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Strong magnetic fields

2

Earth A common, 
hand-held magnet

0.6 Gauss 100 Gauss

Magnetar

1015 Gauss

Heavy-Ion collision

1017-18 Gauss

<latexit sha1_base64="CUQbrCneSE5KKzYbYNcazh05Psw="></latexit>

1 Gauss = 1.95⇥ 10�14 MeV2

<latexit sha1_base64="CVm2ZervJG/9GFXPBlJsx1w0eMo="></latexit>

⇤2
QCD ⇠ 104 MeV2 ⇠ 1017 Gauss
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Chiral properties of  (2+1)-flavor QCD in 
strong magnetic fields at zero temperature

HTD, S.-T. Li, A. Tomiya, X.-D. Wang and Y. Zhang, arXiv:2008.00493

3

 Gell-Mann-Oakes-Renner relation 
 qB scaling
 Masses of pseudo-scalar mesons



/454

ChPT:   T=0: eB ↑            ↑ 
<latexit sha1_base64="AnXzoJ8zCqrKFGi1gjHSOrpOo30="></latexit>

h ̄ i ⇒ Tpc↑ 
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Early lattice results: Magnetic catalysis & Tpc↑

5

Disconnected chiral 
susceptibility

M. D’Elia, S. Mukherjee, F. Sanfilippo, Phys.Rev.D 82 (2010) 051501

naive staggered fermion, larger-than-physical pion mass
not-continuum-extrapolated



/45

Surprise came later…

6

Bali et al., JHEP02(2012)044

Inverse magnetic catalysis eB↑ Tpc↓

Continuum extrapolated lattice QCD results with physical pion mass

Chiral condensate always increases as eB at T<<Tpc 
reduction of Tpc associated with inverse magnetic catalysis?

See recent reviews e.g.
G. Cao, arXiv:2103.00456
Andersen et al., Rev. Mod. 

Phys. 88(2016)02001
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Reduction of Tpc v.s. lighter pion

HTD, P. Hegde, O. Kaczmarek et al.[HotQCD],  
Phys. Rev. Lett. 123 (2019) 062002

HTD,  arXiv:2002.11957

Bali et al., PRD 97, 034505 (2018) 

eB=0, full QCD eB=/=0, quenched QCD
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Is (neutral) pion still a 
Goldstone boson at eB=/=0 ?

M⇡u(eB)/M⇡(eB = 0)

<latexit sha1_base64="yTG1ZLN3IJXLVk/2VrfUs2C32zA=">AAACAnicbZDLSgMxFIbP1Futt1FX4iZYhHZTZ6SiG6HUjZtCBXuBdhwyaVpDMxeSjFCG4sZXceNCEbc+hTvfxrSdhbb+EPjyn3NIzu9FnEllWd9GZml5ZXUtu57b2Nza3jF395oyjAWhDRLyULQ9LClnAW0opjhtR4Ji3+O05Q2vJvXWAxWShcGtGkXU8fEgYH1GsNKWax7U3KQbsbt4XKDV4knN1RdNl1bRNfNWyZoKLYKdQh5S1V3zq9sLSezTQBGOpezYVqScBAvFCKfjXDeWNMJkiAe0ozHAPpVOMl1hjI6100P9UOgTKDR1f08k2Jdy5Hu608fqXs7XJuZ/tU6s+hdOwoIoVjQgs4f6MUcqRJM8UI8JShQfacBEMP1XRO6xwETp1HI6BHt+5UVonpbscunsppyvVNM4snAIR1AAG86hAtdQhwYQeIRneIU348l4Md6Nj1lrxkhn9uGPjM8f1IeVxg==</latexit>
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Gell-Mann-Oakes-Renner relation
M. Gell-Mann, R. J. Oakes, and B. Renner, Phys. Rev. 175, 2195 (1968), J. Gasser and H. Leutwyler, Nucl. Phys. B 250, 465 (1985) 
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Gell-Mann-Oakes-Renner relation
M. Gell-Mann, R. J. Oakes, and B. Renner, Phys. Rev. 175, 2195 (1968), J. Gasser and H. Leutwyler, Nucl. Phys. B 250, 465 (1985) 

