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behaviour in 3 classes
of theoretical models

(here: MIS)
heavy-ion collisions 
at RHIC and LHC

2005.12299 
with Berges, Mazeliauskas & Venugopalan 1503.07514 with Spaliński
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⌧ = 0

⌧ > 0

time <latexit sha1_base64="UaRX3qXG6RB6HNO+BhOusySDKuo=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKaI4BLx4TMA9IljA7mU2GzM4uM71CCAHvXvUXvIlXf8U/8DOcTfagiQUNRVU33V1BIoVB1/1yChubW9s7xd3S3v7B4VH5+KRt4lQz3mKxjHU3oIZLoXgLBUreTTSnUSB5J5jcZX7nkWsjYvWA04T7ER0pEQpG0UpNHJQrbtVdgKwTLycVyNEYlL/7w5ilEVfIJDWm57kJ+jOqUTDJ56V+anhC2YSOeM9SRSNu/Nni0Dm5sMqQhLG2pZAs1N8TMxoZM40C2xlRHJtVLxP/9TJFm9Cs7Mew5s+ESlLkii3Xh6kkGJMsCzIUmjOUU0so08J+QNiYasrQJlay0XirQayT9lXVu6m6zetKvZaHVIQzOIdL8OAW6nAPDWgBAw7P8AKvzpPz5rw7H8vWgpPPnMIfOJ8/mUKWVg==</latexit>

t

collision axis <latexit sha1_base64="ZMsEWU6yZMK0AjJXANn6CCa07TE=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2FZoQ9lsJ+3SzSbsbsRSCt696l/wJl79K/4Df4abNgdtfTDweG+GmXlBIrg2rvvlFNbWNza3itulnd29/YPy4VFbx6li2GKxiNV9QDUKLrFluBF4nyikUSCwE4xvMr/zgErzWN6ZSYJ+RIeSh5xRY6XmY79ccavuHGSVeDmpQI5Gv/zdG8QsjVAaJqjWXc9NjD+lynAmcFbqpRoTysZ0iF1LJY1Q+9P5oTNyZpUBCWNlSxoyV39PTGmk9SQKbGdEzUgve5n4r5cpSod6ab8Ja/6UyyQ1KNlifZgKYmKSZUEGXCEzYmIJZYrbDwgbUUWZsYmVbDTechCrpH1R9a6qbvOyUq/lIRXhBE7hHDy4hjrcQgNawADhGV7g1Xly3px352PRWnDymWP4A+fzB5+qllo=</latexit>x

Bjorken’s simplification: physics is the same in all longitudinally boosted 
reference frame; this is Lorentzian analogue of rotational invariance. 

+ two transverse coordinates

analogue of the radius: 
<latexit sha1_base64="hCwkwZt+QXNGO6hPrusIKvPFLqA=">AAACFnicbVC7SgNBFJ31GeNr1cLCZjAINobdIJpGCNhYRjAPyG7C7GQ2GTL7cOauGJb9D3tb/QU7sbX1D/wMZ5MUmnjgwuGceznc48WCK7CsL2NpeWV1bb2wUdzc2t7ZNff2mypKJGUNGolItj2imOAhawAHwdqxZCTwBGt5o+vcbz0wqXgU3sE4Zm5ABiH3OSWgpZ556ABJ8BV21L2EFLoVfIYfu5WsZ5assjUBXiT2jJTQDPWe+e30I5oELAQqiFId24rBTYkETgXLik6iWEzoiAxYR9OQBEy56eSBDJ9opY/9SOoJAU/U3xcpCZQaB57eDAgM1byXi/96uSKVr+bywa+6KQ/jBFhIp/F+IjBEOO8I97lkFMRYE0Il1x9gOiSSUNBNFnU19nwRi6RZKdsXZev2vFSrzkoqoCN0jE6RjS5RDd2gOmogijL0jF7Qq/FkvBnvxsd0dcmY3RygPzA+fwBCUZ6p</latexit>

⌧ =
p

t2 � x2 analogue of the angle: 
<latexit sha1_base64="AxYnVxpErbWHMv/asewlaMvagNk=">AAACGHicbVDLSgMxFM3UV62vUVfiJliEuqkzItqNUHDjsoJ9QDuUTJppQ5PMkGTEMhT/w71b/QV34tadf+BnmJnOQlsPBA7n3Efu8SNGlXacL6uwtLyyulZcL21sbm3v2Lt7LRXGEpMmDlkoOz5ShFFBmppqRjqRJIj7jLT98XXqt++JVDQUd3oSEY+joaABxUgbqW8fTOAV7HGkR5InSGIcqtG0ok8fTvp22ak6GeAicXNSBjkaffu7NwhxzInQmCGluq4Tac8M1RQzMi31YkUihMdoSLqGCsSJ8pLshCk8NsoABqE0T2iYqb87EsSVmnDfVKafVfNeKv7rZaepQM3t10HNS6iIYk0Enq0PYgZ1CNOU4IBKgjWbGIKwpOYCiEdIIqxNliUTjTsfxCJpnVXdi6pze16u1/KQiuAQHIEKcMElqIMb0ABNgMEjeAYv4NV6st6sd+tjVlqw8p598AfW5w/iiqAl</latexit>

y = arccosh(t/x)

<latexit sha1_base64="QdIoN9adq8k3g5gAJjqNV7AY/aQ=">AAACAHicbVDLSsNAFL2pr1pfVZduBovgqkxEtBuh4MZlRfuANpTJdNIOnUzCzEQIoRv3bvUX3Ilb/8Q/8DOctFlo9cCFwzn3cu89fiy4Nhh/OqWV1bX1jfJmZWt7Z3evun/Q0VGiKGvTSESq5xPNBJesbbgRrBcrRkJfsK4/vc797gNTmkfy3qQx80IyljzglBgr3aVXeFit4TqeA/0lbkFqUKA1rH4NRhFNQiYNFUTrvotj42VEGU4Fm1UGiWYxoVMyZn1LJQmZ9rL5qTN0YpURCiJlSxo0V39OZCTUOg192xkSM9HLXi7+6+WK0oFe2m+ChpdxGSeGSbpYHyQCmQjlaaARV4wakVpCqOL2A0QnRBFqbGYVG427HMRf0jmruxd1fHteazaKkMpwBMdwCi5cQhNuoAVtoDCGJ3iGF+fReXXenPdFa8kpZg7hF5yPb5sKltw=</latexit>

y = 0

<latexit sha1_base64="xGzZ+PWcZMbwix4upFaIFjMdhf4=">AAACFHicbVDLSsNAFJ3UV62vqLhyM1gEN5ZERLssuHFZwT6gKWUynbRDJ5Mwc6OE0N9w71Z/wZ24de8f+BlO2iy09cCFwzn3cu89fiy4Bsf5skorq2vrG+XNytb2zu6evX/Q1lGiKGvRSESq6xPNBJesBRwE68aKkdAXrONPbnK/88CU5pG8hzRm/ZCMJA84JWCkgX2UYk/x0RiIUtEjPve4DCAd2FWn5syAl4lbkCoq0BzY394woknIJFBBtO65Tgz9jCjgVLBpxUs0iwmdkBHrGSpJyHQ/m50/xadGGeIgUqYk4Jn6eyIjodZp6JvOkMBYL3q5+K+XK0oHemE/BPV+xmWcAJN0vj5IBIYI5wnhIVeMgkgNIVRx8wGmY6IIBZNjxUTjLgaxTNoXNfeq5txdVhv1IqQyOkYn6Ay56Bo10C1qohaiKEPP6AW9Wk/Wm/VufcxbS1Yxc4j+wPr8AXs5nuw=</latexit>y !
�1

<latexit sha1_base64="dcLJpb5mjFxjCvvTR5XrO7XEtv0=">AAACE3icbVDLSsNAFJ3UV62v+Ni5GSyCq5KIaJcFNy4r2Ac0oUymk3boZBJmbpRY+hnu3eovuBO3foB/4Gc4abPQ1gMXDufcy733BIngGhznyyqtrK6tb5Q3K1vbO7t79v5BW8epoqxFYxGrbkA0E1yyFnAQrJsoRqJAsE4wvs79zj1TmsfyDrKE+REZSh5ySsBIffsow57iwxEQpeIH7HEZQta3q07NmQEvE7cgVVSg2be/vUFM04hJoIJo3XOdBPwJUcCpYNOKl2qWEDomQ9YzVJKIaX8yu36KT40ywGGsTEnAM/X3xIREWmdRYDojAiO96OXiv16uKB3qhf0Q1v0Jl0kKTNL5+jAVGGKcB4QHXDEKIjOEUMXNB5iOiCIUTIwVE427GMQyaZ/X3Muac3tRbdSLkMroGJ2gM+SiK9RAN6iJWoiiR/SMXtCr9WS9We/Wx7y1ZBUzh+gPrM8fB3yetQ==</latexit> y
!
1

Bjorken 1982
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In relativistic systems like nuclear matter at RHIC and LHC energy and 
momentum are encoded in the energy-momentum tensor

General energy-momentum tensor has 10 components subject to 4 
conservation equations 

<latexit sha1_base64="Wy5tYlyzcbsVylQB823hS1+O0IM=">AAACCHicbVDLSsNAFL3xWeur6tLNYBFclUREuyy4cVmhL2himUwn7dDJTJiZCCX0B9y71V9wJ279C//Az3DSZqGtBy4czrmXe+8JE860cd0vZ219Y3Nru7RT3t3bPzisHB13tEwVoW0iuVS9EGvKmaBtwwynvURRHIecdsPJbe53H6nSTIqWmSY0iPFIsIgRbKzUbz1kfpwiX6SzQaXq1tw50CrxClKFAs1B5dsfSpLGVBjCsdZ9z01MkGFlGOF0VvZTTRNMJnhE+5YKHFMdZPOTZ+jcKkMUSWVLGDRXf09kONZ6Goe2M8ZmrJe9XPzXyxWlI72030T1IGMiSQ0VZLE+SjkyEuWpoCFTlBg+tQQTxewHiIyxwsTY7Mo2Gm85iFXSuax51zX3/qraqBchleAUzuACPLiBBtxBE9pAQMIzvMCr8+S8Oe/Ox6J1zSlmTuAPnM8fQHSajQ==</latexit>

Tµ⌫

<latexit sha1_base64="4BvKMKaONhRP3xgIXrArHgbMS0I=">AAACHnicbZDLSsNAFIYnXmu9RV26cLAILqQkItqNUHDjskJv0MQwmU7aoTOTMDMRSujS93DvVl/BnbjVN/AxnLRZaOsPA9/85xwO5w8TRpV2nC9raXlldW29tFHe3Nre2bX39tsqTiUmLRyzWHZDpAijgrQ01Yx0E0kQDxnphKObvN55IFLRWDT1OCE+RwNBI4qRNlZgH3kChQwFmcfTCfTOYPM+R+gJ872GTmBXnKozFVwEt4AKKNQI7G+vH+OUE6ExQ0r1XCfRfoakppiRSdlLFUkQHqEB6RkUiBPlZ9NDJvDEOH0YxdI8oeHU/T2RIa7UmIemkyM9VPO13Py3ljtSRWpuv45qfkZFkmoi8Gx9lDKoY5hnBftUEqzZ2ADCkpoLIB4iibA2iZZNNO58EIvQPq+6l1Xn7qJSrxUhlcAhOAanwAVXoA5uQQO0AAaP4Bm8gFfryXqz3q2PWeuSVcwcgD+yPn8Adz2h6g==</latexit>

rµ T
µ⌫ = 0

Relativistic hydrodynamics is built on an assumption that if we wait long 
enough the number of degrees of freedom (independent components of     ) 
reduces to these specifying a local equilibrium state

