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Prelude: dense matter EoS
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Annala,Gorda,Kurkela,Nattila,Vuorinen (2019)
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Typical range for hadronic EoS
Observational constraint on the dense matter EoS:

Likely to be no strong first-order transition in the EoS 
→ Hadron-to-quark crossover scenario might be favored

e.g.: Christian,Zacchi,Schaffner-Bieliech (2018); 
Han,Mamun,Constantinou,Prakash (2019), … 



Prelude: dense matter EoS
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Fujimoto,Fukushima (2020)

Similar behavior seen also in the extended QCD calculation:

Likely to be no strong first-order transition in the EoS 
→ Hadron-to-quark crossover scenario might be favored

e.g.: Christian,Zacchi,Schaffner-Bieliech (2018); 
Han,Mamun,Constantinou,Prakash (2019), … 



Prelude: QCD phase diagram
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Fukushima,Hatsuda (2010)
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Prelude: crossover scenario
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∼ n0 ( = 0.16 fm−3) ≳ 5 n0

Hadronic matter Quark matter 
(Color superconductor)

smoothly connected
nB

Crossover scenario of cold dense matter

Schafer,Wilczek (1998); Hatsuda,Tachibana,Yamamoto,Baym (2006); 
Fujimoto,Fukushima,Weise (2019)

“Quark-hadron continuity”



Prelude: 3-flavor crossover scenario
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Hyperonic 
superfluid

Color-flavor locked (CFL) 
quark matter

nB

u
d s

Schafer,Wilczek (1998)

Identical symmetry breaking pattern = continuity

SU(3)C × SU(3)L × SU(3)R × U(1)B
→ SU(3)V

∼ n0 ≫ 10 n0

When :mu = md = ms



2-flavor crossover scenario
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Neutron  superfluid3P2
Quark matter 

(2SC + dd)

nB

nn
d

d d

d
u u

2U(1)B U(1)B

Fujimoto,Fukushima,Weise(2019)

Tamagaki (1970); 
Hoffberg et al. (1970)

When :mu = md ≪ ms

∼ 0.5 n0 ∼ 2-3 n0



2-flavor crossover scenario
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Neutron  superfluid3P2
Quark matter 

(2SC + dd)

nB

nn
d

d d

d
u u

2U(1)B U(1)B

Fujimoto,Fukushima,Weise(2019)

Tamagaki (1970); 
Hoffberg et al. (1970)

When :mu = md ≪ ms

∼ 0.5 n0 ∼ 2-3 n0

Central topic of this talk: 
What are the vortices in this phase?



Brief summary
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Vortex U(1)B 
winding

Color 
flux Moduli Aharonov-

Bohm phase

2SC+<dd> 
(2-flavor)

Non-Abelian 
Alice string 1/3 1/6 Color 

non-singlet

CFL 
(3-flavor)

Non-Abelian 
string 1/3 1/3 Color singlet

ℝP2

≅ S2/ℤ2

ℂP2



Outline of the talk
- Introduction 

- Setup of our study: two-flavor dense quark matter and 
symmetry breaking patterns 

- Classification of vortices: CFL strings and non-Abelian 
Alice strings 

- Aharonov-Bohm defects 
and the topological confinement of Alice strings 

- Summary 
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Outline of the talk
- Introduction 

- Setup of our study: two-flavor dense quark matter 
and symmetry breaking patterns 

- Classification of vortices: CFL strings and non-Abelian 
Alice strings 

- Aharonov-Bohm defects 
and the topological confinement of Alice strings 

- Summary 
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2-flavor dense quark matter

- Order parameter of 3P2 neutron superfluid: 

      Υnn ≡ n⊤Cγi ∇jn

12

Fujimoto,Fukushima,Weise (2019)

n ≡ ϵαβγ(u⊤
α Cγ5 dβ)dγ = Φγ

2SC dγ

spin angular momentum d
u d Φγ

2SC

(this schematic figure assumes 
(unitary) gauge fixing)