Explicit chiral 
symmetry breaking
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Gell-Mann-Oakes-Renner relation
M. Gell-Mann, R. J. Oakes, and B. Renner, Phys. Rev. 175, 2195 (1968), J. Gasser and H. Leutwyler, Nucl. Phys. B 250, 465 (1985) 

Explicit chiral 
symmetry breaking

Spontaneous chiral symmetry breaking
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At physical 
pion mass
δπ~6%

8

Gell-Mann-Oakes-Renner relation
M. Gell-Mann, R. J. Oakes, and B. Renner, Phys. Rev. 175, 2195 (1968), J. Gasser and H. Leutwyler, Nucl. Phys. B 250, 465 (1985) 

Explicit chiral 
symmetry breaking

Spontaneous chiral symmetry breaking
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At physical 
pion mass
δπ~6%

8

Gell-Mann-Oakes-Renner relation

• At T=0, in the weak magnetic field the 2-flavor GMOR relation holds true for chiral 
(& point-like) pions from LO ChPT Shushpanov and Smilga, PLB402(1997)351 

M. Gell-Mann, R. J. Oakes, and B. Renner, Phys. Rev. 175, 2195 (1968), J. Gasser and H. Leutwyler, Nucl. Phys. B 250, 465 (1985) 

Explicit chiral 
symmetry breaking

Spontaneous chiral symmetry breaking
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At physical 
pion mass
δπ~6%

8

Gell-Mann-Oakes-Renner relation

• At T=0, in the weak magnetic field the 2-flavor GMOR relation holds true for chiral 
(& point-like) pions from LO ChPT Shushpanov and Smilga, PLB402(1997)351 

M. Gell-Mann, R. J. Oakes, and B. Renner, Phys. Rev. 175, 2195 (1968), J. Gasser and H. Leutwyler, Nucl. Phys. B 250, 465 (1985) 

• At eB=/=0, additional pion decay constants appear due to a nonzero pion-to-
vacuum transition via the vector electroweak current Fayazbakhsh & Sadooghi, PRD 88(2013)065030 

Bali  et al., PRD121(2018)072001 

Coppola et al., PRD.99 (2019)0540312

Explicit chiral 
symmetry breaking

Spontaneous chiral symmetry breaking
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Lattice QCD in a background magnetic field

9

No sign problem: detM(eB) >0

 B pointing to the z direction & Gauge link multiplied by a U(1) factor

 Quantization of the magnetic field

qu=2/3e, qd=-1/3e, qs=-1/3e
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Lattice setup
 Symanzik-improved gauge action with HISQ fermions  

 323x96 lattices, with a=0.117 fm (a-1=0.17 GeV), ml/ms =1/10 (Mπ =220 MeV) 

 In our setup fπ= 96.93(2) MeV, fK=112.50(2) MeV, fK/fπ=1.1606(3)

✦ Magnetic flux: Nb=0,1,2,3,4,6,8,10,12,16,20,24,32,48 & 64

✦ 0 ≤ eB ≤ 3.35 GeV2 (~70        ) M2
⇡

<latexit sha1_base64="w4sbAad/EhZ/g6a8KyDGfhzW9A0=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFT0WvXgRKtgPaNeSTbNtaDYbkqxQlv4ILx4U8erv8ea/MdvuQVsfDDzem2FmXiA508Z1v53C2vrG5lZxu7Szu7d/UD48aus4UYS2SMxj1Q2wppwJ2jLMcNqViuIo4LQTTG4yv/NElWaxeDBTSf0IjwQLGcHGSp27QV+yx9qgXHGr7hxolXg5qUCO5qD81R/GJImoMIRjrXueK42fYmUY4XRW6ieaSkwmeER7lgocUe2n83Nn6MwqQxTGypYwaK7+nkhxpPU0CmxnhM1YL3uZ+J/XS0x45adMyMRQQRaLwoQjE6PsdzRkihLDp5Zgopi9FZExVpgYm1DJhuAtv7xK2rWqV69e3Ncrjes8jiKcwCmcgweX0IBbaEILCEzgGV7hzZHOi/PufCxaC04+cwx/4Hz+AMuAjzk=</latexit>