<latexit sha1_base64="Wy5tYlyzcbsVylQB823hS1+O0IM=">AAACCHicbVDLSsNAFL3xWeur6tLNYBFclUREuyy4cVmhL2himUwn7dDJTJiZCCX0B9y71V9wJ279C//Az3DSZqGtBy4czrmXe+8JE860cd0vZ219Y3Nru7RT3t3bPzisHB13tEwVoW0iuVS9EGvKmaBtwwynvURRHIecdsPJbe53H6nSTIqWmSY0iPFIsIgRbKzUbz1kfpwiX6SzQaXq1tw50CrxClKFAs1B5dsfSpLGVBjCsdZ9z01MkGFlGOF0VvZTTRNMJnhE+5YKHFMdZPOTZ+jcKkMUSWVLGDRXf09kONZ6Goe2M8ZmrJe9XPzXyxWlI72030T1IGMiSQ0VZLE+SjkyEuWpoCFTlBg+tQQTxewHiIyxwsTY7Mo2Gm85iFXSuax51zX3/qraqBchleAUzuACPLiBBtxBE9pAQMIzvMCr8+S8Oe/Ox6J1zSlmTuAPnM8fQHSajQ==</latexit>

Tµ⌫

<latexit sha1_base64="1JGnLNix2qLga28zYKdJBmyoxic="></latexit>

Tµ⌫ = E(T )uµu⌫ + P(T ) (gµ⌫ + uµu⌫) + . . . with u↵ u↵ = �1

This stress tensor defines perfect fluid hydrodynamics: <latexit sha1_base64="POIPiHXnviJCEWtRxgq6X2HJ47E=">AAACHnicbVDLSsNAFJ3UV62vqEsXDhah3ZRERLsRCm5cVugLTAyT6aQdOpmEmYlQQpf+h3u3+gvuxK3+gZ/hJM1CWw9cOPece7nc48eMSmVZX0ZpZXVtfaO8Wdna3tndM/cPejJKBCZdHLFIDHwkCaOcdBVVjAxiQVDoM9L3J9eZ338gQtKId9Q0Jm6IRpwGFCOlJc88djjyGfJSJ0xmsCZrnTpM7vOuDq+g5ZlVq2HlgMvELkgVFGh75rczjHASEq4wQ1Le2Vas3BQJRTEjs4qTSBIjPEEjcqcpRyGRbpo/MoOnWhnCIBK6uIK5+nsjRaGU09DXkyFSY7noZeK/XqYIGciF+ypouinlcaIIx/PzQcKgimCWFRxSQbBiU00QFlR/APEYCYSVTrSio7EXg1gmvbOGfdGwbs+rrWYRUhkcgRNQAza4BC1wA9qgCzB4BM/gBbwaT8ab8W58zEdLRrFzCP7A+PwB3sehjQ==</latexit>

rµ(s(T )u
µ) = 0

e.g. 1205.5040 by Kovtun; 1707.02282 with Spaliński & Florkowski; 1712.05815 by Romatschke2
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Relativistic hydrodynamics: dissipation

Realistic fluids dissipate and in hydrodynamics this is encapsulated by some of 
the corrections to the perfect fluid description

<latexit sha1_base64="QBbkDBm69GwpE9iTD2O1wDgGOlc="></latexit>

Tµ⌫ = E(T )uµu⌫ + P(T ) (gµ⌫ + uµu⌫) + ⇡µ⌫

<latexit sha1_base64="yjUdQdjhdHXPN/fpT8UA10ej5/k="></latexit>

⇡µ⌫ = �⌘(T )rhµu⌫i
� ⇣(T )(gµ⌫ + uµu⌫)r↵u

↵ +O(r2)

To the leading order in derivatives, the dissipative terms are

shear term bulk term

Such corrections

allow for dissipation

influence properties of solutions of hydrodynamics

therefore of interest to pheno at RHIC/LHC

this talks considers conformal fluids

e.g. 1205.5040 by Kovtun; 1707.02282 with Spaliński & Florkowski; 1712.05815 by Romatschke2

@ conformality:
2 order: 5 terms

0712.2451 by Baier et al.
3 order: ~20 terms

1507.02461 by Grozdanov & Kaplis
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Bjorken flow and relativistic hydrodynamics

Bjorken flow is a comoving flow in Minkowski:

<latexit sha1_base64="WT/2KV5Fq5I4qGBRfw54iLpODUw="></latexit>

uµ@µ = @⌧ and ds2 = �d⌧2 + ⌧2dy2 + dx2
?

For conformal fluids                         and 
<latexit sha1_base64="C6HcgomR7cuClxKoCgQm1OC8EFE=">AAACIHicbVDLSsNAFJ3UV62vqEs3o0VwISXRom6UggguK/QFTSyT6aQdOpOEmYlQQtb+h3u3+gvuxKV+gZ/hpM1CWw9cOPece7nc40WMSmVZn0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaMBaSqqGOlEgiDuMdL2RteZ334gQtIwaKhxRFyOBgH1KUZKSz1zP3EwYvAmhZfwFDrHcNrXU+hIymHjvtozy1bFmgDOEzsnZZCj3jO/nX6IY04ChRmSsmtbkXITJBTFjKQlJ5YkQniEBqSraYA4kW4yeSWFh1rpQz8UugIFJ+rvjQRxKcfc05McqaGc9TLxXy9ThPTlzH3lX7gJDaJYkQBPz/sxgyqEWVqwTwXBio01QVhQ/QHEQyQQVjrTko7Gng1inrROKvZZxbqrlmtXeUhFsAcOwBGwwTmogVtQB02AwSN4Bi/g1Xgy3ox342M6WjDynV3wB8bXD9uloXk=</latexit>

E = 3P ⇠ T 4
<latexit sha1_base64="KlnslAGcGmkSq5IAW1r9w6seisI=">AAACCnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqCcJePEYIS/IrmF20psMmZldZ2aFEPIH3r3qL3gTr/6Ef+BnOJvsQaMFDUVVN91dYcKZNq776RSWlldW14rrpY3Nre2d8u5eS8epotCkMY9VJyQaOJPQNMxw6CQKiAg5tMPRdea3H0BpFsuGGScQCDKQLGKUGCsFPhiCfc0Ebtyd9soVt+rOgP8SLycVlKPeK3/5/ZimAqShnGjd9dzEBBOiDKMcpiU/1ZAQOiID6FoqiQAdTGZHT/GRVfo4ipUtafBM/TkxIULrsQhtpyBmqBe9TPzXyxSlI72w30SXwYTJJDUg6Xx9lHJsYpzlgvtMATV8bAmhitkPMB0SRaix6ZVsNN5iEH9J66TqnVfd27NK7SoPqYgO0CE6Rh66QDV0g+qoiSi6R0/oGb04j86r8+a8z1sLTj6zj37B+fgGu7GawA==</latexit>

⌘ ⇠ T 3

<latexit sha1_base64="ZiGQ3smPx60QZnqg/ZL6kG0wtgw=">AAACJ3icbVDLSgNBEJyNrxhfUY9eBoOQU9gVUU8S8OIxgnlANobeyWwyZGZ2mZkVwrK/4H9496q/4E306M3PcDbJQRMLmi6qumm6gpgzbVz30ymsrK6tbxQ3S1vbO7t75f2Dlo4SRWiTRDxSnQA05UzSpmGG006sKIiA03Ywvs799gNVmkXyzkxi2hMwlCxkBIyV+uWqLyHgcJ/6IslwYru03ddMYD9UQFIvS30DSdYvV9yaOwVeJt6cVNAcjX752x9EJBFUGsJB667nxqaXgjKMcJqV/ETTGMgYhrRrqQRBdS+dfpThE6sMcBgpW9Lgqfp7IwWh9UQEdlKAGelFLxf/9XJF6VAv3DfhZS9lMk4MlWR2Pkw4NhHOQ8MDpigxfGIJEMXsB5iMwMZjbLQlG423GMQyaZ3WvPOae3tWqV/NQyqiI3SMqshDF6iOblADNRFBj+gZvaBX58l5c96dj9lowZnvHKI/cL5+AGwHp1s=</latexit>

rµu⌫ ⇠ 1

⌧
etc

<latexit sha1_base64="OUQM7+uDdZiw0lwOv8MldaWPF5Q="></latexit>

A ⌘
⇡?

? � ⇡y
y

E/3
= 8

⌘

s

1

⌧ T (⌧)
+O(r2)

<latexit sha1_base64="+Bi1gAVtpDbe3G2v8Wu784yBD9I=">AAACCnicbVDLSgNBEOz1GeMr6tHLYBC8GHZF1JMEvHiMYB6QrGF20psMmX1kZjYSlvyBd6/6C97Eqz/hH/gZziY5aGJBQ1HVTXeXFwuutG1/WUvLK6tr67mN/ObW9s5uYW+/pqJEMqyySESy4VGFgodY1VwLbMQSaeAJrHv9m8yvD1EqHoX3ehSjG9BuyH3OqDaS28JBwofk8SE9dcbtQtEu2ROQReLMSBFmqLQL361OxJIAQ80EVarp2LF2Uyo1ZwLH+VaiMKasT7vYNDSkASo3nRw9JsdG6RA/kqZCTSbq74mUBkqNAs90BlT31LyXif96mSKVr+b2a//KTXkYJxpDNl3vJ4LoiGS5kA6XyLQYGUKZ5OYDwnpUUqZNenkTjTMfxCKpnZWci5J9d14sX89CysEhHMEJOHAJZbiFClSBwQCe4QVerSfrzXq3PqatS9Zs5gD+wPr8AXL8mzE=</latexit>

⌘ w
�1

<latexit sha1_base64="UaRX3qXG6RB6HNO+BhOusySDKuo=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKaI4BLx4TMA9IljA7mU2GzM4uM71CCAHvXvUXvIlXf8U/8DOcTfagiQUNRVU33V1BIoVB1/1yChubW9s7xd3S3v7B4VH5+KRt4lQz3mKxjHU3oIZLoXgLBUreTTSnUSB5J5jcZX7nkWsjYvWA04T7ER0pEQpG0UpNHJQrbtVdgKwTLycVyNEYlL/7w5ilEVfIJDWm57kJ+jOqUTDJ56V+anhC2YSOeM9SRSNu/Nni0Dm5sMqQhLG2pZAs1N8TMxoZM40C2xlRHJtVLxP/9TJFm9Cs7Mew5s+ESlLkii3Xh6kkGJMsCzIUmjOUU0so08J+QNiYasrQJlay0XirQayT9lXVu6m6zetKvZaHVIQzOIdL8OAW6nAPDWgBAw7P8AKvzpPz5rw7H8vWgpPPnMIfOJ8/mUKWVg==</latexit>

t

⌧ = 0

⌧ > 0

time

collision axis <latexit sha1_base64="ZMsEWU6yZMK0AjJXANn6CCa07TE=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2FZoQ9lsJ+3SzSbsbsRSCt696l/wJl79K/4Df4abNgdtfTDweG+GmXlBIrg2rvvlFNbWNza3itulnd29/YPy4VFbx6li2GKxiNV9QDUKLrFluBF4nyikUSCwE4xvMr/zgErzWN6ZSYJ+RIeSh5xRY6XmY79ccavuHGSVeDmpQI5Gv/zdG8QsjVAaJqjWXc9NjD+lynAmcFbqpRoTysZ0iF1LJY1Q+9P5oTNyZpUBCWNlSxoyV39PTGmk9SQKbGdEzUgve5n4r5cpSod6ab8Ja/6UyyQ1KNlifZgKYmKSZUEGXCEzYmIJZYrbDwgbUUWZsYmVbDTechCrpH1R9a6qbvOyUq/lIRXhBE7hHDy4hjrcQgNawADhGV7g1Xly3px352PRWnDymWP4A+fzB5+qllo=</latexit>x

