrodynamic equations in a torsionful geometry

(2) Mode mixing between shear and spin modes 

(3) Green-Kubo formula for a rotational viscosity 



Sketch�of�our�result

 = frequency scale
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0

Non-hydro regime

Spin hydro regime

Pure hydro regime

fast modes
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Γs

k

|ω(k)|

|ωsound(k)|
|ωshear(k)|
|ωspin,⟂(k)|
|ωspin,||(k)|
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≈

 = wave number
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Γ

Mode mixing! 
(Level repulsion)

Relaxation rate 

Assumed scale  
separation