✦ Magnetic field is quantized as

 FLAG 2019: At physical mass point fπ= 92.1(6) MeV, fK=110.1(5) MeV, fK/fπ=1.1917(37)

HTD et al., arXiv:2008.00493,2104.06843

✦ Fixed scale approach to nonzero T up to 281 MeV
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UV divergence of  chiral condensate

11

UV-divergence term dominates by the linear-in-quark-mass term

Subtracted chiral condensate:
<latexit sha1_base64="x280pCFtJ1AbcDcuoVdEP0jbYFQ="></latexit>

h ̄ isub = h ̄ il �
ml

ms
h ̄ is

Commonly used methods to get rid of the UV-divergence part  

Zero T/eB subtraction:
<latexit sha1_base64="kARCgtZtldYCxuP5BtknQrZADtw="></latexit>

h ̄ iUV free = h ̄ il(eB 6= 0)� h ̄ il(eB = 0)
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A complete Eigenvalue spectrum

12HTD, S.-T. Li, S. Mukherjee, A. Tomiya, X.-D. Wang, Y. Zhang, Phys. Rev. Lett. 126 (2021) 082001
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via Chebyshev Polynomial filtering technique

<latexit sha1_base64="Bk9q3Lo+CqQ7CfHZH8gmftZ8Pg4="></latexit>

h ̄ i =
Z 1

0

4ml ⇢

�2 +m2
l

d�
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UV-free chiral condensate

13

<latexit sha1_base64="tnZvWDb/KGvCo2mtPbYKFiz8bdI="></latexit>

�UV
cut 2 [0.12, 0.36]
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Magnetic catalysis at T=0
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Linear in eB at large eB ≳ 0.5 GeV2
Power law in eB at small eB ≲ 0.5 GeV2

In contrast to 1-loop ChPT in chiral limit:

Shushpanov and Smilga, PLB402(1997)351 T. Kojo and N. Su, Phys.Lett.B 720 (2013) 192
Dimensional reduction & Quark mass gap

Dashed line:
 linear fit

Solid line:
 fit in power law
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Comparison to ChPT

15
1-loop: T. D. Cohen, D. A. McGady, and E. S. Werbos, Phys. Rev. C76, 055201 (2007) 
2-loop: E. S. Werbos, Phys. Rev. C77, 065202 (2008) 

all consider degenerate u and d chiral condensates
ChPT: Extended to nonzero values of pion mass
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qB scaling of up and down quark chiral condensates

�UV
cut

<latexit sha1_base64="8HSVUtGvPtPfD6dxRI/t48Mr2AE=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VwVRKp6LLoxmUF0xbaGCaTSTt0MgkzE6GE/IAbf8WNC0Xcunfn3zhpg2jrgYEz59zLvff4CaNSWdaXUVlaXlldq67XNja3tnfM3b2OjFOBiYNjFouejyRhlBNHUcVILxEERT4jXX98VfjdeyIkjfmtmiTEjdCQ05BipLTkmUcDposD5GWDCKmRiDKcqjy/+/k6nTz3zLrVsKaAi8QuSR2UaHvm5yCIcRoRrjBDUvZtK1FuhoSimJG8NkglSRAeoyHpa8pRRKSbTa/J4bFWAhjGQj+u4FT93ZGhSMpJ5OvKYkc57xXif14/VeGFm1GepIpwPBsUpgyqGBbRwIAKghWbaIKwoHpXiEdIIKx0gDUdgj1/8iLpnDbsZuPspllvXZZxVMEBOAQnwAbnoAWuQRs4AIMH8ARewKvxaDwbb8b7rLRilD374A+Mj2+ntZ02</latexit>