-  (OP of superfluid) in the mean-field approx: 

in hadron phase 

 

in quark phase

Υnn

2-flavor dense quark matter
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Fujimoto,Fukushima,Weise (2019)

nn
d

u d
d

u d⟨ ⟩

⟩≈⟨ ⟩u d ⟨ ⟩u d ⟨ d d

2SC + ⟨dd⟩

⟨Υnn⟩ ≈

New

… in the quark phase  symmetry broken 
     → leads to the topological superfluid vortex

U(1)B

From this argument based on the OP, we find the new 
condensate <dd> in the quark phase

 pairing3P2

⟨Υnn⟩ ≈ Φα
2SCΦα′ 

2SC⟨d⊤
α Cγi ∇jdα′ 

⟩



How does <dd> develop expectation value?

- This <dd> should have non-negligible value due to the 
coupling to the energy momentum tensor: 

- Four-fermion coupling term: 
    ℐ̂ = (ψ̄d γi ∇jC ψ̄⊤

d )(ψ⊤
d Cγi ∇j ψd)

14

⟨ℐ̂⟩ ≈ 3
4 P2 Macroscopic value 

related to EoSFierz transformation 
(neglecting some terms)

EMT:                
In equilibrium: 

Tμν = ψ̄d iγμ∂νψd
Tμν = diag[ε, P, P, P]

Fujimoto,Fukushima,Weise (2019)

{



Symmetry breaking pattern
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d d

<dd>

d

u

2SC

d d

<dd>

d

u

2SC

GQCD = SU(3)C × U(1)B

K2SC+dd = SO(2)C × (ℤ6)C+B

Hdd = SO(3)C ⋊ (ℤ6)C+BH̃2SC = SU(2)C × U(1)C+B

Φ2SC ≠ 0 Φdd ≠ 0

Φ2SC ≠ 0Φdd ≠ 0



Symmetry breaking pattern
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d d

<dd>

d

u

2SC

GQCD = SU(3)C × U(1)B

K2SC+dd = SO(2)C × (ℤ6)C+B

Hdd = SO(3)C ⋊ (ℤ6)C+B

Φdd ≠ 0

Φ2SC ≠ 0

Ansatze:

(Φdd)αβ = (
m

m
m)

(Φ2SC)α =
Δr
Δg

Δb



Symmetry breaking pattern
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d d

<dd>

d

u

2SC

GQCD = SU(3)C × U(1)B

K2SC+dd = SO(2)C × (ℤ6)C+B

Hdd = SO(3)C ⋊ (ℤ6)C+B

Φ2SC ≠ 0

(Φdd)αβ = (
m

m
m)

(Φ2SC)α =
Δr
Δg

Δb

Ansatze:
Vortices develop associated 

with this condensate Φdd ≠ 0



Outline of the talk
- Introduction 

- Setup of our study: two-flavor dense quark matter and 
symmetry breaking patterns 

- Classification of vortices: CFL strings and non-
Abelian Alice strings 

- Aharonov-Bohm defects 
and the topological confinement of Alice strings 

- Summary 
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Vortices in CFL phase (3-flavor)
- Gap matrix in the color-flavor space: 

- Ground state (Color-flavor locking):

19

Φαi = ϵαβγϵijkqβ
j qγ

k

u
d s

( )α = r, g, b; i = u, d, s

⟨ΦCFL⟩αi =
⟨d[gsb]⟩ 0 0

0 ⟨s[bur]⟩ 0
0 0 ⟨u[rdg]⟩

Alford,Rajagopal,Wilczek (1998)

Φαi → eiθBgcolor Φαi gflavorG = SU(3)C × SU(3)F × U(1)B
→ HCFL = SU(3)C+F gcolor = g−1

flavor

=
=



Vortices in CFL phase (3-flavor)
- Abelian vortices: 

 

- Non-Abelian vortices

20Balachandran,Digal,Matsuura (2005); Nakano,Nitta,Matsuura (2007)

ΦCFL(φ) =
f(r)eiφ 0 0

0 f(r)eiφ 0
0 0 f(r)eiφ

ΦCFL(φ) =
h(r) 0 0

0 h(r) 0
0 0 f(r)eiφ

= e
iφ
3 e

iφ
3 diag(−1,−1,2)

h(r) 0 0
0 h(r) 0
0 0 f(r)

of global vortices. At high baryon density where mg � m1,8, the solutions of Eqs. (3.40) and