It is an intrinsically nonlinear phenomenon 

e.g. 1707.02282 with Spaliński & Florkowski
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co
llis

io
n 

ax
is

time

“time”    <latexit sha1_base64="v73xhb3OvrjbxO69Vsz9mBfy+k8=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqCcJePGYgHlAsoTZSW8yZHZ2mZlVQgh496q/4E28+iv+gZ/hbLIHjRY0FFXddHcFieDauO6nU1hZXVvfKG6WtrZ3dvfK+wctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvMr99j0rzWN6ZSYJ+RIeSh5xRY6XGQ79ccavuHOQv8XJSgRz1fvmrN4hZGqE0TFCtu56bGH9KleFM4KzUSzUmlI3pELuWShqh9qfzQ2fkxCoDEsbKljRkrv6cmNJI60kU2M6ImpFe9jLxXy9TlA710n4TXvlTLpPUoGSL9WEqiIlJlgUZcIXMiIkllCluPyBsRBVlxiZWstF4y0H8Ja2zqndRdRvnldp1HlIRjuAYTsGDS6jBLdShCQwQnuAZXpxH59V5c94XrQUnnzmEX3A+vgGf3pZf</latexit>w

pr
es

su
re

 d
iffe

re
nc

e
0.0 0.2 0.4 0.6 0.8 1.0

-5

0
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10

<latexit sha1_base64="rNM9ac93eBZAyoFwTlAMB5LJkTc=">AAACA3icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzTHixWME84BkCbOT3mTM7OwyMyuEkKN3r/oL3sSrH+If+BnOJnvQxIKGoqqb7q4gEVwb1/1yVlbX1jc2C1vF7Z3dvf3SwWFTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObzG89otI8lvdmnKAf0YHkIWfUWKnZZVSQ616p7FbcGcgy8XJShhz1Xum7249ZGqE0TFCtO56bGH9CleFM4LTYTTUmlI3oADuWShqh9ieza6fk1Cp9EsbKljRkpv6emNBI63EU2M6ImqFe9DLxXy9TlA71wn4TVv0Jl0lqULL5+jAVxMQkC4T0uUJmxNgSyhS3HxA2pIoyY2Mr2mi8xSCWSfO84l1W3LuLcq2ah1SAYziBM/DgCmpwC3VoAIMHeIYXeHWenDfn3fmYt644+cwR/IHz+QOzopgB</latexit> A

<latexit sha1_base64="dGWu4CPdHA6aqUVppnaVkYU7c+Y="></latexit>

�A ⇠ e�#w · (. . .)

<latexit sha1_base64="Y1KYD5EHPGm+iJN3lRlhmXRIyJs="></latexit>

A ⇠ w�1 + . . .

behaviour in three classes
of theoretical models

heavy-ion collisions 
at RHIC and LHC

2005.12299 
with Berges, Mazeliauskas & Venugopalan 1103.3452 with Janik & Witaszczyk
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Bjorken flow as a tool
Asymptotics* of hydrodynamic gradient expansion

The key simplifying feature that triggered progress on this problem is the fact 
that velocity in Bjorken flow is entirely fixed by the symmetry: 

This allows to define a version of on-shell gradient expansion of the form

which is soluble among a whole class of models giving rise to hydrodynamics

<latexit sha1_base64="/QsAWbxqt/qnJmb5FPeTPIkcPVg="></latexit>

⇡µ⌫ = �⌘(T )rhµu⌫i +O(r2)

is a question with a foundational, as well as a phenomenological component

<latexit sha1_base64="nAFX6lmQGBZ0RGbLrUgr6EFAxqU="></latexit>

A =
1X

n=1

anw
�n + . . .

<latexit sha1_base64="OUQM7+uDdZiw0lwOv8MldaWPF5Q="></latexit>

A ⌘
⇡?

? � ⇡y
y

E/3
= 8

⌘

s

1

⌧ T (⌧)
+O(r2)

<latexit sha1_base64="+Bi1gAVtpDbe3G2v8Wu784yBD9I=">AAACCnicbVDLSgNBEOz1GeMr6tHLYBC8GHZF1JMEvHiMYB6QrGF20psMmX1kZjYSlvyBd6/6C97Eqz/hH/gZziY5aGJBQ1HVTXeXFwuutG1/WUvLK6tr67mN/ObW9s5uYW+/pqJEMqyySESy4VGFgodY1VwLbMQSaeAJrHv9m8yvD1EqHoX3ehSjG9BuyH3OqDaS28JBwofk8SE9dcbtQtEu2ROQReLMSBFmqLQL361OxJIAQ80EVarp2LF2Uyo1ZwLH+VaiMKasT7vYNDSkASo3nRw9JsdG6RA/kqZCTSbq74mUBkqNAs90BlT31LyXif96mSKVr+b2a//KTXkYJxpDNl3vJ4LoiGS5kA6XyLQYGUKZ5OYDwnpUUqZNenkTjTMfxCKpnZWci5J9d14sX89CysEhHMEJOHAJZbiFClSBwQCe4QVerSfrzXq3PqatS9Zs5gD+wPr8AXL8mzE=</latexit>

⌘ w �1
~ Knudsen number: 

✓
`micro

`macro

◆n

<latexit sha1_base64="/hJqFdwv9IngBBu+hJS5dAagJvw=">AAACLXicbVBNS8NAEN34bf2qevSyWAS9lEQK1pugB48KthWaWjbbSbu4m4TdiVBC/pAX/4oIHhTx6t9w0+ag1QcLj/dmZmdekEhh0HXfnLn5hcWl5ZXVytr6xuZWdXunbeJUc2jxWMb6NmAGpIighQIl3CYamAokdIL788LvPIA2Io5ucJxAT7FhJELBGVqpX73wJYR4SP1QM575IGU/8xXDkVaZElzHeZ7PymwqU1+L4QiP7uyYmlt3J6B/iVeSGilx1a+++IOYpwoi5JIZ0/XcBHsZ0yi4hLzipwYSxu/ZELqWRkyB6WWTa3N6YJUBDWNtX4R0ov7syJgyZqwCW1lsbGa9QvzP66YYNnuZiJIUIeLTj8JUUoxpER0dCA0c5dgSG4Gwu1I+YjY3tAFXbAje7Ml/Sfu47jXqp9eN2lmzjGOF7JF9ckg8ckLOyCW5Ii3CySN5Jm/k3XlyXp0P53NaOueUPbvkF5yvb72wquE=</latexit>

<latexit sha1_base64="rukI7SQJUulmLYRaShsqV2V2IPg=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0XoqiQi2o1QcOOygn1AG8NkOmmHziRhHkIJ+QX/w71b/QV3okt3foaTNovaemDgzDn3wT1BwqhUjvNlldbWNza3ytuVnd29/QP78KgjYy0waeOYxaIXIEkYjUhbUcVILxEE8YCRbjC5yf3uIxGSxtG9mibE42gU0ZBipIzk2zX9kA64zuAgQUJRxPz593pRUEhnvl116s4McJW4BamCAi3f/hkMY6w5iRRmSMq+6yTKS/OhmJGsMtCSJAhP0Ij0DY0QJ9JLZxdl8MwoQxjGwrxIwZm62JEiLuWUB6aSIzWWy14u/uvlipChXNqvwoaX0ijRikR4vj7UDKoY5qHBIRUEKzY1BGFBzQUQj5FAWJloKyYadzmIVdI5r7uXdefuotpsFCGVwQk4BTXggivQBLegBdoAgyfwAl7Bm/VsvVsf1ue8tGQVPcfgD6zvX4Lfp2M=</latexit>

uµ@µ = @⌧
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The main Bjorken flow result
In all but one example of a microscopic model*, one gets that           <latexit sha1_base64="Ps9GFgC0GViJjFcWyXO2BUi1yxY=">AAACCnicbVDLSgNBEOyNrxhfUY9eRoPgKeyKaI4BLx4jmAckS5idzCZDZmY3M7NCWPIH3r3qL3gTr/6Ef+BnOJvsQRMLGoqqbrq7gpgzbVz3yymsrW9sbhW3Szu7e/sH5cOjlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+Dbz249UaRbJBzONqS/wULKQEWys5ON+Kmeop5lA8rRfrrhVdw60SrycVCBHo1/+7g0ikggqDeFY667nxsZPsTKMcDor9RJNY0zGeEi7lkosqPbT+dEzdG6VAQojZUsaNFd/T6RYaD0Vge0U2Iz0speJ/3qZonSol/absOanTMaJoZIs1ocJRyZCWS5owBQlhk8twUQx+wEiI6wwMTa9ko3GWw5ilbQuq9511b2/qtRreUhFOIEzuAAPbqAOd9CAJhCYwDO8wKvz5Lw5787HorXg5DPH8AfO5w8Y9pr0</latexit>

an ⇠ n!

Therefore hydrodynamic gradient expansion can diverge factorially on-shell

A standard tool in asymptotic series is a sequence

R(w) ⇡
1X

n=1

rn
wn

BR(⇠) =
1X

n=1

rn
n!

⇠n ⇡ a0 ++ . . .+ a100⇠100

b0 ++ . . .+ b100⇠100Borel trafo.
A

<latexit sha1_base64="OWYSSh3+UEs9UFTLd0pRIWZAtaY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EkiXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hoduq3nqg2TMkHO05oKPBAspgRbJ3U7BLM0U2vVPYr/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2bUTdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZq+jvpMU2L52BFMNHO3IjLEGhPrAiq6EILFl5dJs1oJzivV+4ty7TqPowDHcAJnEMAl1OAO6tAAAo/wDK/w5invxXv3PuatK14+cwR/4H3+ANnPjqM=</latexit>

A
<latexit sha1_base64="OWYSSh3+UEs9UFTLd0pRIWZAtaY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EkiXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hoduq3nqg2TMkHO05oKPBAspgRbJ3U7BLM0U2vVPYr/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2bUTdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZq+jvpMU2L52BFMNHO3IjLEGhPrAiq6EILFl5dJs1oJzivV+4ty7TqPowDHcAJnEMAl1OAO6tAAAo/wDK/w5invxXv3PuatK14+cwR/4H3+ANnPjqM=</latexit>

an
<latexit sha1_base64="2t2imDR8eFJbWcNmECjDlODRnJI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWMF0xbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nY3Nre2d3dJeef/g8Oi4cnLa1kmmGPosEYnqhlSj4BJ9w43AbqqQxqHATji5m/udJ1SaJ/LRTFMMYjqSPOKMGiv5dJDL2aBSdWvuAmSdeAWpQoHWoPLVHyYsi1EaJqjWPc9NTZBTZTgTOCv3M40pZRM6wp6lksaog3xx7IxcWmVIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90GOZdpZlCy5aIoE8QkZP45GXKFzIipJZQpbm8lbEwVZcbmU7YheKsvr5N2veZd1+oPjWqzUcRRgnO4gCvw4AaacA8t8IEBh2d4hTdHOi/Ou/OxbN1wipkz+APn8wcG5o7I</latexit>

an
<latexit sha1_base64="2t2imDR8eFJbWcNmECjDlODRnJI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWMF0xbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nY3Nre2d3dJeef/g8Oi4cnLa1kmmGPosEYnqhlSj4BJ9w43AbqqQxqHATji5m/udJ1SaJ/LRTFMMYjqSPOKMGiv5dJDL2aBSdWvuAmSdeAWpQoHWoPLVHyYsi1EaJqjWPc9NTZBTZTgTOCv3M40pZRM6wp6lksaog3xx7IxcWmVIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90GOZdpZlCy5aIoE8QkZP45GXKFzIipJZQpbm8lbEwVZcbmU7YheKsvr5N2veZd1+oPjWqzUcRRgnO4gCvw4AaacA8t8IEBh2d4hTdHOi/Ou/OxbN1wipkz+APn8wcG5o7I</latexit> ⇡ b0 + . . .+ b100 ⇠100

c0 + . . .+ c100 ⇠100
<latexit sha1_base64="SrTo+TH+Rj8o3IOLMtHsStqzQqo="></latexit>

which in holography reveals

A(1)
�

2A(1)
�

3A(1)
�

3A(1)
+

2A(1)
+

A(1)
+

A(2)
+

A(2)
�

2A(2)
�

2A(2)
+

A(3)
+

A(3)
�

1302.0697 with Janik and Witaszczyk
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The main Bjorken flow result
A standard tool in asymptotic series is a sequence

R(w) ⇡
1X

n=1

rn
wn

BR(⇠) =
1X

n=1

rn
n!