: different estimates of UV 
divergence in the chiral 
condensate are removed

Chiral condensate at T=0&B=0 is subtracted

No subtraction

qu=2/3e, qd=-1/3e
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Masses of charged pseudo scalar mesons
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In contrast to Quenched QCD results where M increases monotonously with eB
Bali et al., PRD 97, 034505 (2018) Luschevskaya et al, PLB 761 (2016) 393

Not point particles anymore? Effects from dynamic quarks?
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meson decreases with eB

Masses of neutral pseudo scalar mesons

qB scaling observed in 
the up and down quark flavor components 

of neutral pion mass

|⇡0i = ↵|u�5ūi � �|d�5d̄i

<latexit sha1_base64="qX0BNqRMz9X5I/n8HtbmK/QJSWc="></latexit>
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Decay constants of neutral pion and kaon

• All the decay constants increase with eB 
• qB scaling observed in u and d quark flavor components of fπ
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Gell-Mann-Oakes-Renner relation

neutral pion remains as a Goldstone 
boson with eB up to ~3.5 GeV2
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Gell-Mann-Oakes-Renner relation
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(inverse) magnetic catalysis 
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Low T: Hadron resonance gas model

21

<latexit sha1_base64="rOG5bUGuF7xZpwHdHns5uL7Vfv4="></latexit>

p = pM/B
c + pM/B

n

Non-interacting hadron resonance gas

With eB=/=0 pressure:

HTD, S.-T. Li, Q. Shi and X.-D. Wang, arXiv:2104.06843

Charged Meson/Baryons:

Neutral Meson/Baryons:

Dashen, Ma & Bernstein, 
Phys. Rev. 187 (1969) 345.

Fukushima and Hidaka, Phys.Rev. Lett. 117 (2016)102301
Bhattacharyya et al., EPL 115 (2016) 62003 
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Contributions to pressure and energy density
 from individual hadrons in HRG

HTD, S.-T. Li, Q. Shi, A. Tomiya, X.-D. Wang, Y. Zhang, arXiv: 2011.04870

https://arxiv.org/abs/2011.04870
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Ward Identities

23

At eB=0: G. W. Kilcup and S. R. Sharpe, 
Nucl. Phys. B283, 493 (1987) 

<latexit sha1_base64="+rm+wClqL6lbjs2ywBFoeQY3tMU="></latexit>

lim
⌧!1

Gps0f
(⌧) ⇠ e

�Mps0
f
⌧

<latexit sha1_base64="wE+xvuNCSXTsAPyI33QiocIAOzo="></latexit>

h ̄ if = mf�ps0f

Ward identities hold true at eB=/=0!

Consistent within the WI

At eB=/=0: HTD et al., PRD 104(2021)014505

HTD et al., PRD 104(2021)014505

eB ↑            ↑        
<latexit sha1_base64="g09gBUBSjlDQKP/LBm882A2rxt4="></latexit>

M⇡0

<latexit sha1_base64="MY8LFAOGwl1Po26DXO67tnzWybg="></latexit>

h ̄ il ↓
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Fluctuations and correlations of  net baryon number, electric 
charge and strangeness in a background magnetic field

HTD, S.-T. Li, Q. Shi and X.-D. Wang, arXiv:2104.06843

24

 Possibilities to detect the existence of a magnetic field in heavy-ion collisions
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Superconducting phase at T=0

25

Signaled by the condensation of rho

M. N. Chernodub, Phys. Rev. Lett. 106 (2011) 142003
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Chiral magnetic effects

26

Axial U(1) anomaly & deconfined phase & magnetic field

<latexit sha1_base64="QmQpJ6V+p+Uoz50d0IeHTOf93Rk="></latexit>

~J =
Q2

2⇡2
µ5

~B

See recent reviews e.g.  D.E. Kharzeev and J. Liao, Nature Rev. Phys. 3(2021)55 
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QCD critical end point