(3.41) are given by

�G = q8

r
⇡

2m8r
e�m8r, �h = �2

3

m2
g

m2
g � m2

8

�G. (3.43)

Here q1,8 are some constants that should be determined numerically. This behavior of �h is

counterintuitive because the gluon has the magnetic mass mg by the Higgs mechanism in the

CFL phase, so naively one expects �h ⇠ e�mgr. Since the asymptotic behaviors of the vortex

string are deeply related to the inter-vortex forces, we expect that the inter-vortex forces

of the non-Abelian vortices in CFL are quite di↵erent from those in conventional metallic

superconductors.6 In the opposite case mg ⌧ m8, the asymptotic behaviors are changed

from Eq. (3.43) as

�G = �2qg
3

1

(m2
8 � m2

g)r
2

r
⇡

2m8r
e�m8r, �h = qg

r
⇡mgr

2
e�mgr. (3.44)

In this case the asymptotic behaviors are governed by mg, which is smaller than m8. The coef-

ficients q8 and qg depend on the masses m1, m8, and mg and can be determined numerically

[112].

The full numerical solutions for Eqs. (3.34), (3.35), and (3.36) were obtained in Ref. [112].

It was found there that the shapes of the profile functions depend on the mass parameters

m1,8,g. In particular, the value of g(0) at the origin is quite sensitive to the ratio m1/m8.

Roughly speaking, g(0) becomes larger than 1 for m1 > m8, and is smaller than 1 for m1 <

m8, see Fig. 3. Since f(r) � g(r) plays the role of an order parameter for the breaking of
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Fig. 3 The non-Abelian vortex profile functions {f(r), g(r), h(r)} = {green, blue, red}.

The mass parameters are set to be {mg, m1, m8} = {5, 1, 1}, {1, 5, 1}, {1, 1, 5}. g(r) is almost

flat when m1 ' m8.

SU(3)C+F, information on the profile functions f(r) and g(r) is important. For the high

baryon density region, we have m1 = 2m8 ⌧ mg. Therefore, the non-Abelian vortex in the

CFL phase has g(0) greater than 1, as shown in the right panel of Fig. 3. The profile functions

f(r), g(r), h(r), the energy, and the color-magnetic flux densities for a particular choice

6 The exponential tails of the famous Abrikosov-Nielsen-Olesen vortices [3, 251] in a conventional
Abelian-Higgs model are like exp(�mHr) for the massive Higgs field H with mass mH and exp(�mer)
for the massive Abelian gauge boson with mass me. The layer structures are exchanged for me > mH

(type II) and me < mH (type I). However, for the strong type II region (me > 2mH), the tail of
the gauge boson becomes exp(�2mHr) [95, 271, 275]. The width of the gauge field cannot become
smaller than half of that 1/mH of the scalar field.

32

f(r)

h(r)

u
d s



Vortices with  (2-flavor)Φdd
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d d

(Φdd)αβ =
Δdd

Δdd
Δdd

- Ground state (in color symmetric rep.):

(Φdd)αβ → eiθBgcolor (Φdd)αβ gT
color

G = SU(3)C × U(1)B
→ Hdd = SO(3)C ⋊ (ℤ6)C+B

gcolorgT
color = 1

eiθB = 1,
gcolor = [diag(ω, ω, ω−2)]k ← T8
eiθB = ω−2k,

(ω ≡ eiπ/3, k = 0,1,2,3,4,5)



Vortices with  (2-flavor)Φdd
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d d

Φdd(φ) = eiφ Φdd(φ = 0) = m f(r)
eiφ

eiφ

eiφ

Φdd(φ) = eiφ/3 gc(φ)Φdd(φ = 0)g⊤
c (φ) = Δdd

h(r)
h(r)

f(r) eiφ

gauge transform:  

profile functions:   

gc(φ) = ei(φ/6)diag(−1,−1,2)

f(r), h(r)