⇠n ⇡ a0 ++ . . .+ a100⇠100

b0 ++ . . .+ b100⇠100Borel trafo.
A

<latexit sha1_base64="OWYSSh3+UEs9UFTLd0pRIWZAtaY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EkiXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hoduq3nqg2TMkHO05oKPBAspgRbJ3U7BLM0U2vVPYr/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2bUTdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZq+jvpMU2L52BFMNHO3IjLEGhPrAiq6EILFl5dJs1oJzivV+4ty7TqPowDHcAJnEMAl1OAO6tAAAo/wDK/w5invxXv3PuatK14+cwR/4H3+ANnPjqM=</latexit>

A
<latexit sha1_base64="OWYSSh3+UEs9UFTLd0pRIWZAtaY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EkiXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hoduq3nqg2TMkHO05oKPBAspgRbJ3U7BLM0U2vVPYr/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2bUTdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZq+jvpMU2L52BFMNHO3IjLEGhPrAiq6EILFl5dJs1oJzivV+4ty7TqPowDHcAJnEMAl1OAO6tAAAo/wDK/w5invxXv3PuatK14+cwR/4H3+ANnPjqM=</latexit>

an
<latexit sha1_base64="2t2imDR8eFJbWcNmECjDlODRnJI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWMF0xbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nY3Nre2d3dJeef/g8Oi4cnLa1kmmGPosEYnqhlSj4BJ9w43AbqqQxqHATji5m/udJ1SaJ/LRTFMMYjqSPOKMGiv5dJDL2aBSdWvuAmSdeAWpQoHWoPLVHyYsi1EaJqjWPc9NTZBTZTgTOCv3M40pZRM6wp6lksaog3xx7IxcWmVIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90GOZdpZlCy5aIoE8QkZP45GXKFzIipJZQpbm8lbEwVZcbmU7YheKsvr5N2veZd1+oPjWqzUcRRgnO4gCvw4AaacA8t8IEBh2d4hTdHOi/Ou/OxbN1wipkz+APn8wcG5o7I</latexit>

an
<latexit sha1_base64="2t2imDR8eFJbWcNmECjDlODRnJI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWMF0xbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nY3Nre2d3dJeef/g8Oi4cnLa1kmmGPosEYnqhlSj4BJ9w43AbqqQxqHATji5m/udJ1SaJ/LRTFMMYjqSPOKMGiv5dJDL2aBSdWvuAmSdeAWpQoHWoPLVHyYsi1EaJqjWPc9NTZBTZTgTOCv3M40pZRM6wp6lksaog3xx7IxcWmVIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90GOZdpZlCy5aIoE8QkZP45GXKFzIipJZQpbm8lbEwVZcbmU7YheKsvr5N2veZd1+oPjWqzUcRRgnO4gCvw4AaacA8t8IEBh2d4hTdHOi/Ou/OxbN1wipkz+APn8wcG5o7I</latexit> ⇡ b0 + . . .+ b100 ⇠100

c0 + . . .+ c100 ⇠100
<latexit sha1_base64="SrTo+TH+Rj8o3IOLMtHsStqzQqo="></latexit>

which in holography reveals
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<latexit sha1_base64="v73xhb3OvrjbxO69Vsz9mBfy+k8=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqCcJePGYgHlAsoTZSW8yZHZ2mZlVQgh496q/4E28+iv+gZ/hbLIHjRY0FFXddHcFieDauO6nU1hZXVvfKG6WtrZ3dvfK+wctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvMr99j0rzWN6ZSYJ+RIeSh5xRY6XGQ79ccavuHOQv8XJSgRz1fvmrN4hZGqE0TFCtu56bGH9KleFM4KzUSzUmlI3pELuWShqh9qfzQ2fkxCoDEsbKljRkrv6cmNJI60kU2M6ImpFe9jLxXy9TlA710n4TXvlTLpPUoGSL9WEqiIlJlgUZcIXMiIkllCluPyBsRBVlxiZWstF4y0H8Ja2zqndRdRvnldp1HlIRjuAYTsGDS6jBLdShCQwQnuAZXpxH59V5c94XrQUnnzmEX3A+vgGf3pZf</latexit>w
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<latexit sha1_base64="rNM9ac93eBZAyoFwTlAMB5LJkTc=">AAACA3icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzTHixWME84BkCbOT3mTM7OwyMyuEkKN3r/oL3sSrH+If+BnOJnvQxIKGoqqb7q4gEVwb1/1yVlbX1jc2C1vF7Z3dvf3SwWFTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObzG89otI8lvdmnKAf0YHkIWfUWKnZZVSQ616p7FbcGcgy8XJShhz1Xum7249ZGqE0TFCtO56bGH9CleFM4LTYTTUmlI3oADuWShqh9ieza6fk1Cp9EsbKljRkpv6emNBI63EU2M6ImqFe9DLxXy9TlA71wn4TVv0Jl0lqULL5+jAVxMQkC4T0uUJmxNgSyhS3HxA2pIoyY2Mr2mi8xSCWSfO84l1W3LuLcq2ah1SAYziBM/DgCmpwC3VoAIMHeIYXeHWenDfn3fmYt644+cwR/IHz+QOzopgB</latexit> A

<latexit sha1_base64="dGWu4CPdHA6aqUVppnaVkYU7c+Y="></latexit>

�A ⇠ e�#w · (. . .)

<latexit sha1_base64="Y1KYD5EHPGm+iJN3lRlhmXRIyJs="></latexit>

A ⇠ w�1 + . . .

<latexit sha1_base64="R7eWdFLNSrT8ylgINL6OGhon2F4=">AAACCXicdVDLSsNAFJ34rPVVdelmsAiuQlKtaXeFblxWsA9oQplMJ+3QySTMTIQS8gXu3eovuBO3foV/4Gc4SSto0QMXDufcy733+DGjUlnWh7G2vrG5tV3aKe/u7R8cVo6OezJKBCZdHLFIDHwkCaOcdBVVjAxiQVDoM9L3Z+3c798TIWnE79Q8Jl6IJpwGFCOlJTd1MWKwnY1SOxtVqpZZbzZqjgMLctm0F6RWd6BtWgWqYInOqPLpjiOchIQrzJCUQ9uKlZcioShmJCu7iSQxwjM0IUNNOQqJ9NLi5gyea2UMg0jo4goW6s+JFIVSzkNfd4ZITeWql4t/erkiZCBX9qug4aWUx4kiHC/WBwmDKoJ5LHBMBcGKzTVBWFD9AcRTJBBWOryyjub7f/g/6dVM+9q0bq+qrcYypBI4BWfgAtjAAS1wAzqgCzCIwSN4As/Gg/FivBpvi9Y1YzlzAn7BeP8CUNSbLA==</latexit>

C1

<latexit sha1_base64="58Rth+WqJkVj9kxq5sj6TR3ZkUw=">AAACCXicdVDLSsNAFJ34rPVVdelmsAiuQlKtaXeFblxWsA9oQplMJ+3QySTMTIQS8gXu3eovuBO3foV/4Gc4SSto0QMXDufcy733+DGjUlnWh7G2vrG5tV3aKe/u7R8cVo6OezJKBCZdHLFIDHwkCaOcdBVVjAxiQVDoM9L3Z+3c798TIWnE79Q8Jl6IJpwGFCOlJTd1MWKwnY3SWjaqVC2z3mzUHAcW5LJpL0it7kDbtApUwRKdUeXTHUc4CQlXmCEph7YVKy9FQlHMSFZ2E0lihGdoQoaachQS6aXFzRk818oYBpHQxRUs1J8TKQqlnIe+7gyRmspVLxf/9HJFyECu7FdBw0spjxNFOF6sDxIGVQTzWOCYCoIVm2uCsKD6A4inSCCsdHhlHc33//B/0quZ9rVp3V5VW41lSCVwCs7ABbCBA1rgBnRAF2AQg0fwBJ6NB+PFeDXeFq1rxnLmBPyC8f4FUm+bLQ==</latexit>

C2

ambiguity in the inverse Borel transform
<latexit sha1_base64="mf+CGQZ2aN1VXabx1iYCRdeWOng="></latexit>✓Z

C1

d⇠ �
Z

C2

d⇠

◆
[e�w ⇠ wBA(⇠)]

reveals that gradient expansion diverges here due to transients

1302.0697 with Janik and Witaszczyk
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Making our life simple(r)

Its equations of motion are PDEs in one higher dimension

Holography is an ab initio description of a class of strongly-coupled QFTs

In order to make progress it is certainly useful to simplify the problem; in the 
end, what one wants is a system with hydrodynamics and transients

A particularly insightful system are Müller-Israel-Stewart theories providing 
hyperbolic formulations of viscous relativistic hydrodynamics (at a price):

<latexit sha1_base64="uDL9TQWIOgtUm9BkkMG2AaU0Zi4="></latexit>

⌧⇡(T )u
↵r↵⇡

µ⌫ = �⇡µ⌫ � ⌘(T )rhµu⌫i + . . .

exponential decay “over zzzz. ”
to a viscous prediction of       xxxxxxxxxx                   
supplemented by conservation equations:
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New look at “old” results
One can repeat the analysis done in holography in MIS:

<latexit sha1_base64="uDL9TQWIOgtUm9BkkMG2AaU0Zi4="></latexit>

⌧⇡(T )u
↵r↵⇡

µ⌫ = �⇡µ⌫ � ⌘(T )rhµu⌫i + . . . 1st order ODE for 

This led to recognizing trans-series structure in         with hydro being the 
perturbative part and transients non-perturbative corrections and attractors

However, the true value of these results depends on how general they are:

Bjorken flow is highly symmetric; is its divergence due to some finte-tuning?

How general is the interplay between transients and hydro seen for Bjorken?

Can hydrodynamics diverge non-factorially or even converge?

If it diverges, is it due to a growing number of transport coeffs: 1   5   ~20…?