27
G. Endrodi, JHEP 1507(2015) 173

T-eB plane

�
��


�����

��� ���

�	��

T-μB plane
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Skokov, Illarionov and V.Toneev, IJMPA 24 (2009) 5925

eB ⇠ 15m2
⇡

<latexit sha1_base64="l0pKQ1pGxNgNKtH8KmKN9ZtxfK8=">AAAB+nicbVDLTsJAFJ3iC/FVdOlmIjFxRVoC0SXBjUtM5JHQ2kyHKUyYmTYzUw2pfIobFxrj1i9x5984QBcKnuQmJ+fcm3vvCRNGlXacb6uwsbm1vVPcLe3tHxwe2eXjropTiUkHxyyW/RApwqggHU01I/1EEsRDRnrh5Hru9x6IVDQWd3qaEJ+jkaARxUgbKbDLpOUpyqHbgDzwEnpfC+yKU3UWgOvEzUkF5GgH9pc3jHHKidCYIaUGrpNoP0NSU8zIrOSliiQIT9CIDAwViBPlZ4vTZ/DcKEMYxdKU0HCh/p7IEFdqykPTyZEeq1VvLv7nDVIdXfkZFUmqicDLRVHKoI7hPAc4pJJgzaaGICypuRXiMZIIa5NWyYTgrr68Trq1qluvNm7rlWYrj6MITsEZuAAuuARNcAPaoAMweATP4BW8WU/Wi/VufSxbC1Y+cwL+wPr8AYHHkuA=</latexit>

eB ⇠ m2
⇡

<latexit sha1_base64="+t/W8KqQ2IqYero/qpmjT7CvxD0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkpSKnos9eKxgv2ANobNdtIu3U3C7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLOlHacb6uwsbm1vVPcLe3tHxyW7aPjjopTSaFNYx7LXkAUcBZBWzPNoZdIICLg0A0mN3O/+whSsTi619MEPEFGEQsZJdpIvl2G5kAxgbHwBwl7qPl2xak6C+B14uakgnK0fPtrMIxpKiDSlBOl+q6TaC8jUjPKYVYapAoSQidkBH1DIyJAedni8Bk+N8oQh7E0FWm8UH9PZEQoNRWB6RREj9WqNxf/8/qpDq+9jEVJqiGiy0VhyrGO8TwFPGQSqOZTQwiVzNyK6ZhIQrXJqmRCcFdfXiedWtWtVy/v6pVGM4+jiE7RGbpALrpCDXSLWqiNKErRM3pFb9aT9WK9Wx/L1oKVz5ygP7A+fwCUp5Jm</latexit>

t=0:
LHC:
RHIC:

Lifetime of  the magnetic field created in the 
early stage of  HIC
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Isospin symmetry breaking at eB≠0 manifested  
in chiral condensates

29

 1

 1.2

 1.4

 1.6

 1.8

 2

 2.2

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Σl=2ml/(M
2
πf

2
π) * [ψ

-ψl(B)-ψ-ψl(0)]+1

eB/M2
π

eB [GeV2]

l=u
l=d

HTD, S.-T. Li, A. Tomiya, X.-D. Wang and Y. Zhang, arXiv:2008.00493
See also in Bali et al., Phys.Rev.D86(2012)071502

Not accessible in experiments
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Explore the QCD phase diagram through  
fluctuations of conserved charges x=B,Q,S

x(
p
s)�2

x(
p
s)=

⌦
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↵
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LQCD
generalized susceptibilities

�x
n(T, µB) =

1

V T 3

@n lnZ(T, ~µ)

@(µx/T )n

HIC

skewness: Sx

variance:  σx 2

mean: Mx

hyper-skewness: Sx

hyper-kurtosis: !x

kurtosis: !x
h

h

Proxies:  
proton, charge particles, 

kaons

See recent reviews e.g.  X.F. Luo and N. Xu, Nucl. Sci. Tech. 28 (2017) 112, 
HTD, S. Mukherjee and F. Karsch, Int. J. Mod. Phys. E24 (2015) 1530007 
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Changes of  degrees of  freedom in thermal QCD