Ai(r) = − 1
6g

ϵijxj

r2 a(r)(
−1

−1
2)

unit  windingU(1)B

1/3  windingU(1)B

Abelian vortex

Non-Abelian vortex (Alice string)

f(r)

h(r)

r



Vortices with  (2-flavor)Φdd
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d d

Φdd(φ) = eiφ Φdd(φ = 0) = m f(r)
eiφ

eiφ

eiφ

Φdd(φ) = eiφ/3 gc(φ)Φdd(φ = 0)g⊤
c (φ) = Δdd

h(r)
h(r)

f(r) eiφ

unit  windingU(1)B

1/3  windingU(1)B

Abelian vortex

Non-Abelian vortex (Alice string)

f(r)

h(r)

r
Tension of vortices: E(n) = n2 log Λ

( :  winding,  : system size)n U(1)B Λ



Vortices with  (2-flavor)Φdd
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d d

Φdd(φ) = eiφ Φdd(φ = 0) = m f(r)
eiφ

eiφ

eiφ

Φdd(φ) = eiφ/3 gc(φ)Φdd(φ = 0)g⊤
c (φ) = Δdd

h(r)
h(r)

f(r) eiφ

unit  windingU(1)B

1/3  windingU(1)B

Abelian vortex

f(r)

h(r)

r
Tension of vortices: E(n) = n2 log Λ

( :  winding,  : system size)n U(1)B Λ

E(n = 1) = 9E(n = 1/3)

3E(n = 1/3)

Non-Abelian vortex (Alice string) Energetically favorable



Orientational moduli in CFL phase
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ΦCFL(φ) =
h(r) 0 0

0 h(r) 0
0 0 f(r)eiφ

 
 @ vortex core

HCFL = SU(3)C+F
→ Kvortex = [SU(2) × U(1)]C+F

NG modes in the vicinity of vortices (orientational moduli):
HCFL
Kvortex

= SU(3)C+F

SU(2) × U(1) ≅ ℂP2

… gapless modes propagating along the vortex 
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Φdd(φ) = Δdd

h(r)
h(r)

f(r) eiφ

Φdd(φ) = Δdd

h(r)
f(r) eiφ

h(r)

Φdd(φ) = Δdd

f(r) eiφ

h(r)
h(r)

NG modes in the vicinity of vortices:
Hdd

Kvortex
= SO(3) ⋊ ℤ6

O(2) × ℤ6
≃ S2/ℤ2 ≃ ℝP2

Each vortices: Non-Abelian Alice string

… orientational 
moduli

Orientational moduli

f (r)

h(r)

r

cf:  
@ 

Φdd(φ = 0) ∝ diag(1,1,1)
r = ∞

Orientational moduli in 2-flavor

 
 @ vortex core

Hdd = SO(3)C ⋊ (ℤ6)C+B
→ Kvortex = O(2)C × ℤ6



Non-Abelian Alice phenomenon
- In a certain gauge theory, “charge conjugation” can be local 

symmetry due to topological obstruction 

-  ;   is position (azimuthal angle ) dependent and 

 

- For the whole group . 

But, not true for an individual generator of  because 

embedding of  in  is position dependent 

→ No global & continuous definition of generators of 

G → Hφ Hφ φ
Hφ = gcolor(φ) Hφ=0 g−1

color(φ)

Hφ=2π ≅ Hφ=0 = SO(3) ⋊ ℤ6
Hφ

Hφ G
Hφ

27

SO(3) → O(2) ≃ SO(2) ⋊ ℤ2

Fujimoto,Nitta (2020)



Non-Abelian Alice phenomenon

- Generators : 
                      

Tr,g,b ∈ SO(3)
Tr,g,b(φ) = gcolor(φ) Tr,g,b g−1

color(φ)

28

φ = 0

SO(3) → O(2) ≃ SO(2) ⋊ ℤ2

Around non-Abelian Alice strings:

φ = 2π

Tr(φ = 0) = Tr
Tg(φ = 0) = Tg

Tb(φ = 0) = Tb

Tr(φ = 2π) = Tr
Tg(φ = 2π) = − Tg

Tb(φ = 2π) = − Tb

Non-Abelian generalization of Alice property

Fujimoto,Nitta (2020)