1503. 07114 with Spaliński



New results (2020-now)

“old” results reviewed in 1707.02282 with Florkowski & Spaliński

new results:                                with Serantes, Spaliński, Svensson & Withers2007.05524
+ work in progress
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Linear response theory on top                     is the simplest and very 
powerful model of nonequilibrium physics with a hydrodynamic tail

⇢� ⇠ e��H

<latexit sha1_base64="OrqQieyWvRxsEvOS3ex13Xm9Hdc=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o0Gw0LArAbWRgE3KCOYB2RhmJ3eTITO7y8ysEJbUNv6KjYUitn6BnX/jJNlCEw9cOHPOvcy9x485U9pxvq3c0vLK6lp+vbCxubW9Y+/uNVSUSAp1GvFItnyigLMQ6pppDq1YAhE+h6Y/vJn4zQeQikXhnR7F0BGkH7KAUaKN1LUPPTmIuqnngyZj7CkmMNynZ9M39k5xddy1i07JmQIvEjcjRZSh1rW/vF5EEwGhppwo1XadWHdSIjWjHMYFL1EQEzokfWgbGhIBqpNOTxnjY6P0cBBJU6HGU/X3REqEUiPhm05B9EDNexPxP6+d6OCyk7IwTjSEdPZRkHCsIzzJBfeYBKr5yBBCJTO7YjogklBt0iuYENz5kxdJ47zklktXt+Vi5TqLI48O0BE6QS66QBVURTVURxQ9omf0it6sJ+vFerc+Zq05K5vZR39gff4A8+qZxg==</latexit>

GO

R(t, x) = i ✓(t) tr (⇢� [O(t, x),O(0, 0)])

<latexit sha1_base64="vhFKBstDdQo0uOQxUzdQ2mOck1M="></latexit>

�hO(t, p)i =

Z
1

�1

d! e�i! t GO

R(!, p)J (�!,�p)

<latexit sha1_base64="4Uh7KLwS1qVQBiIL6nBLSUZ2Ktg="></latexit>

with

O = Tµ⌫

<latexit sha1_base64="NJsYGVUdmLdGkuDtbbZvnsFOaz4=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JIQV0oBTfurNAXNCFMppN26MwkzEyEErPwV9y4UMStv+HOv3HaZqGtBy4czrmXe+8JE0aVdpxva2l5ZXVtvbRR3tza3tm19/bbKk4lJi0cs1h2Q6QIo4K0NNWMdBNJEA8Z6YSjm4nfeSBS0Vg09TghPkcDQSOKkTZSYB9mHkYM3uXwCjaDzOMp9ESaB3bFqTpTwEXiFqQCCjQC+8vrxzjlRGjMkFI910m0nyGpKWYkL3upIgnCIzQgPUMF4kT52fT+HJ4YpQ+jWJoSGk7V3xMZ4kqNeWg6OdJDNe9NxP+8XqqjCz+jIkk1EXi2KEoZ1DGchAH7VBKs2dgQhCU1t0I8RBJhbSIrmxDc+ZcXSfus6taql/e1Sv26iKMEjsAxOAUuOAd1cAsaoAUweATP4BW8WU/Wi/Vufcxal6xi5gD8gfX5A7ZUlUc=</latexit>

in a holographic
CFT:

hydrodynamics

transients

The response is encoded in singularities in     of                 at fixed value of p

<latexit sha1_base64="rljtK38cewR62wR+HBStCm/oZn0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoF6k4MVjC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+HbmPzyh0jyW92aSoB/RoeQhZ9RYqZn0yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhlZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV9UvVr1ulmr1G/yOIpwAqdwDh5cQh3uoAEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A9zFjPw=</latexit>

GO

R(!, p)

<latexit sha1_base64="lP4ggCbVXJm4Pd12oTe+QfGJlOk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISKagbKbjQnVXsA5oYJtNJO3QmCTMToYTgxl9x40IRt36FO//GaZuFVg9cOJxzL/fe48eMSmVZX0Zhbn5hcam4XFpZXVvfMDe3WjJKBCZNHLFIdHwkCaMhaSqqGOnEgiDuM9L2h+djv31PhKRReKtGMXE56oc0oBgpLXnmzoWX3mR3qYMRg1dZxYk46aNDGB94ZtmqWhPAv8TOSRnkaHjmp9OLcMJJqDBDUnZtK1ZuioSimJGs5CSSxAgPUZ90NQ0RJ9JNJy9kcF8rPRhEQleo4ET9OZEiLuWI+7qTIzWQs95Y/M/rJio4cVMaxokiIZ4uChIGVQTHecAeFQQrNtIEYUH1rRAPkEBY6dRKOgR79uW/pHVUtWvV0+tauX6Wx1EEu2APVIANjkEdXIIGaAIMHsATeAGvxqPxbLwZ79PWgpHPbINfMD6+AcKSlmA=</latexit>

!

<latexit sha1_base64="w5xkPR8z/s/wIzh1VVTJZwlGhK4=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKQL1IwIvHCOYByRJmJ73JmHksM7NCWPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUcKZsb7/7RXW1jc2t4rbpZ3dvf2D8uFRy6hUU2hSxZXuRMQAZxKallkOnUQDERGHdjS+nfntJ9CGKflgJwmEggwlixkl1kmtnhIwJP1yxa/6c+BVEuSkgnI0+uWv3kDRVIC0lBNjuoGf2DAj2jLKYVrqpQYSQsdkCF1HJRFgwmx+7RSfOWWAY6VdSYvn6u+JjAhjJiJynYLYkVn2ZuJ/Xje18VWYMZmkFiRdLIpTjq3Cs9fxgGmglk8cIVQzdyumI6IJtS6gkgshWH55lbQuqkGten1fq9Rv8jiK6ASdonMUoEtUR3eogZqIokf0jF7Rm6e8F+/d+1i0Frx85hj9gff5A5LdjyM=</latexit>

see, for example, 1707.02282 with Florkowski and Spaliński
1

T

<latexit sha1_base64="3tcU5I0RI0UozHK/rGyYo66ZjoA=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0hEUG8FLx4r9AvSUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZelApuwPO+ncrG5tb2TnW3trd/cHhUPz7pGpVpyjpUCaX7ETFMcMk6wEGwfqoZSSLBetH0fu73npg2XMk2zFIWJmQsecwpASsFg1gTmvtF3i6G9YbnegvgdeKXpIFKtIb1r8FI0SxhEqggxgS+l0KYEw2cClbUBplhKaFTMmaBpZIkzIT54uQCX1hlhGOlbUnAC/X3RE4SY2ZJZDsTAhOz6s3F/7wgg/g2zLlMM2CSLhfFmcCg8Px/POKaURAzSwjV3N6K6YTYFMCmVLMh+Ksvr5Puletfu3eP142mW8ZRRWfoHF0iH92gJnpALdRBFCn0jF7RmwPOi/PufCxbK045c4r+wPn8AWrGkU0=</latexit>

Linear response theory

<latexit sha1_base64="mVZ+vduHkhx4iC27T7m5J5r2kRA=">AAACBnicdVDLSgMxFM3UV62vqks3wSK4GjO1tnUhFNy4rNCXtEPJpJk2NJkZkoxQSvfu3eovuBO3/oZ/4GeY6VTQogcuHM65l3vv8SLOlEbow8qsrK6tb2Q3c1vbO7t7+f2DlgpjSWiThDyUHQ8ryllAm5ppTjuRpFh4nLa98XXit++pVCwMGnoSUVfgYcB8RrA20l101oBXENlOP19A9nnxoopKMCXlSkoqlyXo2GiOAlig3s9/9gYhiQUNNOFYqa6DIu1OsdSMcDrL9WJFI0zGeEi7hgZYUOVO5wfP4IlRBtAPpalAw7n6c2KKhVIT4ZlOgfVILXuJ+KeXKFL5amm/9qvulAVRrGlA0vV+zKEOYZIJHDBJieYTQzCRzHwAyQhLTLRJLmei+f4f/k9aRdsp2+i2VKhVFyFlwRE4BqfAARVQAzegDpqAAAEewRN4th6sF+vVektbM9Zi5hD8gvX+BcJAmIQ=</latexit>

p/T = 0.1
<latexit sha1_base64="3UxUFQ6x48BqSciNJUm4JaqLEWQ=">AAACBHicdZDLSgMxFIYz9VbrrerSTbAIrmpGS9tZCAU3Liv0Bu1QMmmmDc1khiQjlKFb9271FdyJW9/DN/AxzLQjaNEfAj/fOYeT83sRZ0oj9GHl1tY3Nrfy24Wd3b39g+LhUUeFsSS0TUIeyp6HFeVM0LZmmtNeJCkOPE673vQmrXfvqVQsFC09i6gb4LFgPiNYG9SNLlrwGtrDYgmVnWqtWkEQldFCxjiOY1/VoJ2REsjUHBY/B6OQxAEVmnCsVN9GkXYTLDUjnM4Lg1jRCJMpHtO+sQIHVLnJ4rtzeGbICPqhNE9ouKA/JxIcKDULPNMZYD1Rq7UU/llLiVS+Wtmv/bqbMBHFmgqyXO/HHOoQponAEZOUaD4zBhPJzAWQTLDERJvcCiaa7/vh/6ZzWbarZXRXKTXqWUh5cAJOwTmwQQ00wC1ogjYgYAoewRN4th6sF+vVelu25qxs5hj8kvX+BcqZmAU=</latexit>

p/T = 1
<latexit sha1_base64="pyZlUc9PAO222UUHtfYfWyU26gI=">AAACBXicdVDLSgMxFM34rPVVdekmWARXNSnSThdCwY3LCn1BO5RMmmlDM5khyQhl6Nq9W/0Fd+LW7/AP/AwzbQUteuDC4Zx7ufcePxZcG4Q+nLX1jc2t7dxOfndv/+CwcHTc1lGiKGvRSESq6xPNBJesZbgRrBsrRkJfsI4/ucn8zj1TmkeyaaYx80IykjzglBgrdePLJryGGA0KRVRCCGGMYUZwtYIsqdXcMnYhziyLIliiMSh89ocRTUImDRVE6x5GsfFSogyngs3y/USzmNAJGbGepZKETHvp/N4ZPLfKEAaRsiUNnKs/J1ISaj0NfdsZEjPWq14m/ullitKBXtlvAtdLuYwTwyRdrA8SAU0Es0jgkCtGjZhaQqji9gNIx0QRamxweRvN9//wf9Iul3ClhO6uinV3GVIOnIIzcAEwqII6uAUN0AIUCPAInsCz8+C8OK/O26J1zVnOnIBfcN6/ACSAmC8=</latexit>

p/T = 10
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1803.08058 by Withers; 1904.01018 and 1904.12862 by Grozdanov, Kovtun, Starinets, Tadić

At the level of the linear response theory, hydrodynamic gradient expansion 
leads to the expansion of hydrodynamic mode frequencies     in   , e.g.p

<latexit sha1_base64="vZ0CiObnD5Vxt5n20dqe5YrCNGs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlZjIoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IS3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX1rqu15nWlXsvjKMIZnMMleHADdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucP20SM9w==</latexit>

!h

<latexit sha1_base64="I0GlH8opnkxQPD2Bm8fXnkPXRVI=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKexKQHMLePEYwTwwWcLspDcZMo9lZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSjgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pG5VqCi2quNLdiBjgTELLMsuhm2ggIuLQiSa3c7/zBNowJR/sNIFQkJFkMaPEOumxrwSMyCAbzwblil/1F8DrJMhJBeVoDspf/aGiqQBpKSfG9AI/sWFGtGWUw6zUTw0khE7ICHqOSiLAhNni4hm+cMoQx0q7khYv1N8TGRHGTEXkOgWxY7PqzcX/vF5q45swYzJJLUi6XBSnHFuF5+/jIdNALZ86Qqhm7lZMx0QTal1IJRdCsPryOmlfVYNatX5fqzTqeRxFdIbO0SUK0DVqoDvURC1EkUTP6BW9ecZ78d69j2VrwctnTtEfeJ8/1tiRBQ==</latexit>

!h

<latexit sha1_base64="I0GlH8opnkxQPD2Bm8fXnkPXRVI=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKexKQHMLePEYwTwwWcLspDcZMo9lZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSjgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pG5VqCi2quNLdiBjgTELLMsuhm2ggIuLQiSa3c7/zBNowJR/sNIFQkJFkMaPEOumxrwSMyCAbzwblil/1F8DrJMhJBeVoDspf/aGiqQBpKSfG9AI/sWFGtGWUw6zUTw0khE7ICHqOSiLAhNni4hm+cMoQx0q7khYv1N8TGRHGTEXkOgWxY7PqzcX/vF5q45swYzJJLUi6XBSnHFuF5+/jIdNALZ86Qqhm7lZMx0QTal1IJRdCsPryOmlfVYNatX5fqzTqeRxFdIbO0SUK0DVqoDvURC1EkUTP6BW9ecZ78d69j2VrwctnTtEfeJ8/1tiRBQ==</latexit>

+ . . .