31

�B
4 /�

B
2

measure of fluctuations of 
Baryon number

Appearance of 
fractional 

baryon number

1/32

HotQCD: PRL 111(2013) 082301,
HTD, F. Karsch, S. Mukherjee, arXiv: 1504.05274
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Fluctuations of net baryon number, electric charge and strangeness

p

T 4
=

1

V T 3
lnZ(T, V, µ̂u, µ̂d, µ̂s) =

1X

i,j,k=0

�BQS
ijk

i!j!k!

⇣µB

T

⌘i ⇣µQ

T

⌘j ⇣µS

T

⌘k

 Taylor expansion of the QCD pressure: Allton et al., Phys.Rev. D66 (2002) 074507
Gavai & Gupta et al., Phys.Rev. D68 (2003) 034506 

 Taylor expansion coefficients at μ=0 are computable in LQCD

 At eB=/=0 a lot more need to be explored

PNJL: W.-J. Fu, Phys. Rev. D 88 (2013) 014009

HRG: G. Kadam et al., JPG 47 (2020) 125106, Ferreira et al.,  PRD 98(2018)034003,  Fukushima and Hidaka, PRL117 (2016)102301
Bhattacharyya et al., EPL115(2016)62003
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2nd order fluctuations and correlations  
B,Q & S ⟺ u, d & s

33

At eB=0 (isospin symmetric case)
<latexit sha1_base64="jUQmgqcfm01zuTaKPQrWpObTBJo="></latexit>

�u
2 = �d

2

<latexit sha1_base64="w88twkuXOa6hVuOs8UlvVzE6wD4="></latexit>

�us
11 = �ds

11 ,
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High T: Ideal gas limit

34

At eB=0: 

<latexit sha1_base64="PxQDHjNyJMIXSX2vgNJ4AlR8PaM="></latexit>

p

T 4
=

8⇡2

45
+

X

f=u,d,s

3|qf |B
⇡2T 2

"
⇡2

12
+

µ̂2
f

4
+ 2

p
2|qf |B
T

1X

l=1

p
l

1X

k=1

(�1)k+1

k
cosh (kµ̂f )⇥K1

 
k
p
2|qf |Bl

T

!#

At eB=/=0: 
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"2 = m2 + |~p|2

HTD, S.-T. Li, Q. Shi and X.-D. Wang, 2104.06843 

Kapusta & Gale, Finite-temperature field theory: Principles and applications
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High T: Ideal gas limit

35
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Holds at both eB=0 and eB=/=0 with T→∞
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No evidence for a Superconducting phase at T=0

36

rho is a boson

If the energy of rho becomes zero, 
electric charge fluctuation      

    shall be divergent
<latexit sha1_base64="AgqVdHwG2RBRCqoul19GVsInUC0="></latexit>
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Isospin symmetry breaking at eB≠0

37

free quark gas limit

Isospin symmetric case
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Experimentally accessible quantities for probing 
isospin symmetry breaking

38

Isospin symmetric case

Ideal 
gas 

limit

Isospin symmetric case
Ideal gas limit 
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Experimentally accessible quantities for probing 
the (non-)existence of  a magnetic field
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At both eB=0 and eB=/=0 with T→∞：
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2nd order fluctuations of net baryon 
number, electric charge and strangeness

Signal for a Critical end point in the T-eB plane 
of QCD phase diagram?
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Comparisons to HRG and Ideal gas limit

42

HRG

Ideal gas limit

HRG
Ideal gas limit
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Ratio to ideal gas limits

43
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Summary

44
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Summary

45

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0  0.5  1  1.5  2  2.5  3  3.5

0 10 20 30 40 50 60 eB/M2
π

M2(B)-M2(B=0) [GeV2]

eB [GeV2]

π
-

K
-

LLL