Aharonov-Bohm phase

- Aharonov-Bohm phase of  (light quarks ):q u, d

29
Quarks can detect color flux at infinity

φ = 2π

q → eiφ/6 P exp (−ig∫
φ

0
A ⋅ dℓ) q; q =

qr
qg
qb

q → (  rotation) → diag(-1, 1, 1) q2π

φ = 2π

φ = 2π

q → (  rotation) → diag(1, -1, 1) q2π

q → (  rotation) → diag(1, 1, -1) q2π

color non-singlet



Consistency with 2SC condensate Φ2SC
- Aharonov-Bohm phase of  consistent  

with gauge-transformation of  :

Φ2SC
Φdd

30
 (bulk quantity) should be aligned with soliton moduli!Φ2SC

φ = 2π

d

u

Φ2SC → eiφ/3 P exp (−ig∫
φ

0
A ⋅ dℓ) Φ2SC; Φ2SC =

Δr
Δg

Δb

Φ2SC → (  rotation) → diag(1, -1, -1) Φ2SC2π

φ = 2π

φ = 2π

Φ2SC → (  rotation) → diag(-1, 1, -1) Φ2SC2π

Φ2SC → (  rotation) → diag(-1, -1, 1) Φ2SC2π

inconsistent



Bulk-soliton moduli locking
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Soliton moduli is aligned with  (bulk quantity)!Δ

Δ

Δ Δ

Δ

Δ

Δ

Δ

Δ
Δ

Δ



Bulk-soliton moduli locking
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Δ

Δ Δ

Δ

Δ

Δ

Δ

Δ
Δ

Δ

Soliton moduli is aligned with  (bulk quantity)!Δ
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(2-flavor)

Non-Abelian 
Alice string 1/3 1/6 Color 
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(3-flavor)

Non-Abelian 
string 1/3 1/3 Color singlet

ℝP2

≅ S2/ℤ2

ℂP2
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Aharonov-Bohm defects in Φ2SC
- AB phase consistent with gauge-transformation of  :Φdd

35

φ = 2π

Φ2SC → eiφ/3 P exp (−ig∫
φ

0
A ⋅ dℓ) Φ2SC; Φ2SC =

Δr
Δg

Δb

Φ2SC → (  rotation) → diag(1, -1, -1) Φ2SC2π
inconsistency

Singlevaluedness of  can be maintained 
by inserting kink profile  (AB defect)

Φ2SC
w(φ)

φ = 2π
Φ2SC → (  rotation) → diag(1, -w( ), -w( )) Φ2SC2π φ φ

Φ2SC =
Δr

Δgw(φ)
Δbw(φ)

w(φ = 0) = 1, w(φ = 2π) = − 1

consistent



Aharonov-Bohm defects
- When there is a nontrivial AB phase around a vortex, the 

AB defect (kink) attached to the vortex appears to maintain 
the single-valuedness 
 
 
 

- Numerical solution has been obtained in an  
model:

SU(2) × U(1)

36

Chatterjee,Nitta (2019)

vortex AB defect

vortex

Δφ=0 Δφ=2π ≠ Δφ=0

AB defect



Confinement owing to AB defects
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wr

wg wb

wr

Baryon-type Meson-type

… Two types of confining vortices appear due to different pattern of 
the cancellation of non-trivial AB phases in AB defects

No color can be detected by AB phase → color confinement



“Baryonic” molecule
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wg wb



“Mesonic” molecule
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wr
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Summary
- In 2-flavor quark matter with  superfluidity, we found 

non-Abelian vortices; it is the non-Abelian version of Alice 
strings. Multivalued nature of the generator is essential. 

- In discussing the property of vortices, Aharonov-Bohm 
(AB) phase is a useful tool: 
- 2SC condensate ( ) is aligned with soliton moduli of Alice  
  string → Bulk-soliton moduli locking 
- Formation of AB defect leads to the confinement of vortices 

- Connecting hadronic and color-superconducting vortices: 

3P2

Δ

41

3P2 superfluid vortices non-Abelian Alice strings

← AB phase doesn’t match:  
boojum needed?

What can higher form symmetry tell?