<latexit sha1_base64="638GYG9n/OBfneIfRB73agASf/s=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBe2t4MVjBVsLbSibzaZdutnE3YlQSv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZF6RSGHTdb6ewtr6xuVXcLu3s7u0flA+P2ibJNOMtlshEdwJquBSKt1Cg5J1UcxoHkj8Eo5uZ//DEtRGJusdxyv2YDpSIBKNopc4F6ckwQdMvV9yqOwdZJV5OKpCj2S9/9cKEZTFXyCQ1puu5KfoTqlEwyaelXmZ4StmIDnjXUkVjbvzJ/N4pObNKSKJE21JI5urviQmNjRnHge2MKQ7NsjcT//O6GUbX/kSoNEOu2GJRlEmCCZk9T0KhOUM5toQyLeythA2ppgxtRCUbgrf88ippX1a9WrV+V6s06nkcRTiBUzgHD66gAbfQhBYwkPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDetCPmg==</latexit>

p

<latexit sha1_base64="vZ0CiObnD5Vxt5n20dqe5YrCNGs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlZjIoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IS3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX1rqu15nWlXsvjKMIZnMMleHADdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucP20SM9w==</latexit>

p

<latexit sha1_base64="vZ0CiObnD5Vxt5n20dqe5YrCNGs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlZjIoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IS3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX1rqu15nWlXsvjKMIZnMMleHADdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucP20SM9w==</latexit>

The quoted works showed that this expansion has a finite radius of 
convergence set by the smallest       for which |p⇤|

<latexit sha1_base64="uccu0C3c/5Z+6FpO/Ez0VB0P5Rs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKdTeCl48VrAf0i4lm2bb0CS7JFmhbPsrvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyG5tb2zv53cLe/sHhUfH4pKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6d++0nqjSL5IOZxNQXeChZyAg2VnqcorifXs3QtF8suWV3AbROvIyUIEOjX/zqDSKSCCoN4VjrrufGxk+xMoxwOiv0Ek1jTMZ4SLuWSiyo9tPFwTN0YZUBCiNlSxq0UH9PpFhoPRGB7RTYjPSqNxf/87qJCW/8lMk4MVSS5aIw4chEaP49GjBFieETSzBRzN6KyAgrTIzNqGBD8FZfXiet67JXKdfuK6V6LYsjD2dwDpfgQRXqcAcNaAIBAc/wCm+Ocl6cd+dj2ZpzsplT+APn8wcwGZAA</latexit>

!h(p⇤) = !some transient(p⇤)

<latexit sha1_base64="fsF8pZagfGYV9y5SsE0er+YFNN0=">AAACHnicbVBdS8MwFE3n15xfVR99CQ5hioxWJroHYeCLjxPcB6ylpFm6haVpSVJhlP4SX/wrvvigiOCT/huzrQOdHgg5nHPvTe7xY0alsqwvo7C0vLK6VlwvbWxube+Yu3ttGSUCkxaOWCS6PpKEUU5aiipGurEgKPQZ6fij64nfuSdC0ojfqXFM3BANOA0oRkpLnnnuRCEZIC8dZpXYS0+yY3gF55rUN3ROoRKIS0q4mtd4ZtmqWlPAv8TOSRnkaHrmh9OPcBLqGZghKXu2FSs3RUJRzEhWchJJYoRHaEB6mnIUEumm0/UyeKSVPgwioQ9XcKr+7EhRKOU49HVliNRQLnoT8T+vl6jg0k0pjxNFOJ49FCQMqghOsoJ9KghWbKwJwoLqv0I8RAJhpRMt6RDsxZX/kvZZ1a5V67e1cqOex1EEB+AQVIANLkAD3IAmaAEMHsATeAGvxqPxbLwZ77PSgpH37INfMD6/AUutofU=</latexit>

For example, in the simple model we considered in 1503. 07114 with Spaliński based 
on MIS and having only 1 transient one has

!h = i
�1 +

p
1� 4 ⌘

s T ⌧⇡ p2

2 ⌧⇡

<latexit sha1_base64="Gg42Y0UIpZQ92XXDO/9L4/zXmWc="></latexit>

and !transient = i
�1�

p
1� 4 ⌘

s T ⌧⇡ p2

2 ⌧⇡

<latexit sha1_base64="Tmb5DuHWEydnzZRZNyaq0IXuAEk="></latexit>

In this case      is real and equals p⇤

<latexit sha1_base64="0DNlsE/3WK3LbKaBPwRbv/xFNUU=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHEQ9mVgvZW8OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwYz3vG62tb2xubRd2irt7+weHpaPjllGppqxJlVC6ExLDBJesabkVrJNoRuJQsHY4vp357SemDVfywU4SFsRkKHnEKbFOaiX97HKK+6WyV/HmwKvEz0kZcjT6pa/eQNE0ZtJSQYzp+l5ig4xoy6lg02IvNSwhdEyGrOuoJDEzQTa/dorPnTLAkdKupMVz9fdERmJjJnHoOmNiR2bZm4n/ed3URjdBxmWSWibpYlGUCmwVnr2OB1wzasXEEUI1d7diOiKaUOsCKroQ/OWXV0nrquJXK7X7arley+MowCmcwQX4cA11uIMGNIHCIzzDK7whhV7QO/pYtK6hfOYE/gB9/gAR+o7K</latexit>

±1

2

s
s T

⌘ ⌧⇡

<latexit sha1_base64="L9lUwIDc/b/ObTq+qhRnhG8v/kY=">AAACIXicbZDNSgMxFIUz9b/+VV26CRbBhZSZIqg7wY1LhVaFpgyZNGNDk5kxuSOUMK/ixldx40KR7sSXMdN2oa0HAh/n3svNPVEmhQHf//IqC4tLyyura9X1jc2t7drO7q1Jc814m6Uy1fcRNVyKhLdBgOT3meZURZLfRYPLsn73xLURadKCYca7ij4kIhaMgrPC2hnJFCaxpswGhW0WmJhHDXbiGEyOcauwhAMtkQDNQ0syURRFWKv7DX8sPA/BFOpoquuwNiK9lOWKJ8AkNaYT+Bl0LdUgmORFleSGZ5QN6APvOEyo4qZrxxcW+NA5PRyn2r0E8Nj9PWGpMmaoItepKPTNbK00/6t1cojPulYkWQ48YZNFcS4xpLiMC/eE5gzk0AFlWri/YtanLhxwoVZdCMHsyfNw22wEJ43zm5P6xfk0jlW0jw7QEQrQKbpAV+gatRFDz+gVvaMP78V78z690aS14k1n9tAfed8/k3+jxw==</latexit>

New insight from linear response theory
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Linearized hydrodynamics,                    and               , allows us to 
overcome the need of high symmetry, as was the case for the Bjorken flow

2007.05524 with Serantes, Spaliński, Svensson, Withers

As we realized, in linearized hydrodynamics the hydrodynamic constitutive 
relations can be written as only three contributions at each order                          

E = E0 + ✏

<latexit sha1_base64="/4GOzl1lmDAg2aiHXBab1kQ5lV0=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4sgCCWRgnYhFERwWcE+oAllMr1ph04ezEyEErJ346+4caGIW3/AnX/jpI2grQcGDuecy5173IgzqUzzyyisrK6tbxQ3S1vbO7t75f2DjgxjQaFNQx6KnkskcBZAWzHFoRcJIL7LoetOrjK/ew9CsjC4U9MIHJ+MAuYxSpSWBuVKYlPC8XWKL/EPHSRmik+xDZFkPAtVzZo5A14mVk6qKEdrUP60hyGNfQgU5UTKvmVGykmIUIxySEt2LCEidEJG0Nc0ID5IJ5ndkuJjrQyxFwr9AoVn6u+JhPhSTn1XJ32ixnLRy8T/vH6svAsnYUEUKwjofJEXc6xCnBWDh0wAVXyqCaGC6b9iOiaCUKXrK+kSrMWTl0nnrGbVa43berXZyOsooiNUQSfIQueoiW5QC7URRQ/oCb2gV+PReDbejPd5tGDkM4foD4yPb739mZk=</latexit>

uµ@µ = @t + uj@j

<latexit sha1_base64="V3siwZf9zBuTqmmBr7nFue+Tq/Q=">AAACI3icbVBNS8MwGE7n15xfVY9egkMQhNHKQCcIAy8eJ7gPWGtJs3TLlrQlSYVR+l+8+Fe8eFCGFw/+F9Nth7n5QODJ8z7vm7yPHzMqlWV9G4W19Y3NreJ2aWd3b//APDxqySgRmDRxxCLR8ZEkjIakqahipBMLgrjPSNsf3eX19jMRkkbhoxrHxOWoH9KAYqS05Jk3yVPq8CSDToyEooh5s+vtgqAyeAG1b7joGmaeWbYq1hRwldhzUgZzNDxz4vQinHASKsyQlF3bipWb5hMxI1nJSSSJER6hPulqGiJOpJtOd8zgmVZ6MIiEPqGCU3WxI0VcyjH3tZMjNZDLtVz8r9ZNVHDtpjSME0VCPHsoSBhUEcwDgz0qCFZsrAnCguq/QjxAAmGlYy3pEOzllVdJ67JiVyu1h2q5XpvHUQQn4BScAxtcgTq4Bw3QBBi8gDfwAT6NV+PdmBhfM2vBmPccgz8wfn4BXvWlVA==</latexit>

with

Moreover, the properties of           etc determined by      :A(@2)

<latexit sha1_base64="kFlg2VXwOKKWIRahzoFV8AkuOhk=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzHBDZkhJMoO48YlJvJIYCSd0oGGTmdsOyRkwne4caExbv0Yd/6NHZiFgie5yck597b3Hi/iTGnb/rZyG5tb2zv53cLe/sHhUfH4pK3CWBLaIiEPZdfDinImaEszzWk3khQHHqcdb3Kb+p0plYqF4kHPIuoGeCSYzwjWRnJvyv0IS80wf6xeDoolu2IvgNaJk5ESZGgOil/9YUjigApNOFaq59iRdpP0QcLpvNCPFY0wmeAR7RkqcECVmyyWnqMLowyRH0pTQqOF+nsiwYFSs8AznQHWY7XqpeJ/Xi/W/rWbMBHFmgqy/MiPOdIhShNAQyYp0XxmCCaSmV0RGWOJiTY5FUwIzurJ66RdrTi1Sv2+VmrUszjycAbnUAYHrqABd9CEFhB4gmd4hTdrar1Y79bHsjVnZTOn8AfW5w+6SZFq</latexit>

!h

<latexit sha1_base64="I0GlH8opnkxQPD2Bm8fXnkPXRVI=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKexKQHMLePEYwTwwWcLspDcZMo9lZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSjgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pG5VqCi2quNLdiBjgTELLMsuhm2ggIuLQiSa3c7/zBNowJR/sNIFQkJFkMaPEOumxrwSMyCAbzwblil/1F8DrJMhJBeVoDspf/aGiqQBpKSfG9AI/sWFGtGWUw6zUTw0khE7ICHqOSiLAhNni4hm+cMoQx0q7khYv1N8TGRHGTEXkOgWxY7PqzcX/vF5q45swYzJJLUi6XBSnHFuF5+/jIdNALZ86Qqhm7lZMx0QTal1IJRdCsPryOmlfVYNatX5fqzTqeRxFdIbO0SUK0DVqoDvURC1EkUTP6BW9ecZ78d69j2VrwctnTtEfeJ8/1tiRBQ==</latexit>

