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Gauged Wess-Zumino-Witten term:
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Lagrangian of Σ ∈ 𝑆𝑈(2) (w/ 𝑁𝑓 = 2, 𝑁𝑐 = 3):

𝑆𝑈(2)𝐿/𝑅 currents, covariant derivative, charge matrix:
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Magnetic field: homogeneous and downward

Parametrization: Σ = 𝑖(𝜏1Π
1 + 𝜏2Π

2 + 𝜏3Π
3) + Π4

Symmetry: axial component of 𝑆𝑈(2)𝑉 × 𝑆𝑈(2)𝑟𝑜𝑡



Boundary conditions: baryon number amounts to 1
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Energy functional 𝑀 = 2𝜋 0׬
∞
𝑑𝑟 0׬

𝜋
𝑑𝜃𝑟2 sin 𝜃 𝑇00

Static equation of motion (EOM): minimizing 𝑀
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Lagrangian:

Quantum Numbers

Hamiltonian:

Nucleon eigenstates
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Ours: “twisted” periodicity & reflection for 2D crystal. 
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Skyrme Crystal & 𝜋0 domain wall

T. Brauner and N. Yamamoto, 

JHEP 04, 132 (2017).

I. R. Klebanov, Nucl. Phys. B 262, 133 (1985).

Klebanov’s:



Equation of Motion (with Langrange multiplier 𝛾):
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Energy functional in Cartesian coordinates:

Covariant derivative notations:



Consistency between reflection and periodicity:

11

Vanishing pion on upper ceiling:

Requirement by Reflection symmetry: 



Only winding around two edges:

12

Baryon density in differential forms:
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Final boundary condition: unit baryon number

Two classes of solutions, two types of crystal:



(Complete list of boundary conditions)
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Anomalous Crystal = 𝜋0 domain wall.

Then what about Normal Crystal? 
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Equilibrium between normal and anomalous phases:
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Helmholtz free energy of normal crystal:

One less variable for anomalous crystal!

Transverse pressure and chemical potential: 
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(Figs from our arXiv: 2104.11482)
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1. A Skyrmion is deformed into an ellipsoid 

under an external magnetic field.

2. The quantized Skyrmions as nucleons

feature mass split by magnetic field.

3. Two classes of Skyrme Crystals exhibit 

𝜋3(𝑆3) and 𝜋1(𝑆1) respectively. 

4. First order phase transition takes place 

between the Normal Crystal and the 𝜋0

domain wall.