A(@2) = i s T !h

��
p2=�@2

<latexit sha1_base64="XpxTOstL7ObyoOvfB0h/iMcthrY="></latexit>

This allows to translate the properties of the expansion of          when acting
on a solution to the properties of      and      , as well as 

A(@2)

<latexit sha1_base64="kFlg2VXwOKKWIRahzoFV8AkuOhk=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzHBDZkhJMoO48YlJvJIYCSd0oGGTmdsOyRkwne4caExbv0Yd/6NHZiFgie5yck597b3Hi/iTGnb/rZyG5tb2zv53cLe/sHhUfH4pK3CWBLaIiEPZdfDinImaEszzWk3khQHHqcdb3Kb+p0plYqF4kHPIuoGeCSYzwjWRnJvyv0IS80wf6xeDoolu2IvgNaJk5ESZGgOil/9YUjigApNOFaq59iRdpP0QcLpvNCPFY0wmeAR7RkqcECVmyyWnqMLowyRH0pTQqOF+nsiwYFSs8AznQHWY7XqpeJ/Xi/W/rWbMBHFmgqy/MiPOdIhShNAQyYp0XxmCCaSmV0RGWOJiTY5FUwIzurJ66RdrTi1Sv2+VmrUszjycAbnUAYHrqABd9CEFhB4gmd4hTdrar1Y79bHsjVnZTOn8AfW5w+6SZFq</latexit>

!h

<latexit sha1_base64="N/2kt2qdFxf0Y04NFKaE6g3FIaE=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQHMLePEYwTwkWcLsZDYZMo9lZlYIS77CiwdFvPo53vwbJ8keNLGgoajqprsrSjgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pG5VqQltEcaW7ETaUM0lblllOu4mmWEScdqLJ7dzvPFFtmJIPdprQUOCRZDEj2Drpsa8EHeHBGA3KFb/qL4DWSZCTCuRoDspf/aEiqaDSEo6N6QV+YsMMa8sIp7NSPzU0wWSCR7TnqMSCmjBbHDxDF04ZolhpV9Kihfp7IsPCmKmIXKfAdmxWvbn4n9dLbXwTZkwmqaWSLBfFKUdWofn3aMg0JZZPHcFEM3crImOsMbEuo5ILIVh9eZ20r6pBrVq/r1Ua9TyOIpzBOVxCANfQgDtoQgsICHiGV3jztPfivXsfy9aCl8+cwh94nz9mu5Aj</latexit>

|p⇤|

<latexit sha1_base64="vJuDX11TVefXm6ZCSZGTQjVi2Sg=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKWhvBS8eK9gPaJeSTbNtaDYbkqxQtv0RXjwo4tXf481/Y7bdg7Y+GHi8N8PMvEBypo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxoghtkZjHqhtgTTkTtGWY4bQrFcVRwGknmNxlfueJKs1i8WimkvoRHgkWMoKNlTozOUiv5rNBueJW3QXQOvFyUoEczUH5qz+MSRJRYQjHWvc8Vxo/xcowwum81E80lZhM8Ij2LBU4otpPF+fO0YVVhiiMlS1h0EL9PZHiSOtpFNjOCJuxXvUy8T+vl5jw1k+ZkImhgiwXhQlHJkbZ72jIFCWGTy3BRDF7KyJjrDAxNqGSDcFbfXmdtK+rXq1af6hVGvU8jiKcwTlcggc30IB7aEILCEzgGV7hzZHOi/PufCxbC04+cwp/4Hz+AIE/j6w=</latexit>

uj(p)

<latexit sha1_base64="F735wZYZ0mn5pI5mmDUaXaZC5Xc=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsquFLS3ghePFewHtGvJptk2NpuNSVYoS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZF0jOtHHdbye3tr6xuZXfLuzs7u0fFA+PWjpOFKFNEvNYdQKsKWeCNg0znHakojgKOG0H4+uZ336iSrNY3JmJpH6Eh4KFjGBjpU5ynz5My/K8Xyy5FXcOtEq8jJQgQ6Nf/OoNYpJEVBjCsdZdz5XGT7EyjHA6LfQSTSUmYzykXUsFjqj20/m9U3RmlQEKY2VLGDRXf0+kONJ6EgW2M8JmpJe9mfif101MeOWnTMjEUEEWi8KEIxOj2fNowBQlhk8swUQxeysiI6wwMTaigg3BW355lbQuKl61Urutluq1LI48nMAplMGDS6jDDTSgCQQ4PMMrvDmPzovz7nwsWnNONnMMf+B8/gC8uo/D</latexit>



Real space statement
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2007.05524 with Serantes, Spaliński, Svensson, Withers
Let us take MIS:

!h = i
�1 +

p
1� 4 ⌘

s T ⌧⇡ p2

2 ⌧⇡

<latexit sha1_base64="Gg42Y0UIpZQ92XXDO/9L4/zXmWc="></latexit>

and !transient = i
�1�

p
1� 4 ⌘

s T ⌧⇡ p2

2 ⌧⇡

<latexit sha1_base64="Tmb5DuHWEydnzZRZNyaq0IXuAEk="></latexit>

We look at  the initial conditions                 , @tu1(0, p) =
1

2⇡
e�

1
2�

2p2

⇥(p2max � p2)

<latexit sha1_base64="bLjd96LWhu7alRCISTYJW3ZSuho="></latexit>

u1(0, p) = 0

<latexit sha1_base64="wyCbaw+FzH6vvSvNf2YVBQSLDOc=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJUkLIrBe1BKHjxWMF+QLuWbJptQ7PZkGSVsvR/ePGgiFf/izf/jWm7B219MPB4b4aZeYHkTBvX/XZWVtfWNzZzW/ntnd29/cLBYVPHiSK0QWIeq3aANeVM0IZhhtO2VBRHAaetYHQz9VuPVGkWi3szltSP8ECwkBFsrPSQ9FJvUnLP5Rm6Rm6vUHTL7gxomXgZKUKGeq/w1e3HJImoMIRjrTueK42fYmUY4XSS7yaaSkxGeEA7lgocUe2ns6sn6NQqfRTGypYwaKb+nkhxpPU4CmxnhM1QL3pT8T+vk5jwyk+ZkImhgswXhQlHJkbTCFCfKUoMH1uCiWL2VkSGWGFibFB5G4K3+PIyaV6UvUq5elcp1qpZHDk4hhMogQeXUINbqEMDCCh4hld4c56cF+fd+Zi3rjjZzBH8gfP5A+kckNA=</latexit>

consider                                                   with      having           derivatives:⇧1,3(t, x) = A(@2
x) @xu1(t, x) =

1X

n=0

�n

<latexit sha1_base64="IrK613ZOdPacM47wjNjc+3ho4XE="></latexit>

�n

<latexit sha1_base64="/osPaBWF5NU4LdeIigj6tDon6YI=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0mkoL0VvHisYD+wDWWzmbZLN5uwOxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28Sp5tDisYx1N2AGpFDQQoESuokGFgUSOsHkdu53nkAbEasHnCbgR2ykxFBwhlZ67IcgkQ0yNRuUK27VXYCuEy8nFZKjOSh/9cOYpxEo5JIZ0/PcBP2MaRRcwqzUTw0kjE/YCHqWKhaB8bPFxTN6YZWQDmNtSyFdqL8nMhYZM40C2xkxHJtVby7+5/VSHN74mVBJiqD4ctEwlRRjOn+fhkIDRzm1hHEt7K2Uj5lmHG1IJRuCt/ryOmlfVb1atX5fqzTqeRxFckbOySXxyDVpkDvSJC3CiSLP5JW8OcZ5cd6dj2VrwclnTskfOJ8/4VWRDA==</latexit>

2n+ 1

<latexit sha1_base64="RxQdg8uNkVQJMHjydo05p7y3mG0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRZBEMpuKdTeCl48VrAf0C4lm2bb0CS7JFmhLP0LXjwo4tU/5M1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XYKW9s7u3vF/dLB4dHxSfn0rKujRBHaIRGPVD/AmnImaccww2k/VhSLgNNeMLvL/N4TVZpF8tHMY+oLPJEsZASbTKrJG29UrrhVdwm0SbycVCBHe1T+Go4jkggqDeFY64HnxsZPsTKMcLooDRNNY0xmeEIHlkosqPbT5a0LdGWVMQojZUsatFR/T6RYaD0Xge0U2Ez1upeJ/3mDxIS3fspknBgqyWpRmHBkIpQ9jsZMUWL43BJMFLO3IjLFChNj4ynZELz1lzdJt1b16tXmQ73SauZxFOECLuEaPGhAC+6hDR0gMIVneIU3RzgvzrvzsWotOPnMOfyB8/kDH+GNoQ==</latexit>

geometric divergence

convergence!
pmax < |p⇤|

<latexit sha1_base64="9MpV0ux5+rI6KiCNDvk/GGrceu4="></latexit>

|p⇤|  pmax < 1

<latexit sha1_base64="62dNnllE0xb1uyJquTY5WR3o5lg="></latexit>

pmax ! 1

<latexit sha1_base64="IMYmpaw7ZwAPT3w6V5xZSWgXSsg=">AAACA3icdVDLSgNBEJz1GeMr6k0vg0HwFHZjQrK3gBePEcwDkhBmJ7PJkNnZZaZXXZaAF3/FiwdFvPoT3vwbJw9BRQsaiqpuuru8SHANtv1hLS2vrK6tZzaym1vbO7u5vf2mDmNFWYOGIlRtj2gmuGQN4CBYO1KMBJ5gLW98PvVb10xpHsorSCLWC8hQcp9TAkbq5w6jfhqQ2wnuKj4cAVEqvMFdLn1I+rm8XXCr5fJZFdsF23aLbsUQ13WdioMdo0yRRwvU+7n37iCkccAkUEG07jh2BL2UKOBUsEm2G2sWETomQ9YxVJKA6V46+2GCT4wywH6oTEnAM/X7REoCrZPAM50BgZH+7U3Fv7xODH61l3IZxcAknS/yY4EhxNNA8IArRkEkhhCquLkV0xFRhIKJLWtC+PoU/0+axYJTKriXpXzNXcSRQUfoGJ0iB1VQDV2gOmogiu7QA3pCz9a99Wi9WK/z1iVrMXOAfsB6+wQ7fZiP</latexit>

vanishing radius
of convergence

This turns out to be the universal statement that we proved in our paper
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First nonlinear results for general flows
Since MIS has worked so well for the linearized hydro and the Bjorken flow, 
maybe one can use it to elucidate gradient expansion for more general flows?

210x.xxxxx with Serantes, Spaliński, Svensson, Withers

Indeed, at least for flows depending on   and   one can solve for constitutive 
relations in MIS as

<latexit sha1_base64="uDL9TQWIOgtUm9BkkMG2AaU0Zi4="></latexit>

⌧⇡(T )u
↵r↵⇡

µ⌫ = �⇡µ⌫ � ⌘(T )rhµu⌫i + . . .

understood as a series
With numerical simulations on a spacetime lattice one can evaluate the series. 
At large orders geometric (lattice), intermediately (continuum) factorial

Borel singularities
at three different times

shift by
<latexit sha1_base64="a33CM84RKICknFZMs+Y+q1wovOk="></latexit>

�
Z ⌧

⌧0

d⌧ 0

⌧⇡(T (⌧ 0))
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New look at “old” results
One can repeat the analysis done in holography in MIS:

<latexit sha1_base64="uDL9TQWIOgtUm9BkkMG2AaU0Zi4="></latexit>

⌧⇡(T )u
↵r↵⇡

µ⌫ = �⇡µ⌫ � ⌘(T )rhµu⌫i + . . . 1st order ODE for 

This led to recognizing trans-series structure in         with hydro being the 
perturbative part and transients non-perturbative corrections, attractors…

However, the true value of these results depends on how general they are:
New result provided new insights:

yes to both, however fine-tuning or lattice seem to be essential

no

this is certainly not necessarily, but we have not ruled it out

very general, visible both in momentum and real space

Bjorken flow is highly symmetric; is its divergence due to some finte-tuning?

How general is the interplay between transients and hydro seen for Bjorken?

Can hydrodynamics diverge non-factorially or even converge?

If it diverges, is it due to a growing number of transport coeffs: 1   5   ~20…?



New results
on hydrodynamics attractors

2003.07368 with Jefferson, Spaliński & Svensson 



Hydrodynamic attractors

A
=

P
T
�
P
L

P
<latexit sha1_base64="T9BLTh4f7bK5b/fTh9MaLCOqBOs="></latexit>1st or 2nd order

gradient expansion
work well since some 

threshold time:
AH(w) = 8C⌘

1

w
+

16

3
C⌘ (C⌧⇡ � C�1)

1

w2
+ . . .

<latexit sha1_base64="edmx3zeFgLS2Nm9ayU1jK+tzo7k="></latexit>

divergent series, see also 1509.05046 by Basar & Dunne 
attractor = a particular resummation

built-in
exponential decay

A
<latexit sha1_base64="OWYSSh3+UEs9UFTLd0pRIWZAtaY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EkiXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hoduq3nqg2TMkHO05oKPBAspgRbJ3U7BLM0U2vVPYr/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2bUTdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZq+jvpMU2L52BFMNHO3IjLEGhPrAiq6EILFl5dJs1oJzivV+4ty7TqPowDHcAJnEMAl1OAO6tAAAo/wDK/w5invxXv3PuatK14+cwR/4H3+ANnPjqM=</latexit>

A
<latexit sha1_base64="OWYSSh3+UEs9UFTLd0pRIWZAtaY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EkiXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hoduq3nqg2TMkHO05oKPBAspgRbJ3U7BLM0U2vVPYr/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2bUTdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZq+jvpMU2L52BFMNHO3IjLEGhPrAiq6EILFl5dJs1oJzivV+4ty7TqPowDHcAJnEMAl1OAO6tAAAo/wDK/w5invxXv3PuatK14+cwR/4H3+ANnPjqM=</latexit>

A
<latexit sha1_base64="OWYSSh3+UEs9UFTLd0pRIWZAtaY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EkiXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hoduq3nqg2TMkHO05oKPBAspgRbJ3U7BLM0U2vVPYr/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2bUTdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZq+jvpMU2L52BFMNHO3IjLEGhPrAiq6EILFl5dJs1oJzivV+4ty7TqPowDHcAJnEMAl1OAO6tAAAo/wDK/w5invxXv3PuatK14+cwR/4H3+ANnPjqM=</latexit>

A
<latexit sha1_base64="OWYSSh3+UEs9UFTLd0pRIWZAtaY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EkiXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hoduq3nqg2TMkHO05oKPBAspgRbJ3U7BLM0U2vVPYr/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2bUTdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZq+jvpMU2L52BFMNHO3IjLEGhPrAiq6EILFl5dJs1oJzivV+4ty7TqPowDHcAJnEMAl1OAO6tAAAo/wDK/w5invxXv3PuatK14+cwR/4H3+ANnPjqM=</latexit>

“slow roll” approximates it well:

1503.07514 with Spaliński

Since 2015: many studies of finite / slow-roll solutions (= hydro attractors)

At w = 0 there is only
1 sensible solution with 
finite     and we called
it the (hydro) attractor  

A
<latexit sha1_base64="9D7ZpwPWnpadM4kNmwEaIcB/6HI=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkVFE8VLx4r2A9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqAccJ9yM6UCIUjKKV2lmXUUluJr1S2a24M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9m907IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo86QvNGcqxJZRpYW8lbEg1ZWgjKtoQvMWXl0mzWvHOK9X7i3LtOo+jAMdwAmfgwSXU4A7q0AAGEp7hFd6cR+fFeXc+5q0rTj5zBH/gfP4An8GPqw==</latexit>
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A new look at hydrodynamic attractors

It is not clear at this level if solutions having a finite           / slow-roll solutions 
are phenomenologically interesting. In particular, for a generic solution, hydro 
attractor of 1503.07514 becomes relevant only from some time onwards

<latexit sha1_base64="m9IRQljqmfmEbC3Mi/FL59i58ug=">AAACDnicbVDLSsNAFL3xWeujUZduBotQNyWRom6EihuXFewD2lAm00k7dDIJMxOlhP6De7f6C+7Erb/gH/gZTtostPXAhcM593LvPX7MmdKO82WtrK6tb2wWtorbO7t7JXv/oKWiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3yT+e0HKhWLxL2exNQL8VCwgBGsjdS3S2mPYI6up5VHdIWc075ddqrODGiZuDkpQ45G3/7uDSKShFRowrFSXdeJtZdiqRnhdFrsJYrGmIzxkHYNFTikyktnh0/RiVEGKIikKaHRTP09keJQqUnom84Q65Fa9DLxXy9TpArUwn4dXHopE3GiqSDz9UHCkY5Qlg0aMEmJ5hNDMJHMfIDICEtMtEmwaKJxF4NYJq2zqntede5q5XotD6kAR3AMFXDhAupwCw1oAoEEnuEFXq0n6816tz7mrStWPnMIf2B9/gB7nJr1</latexit>

A(w = 0)

New idea: make use of expansion and dissipation (see also 1712.03856 by Blaizot & 
Yan) to argue for a reduction of effective degrees of freedom in heavy-ion 
collision setups (~ local “attractors”)

similar motivation to 0704.1647 by Lublinsky & Shuryak

The idea of attractors arose as a way of providing a preferred resummation 
of divergent hydrodynamic series and, eventually, of doing hydro better

This will not require introducing any “preferred” parametrization of evolution 
of states akin to  <latexit sha1_base64="+ifElxLg5lST9O+z4eG1P6xDii0=">AAACCHicbVDLSgNBEOz1GeMr6tHLYBDiJexKUI8RLx4jmAckS5idzCZDZmeWmVklLPkB7171F7yJV//CP/AznE32oIkFDUVVN91dQcyZNq775aysrq1vbBa2its7u3v7pYPDlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvsn89gNVmklxbyYx9SM8FCxkBBsrddMewRxdTyuPZ/1S2a26M6Bl4uWkDDka/dJ3byBJElFhCMdadz03Nn6KlWGE02mxl2gaYzLGQ9q1VOCIaj+dnTxFp1YZoFAqW8Kgmfp7IsWR1pMosJ0RNiO96GXiv16mKB3qhf0mvPJTJuLEUEHm68OEIyNRlgoaMEWJ4RNLMFHMfoDICCtMjM2uaKPxFoNYJq3zqndRde9q5XotD6kAx3ACFfDgEupwCw1oAgEJz/ACr86T8+a8Ox/z1hUnnzmCP3A+fwBIEpnv</latexit>

A(w)
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Dimensionality reduction in phase space
Let’s revisit the theory of hydrodynamics: EOMs are 2nd order ODEs for T (⌧)

<latexit sha1_base64="YYu22D1nk6rgevFru1GmkOKxkAc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CoqngBePEfKCZAmzk9lkyOzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuChIpDLrut5Pb2Nza3snvFvb2Dw6PiscnLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+H7ut5+4NiJWDZwk3I/oUIlQMIpWajfKPaTpZb9YcivuAmSdeBkpQYZ6v/jVG8QsjbhCJqkxXc9N0J9SjYJJPiv0UsMTysZ0yLuWKhpx408X587IhVUGJIy1LYVkof6emNLImEkU2M6I4sisenPxP6+bYnjrT4VKUuSKLReFqSQYk/nvZCA0ZygnllCmhb2VsBHVlKFNqGBD8FZfXietasW7qlQfr0u1uyyOPJzBOZTBgxuowQPUoQkMxvAMr/DmJM6L8+58LFtzTjZzCn/gfP4AjWCPBw==</latexit>

The phase space* therefore is 2D: for each    a state can be param. by    &   ,   
however, many different choices are possible, including   &

⌧
<latexit sha1_base64="jMiVtFveIuN6lxEBViG3UGO5MwE=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkVFE8FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O2vrG5tb26Wd8u7e/sFh5ei4baPEMN5ikYxMN6CWS6F5CwVK3o0NpyqQvBNM7nK/88SNFZF+xGnMfUVHWoSCUcylPtJkUKm6NXcOskq8glShQHNQ+eoPI5YorpFJam3Pc2P0U2pQMMln5X5ieUzZhI54L6OaKm79dH7rjJxnypCEkclKI5mrvydSqqydqiDrVBTHdtnLxf+8XoLhjZ8KHSfINVssChNJMCL542QoDGcopxmhzIjsVsLG1FCGWTzlLARv+eVV0q7XvMta/eGq2rgt4ijBKZzBBXhwDQ24hya0gMEYnuEV3hzlvDjvzseidc0pZk7gD5zPHyATjkQ=</latexit>

Time evolution turns out to dimensionally reduce regions of phase space:

The MIS attractor is a red curve
<latexit sha1_base64="zUYQmPtNGXwoi1IkKnigSHKtnSI="></latexit>

~V = ⌧0@⌧
n
⌧0T (⌧), ⌧

2
0 Ṫ (⌧)

o

and<latexit sha1_base64="wZ1dEoeEx7cptbwfy4P6Swtpjr8="></latexit>

A(⌧ T ) =
⇡?

? � ⇡y
y

E/3 = 6 + 18
⌧ Ṫ

T
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<latexit sha1_base64="gfaa1WDs2F5WmFALA6vTWhSxr3U=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKaI4BLx4TyAuSJcxOepMhs7PLzKwQQsC7V/0Fb+LVX/EP/Axnkz1otKChqOqmuytIBNfGdT+dwsbm1vZOcbe0t39weFQ+PunoOFUM2ywWseoFVKPgEtuGG4G9RCGNAoHdYHqX+d0HVJrHsmVmCfoRHUseckaNlZqtYbniVt0lyF/i5aQCORrD8tdgFLM0QmmYoFr3PTcx/pwqw5nARWmQakwom9Ix9i2VNELtz5eHLsiFVUYkjJUtachS/Tkxp5HWsyiwnRE1E73uZeK/XqYoHeq1/Sas+XMuk9SgZKv1YSqIiUmWBRlxhcyImSWUKW4/IGxCFWXGJlay0XjrQfwlnauqd1N1m9eVei0PqQhncA6X4MEt1OEeGtAGBghP8AwvzqPz6rw576vWgpPPnMIvOB/fZgKWNg==</latexit>

T
<latexit sha1_base64="/WIAQ3teh8apwyxRREngjjBodu4=">AAACBHicbVC7SgNBFL0bXzG+opY2g0GwCrsimjJgYxkhL0hCmJ3MJkNmZ5eZu0JY0trb6i/Yia3/4R/4Gc4mW2jigYHDOfdw7xw/lsKg6345hY3Nre2d4m5pb//g8Kh8fNI2UaIZb7FIRrrrU8OlULyFAiXvxprT0Je840/vMr/zyLURkWriLOaDkI6VCASjaKVOfxRh2pwPyxW36i5A1omXkwrkaAzL3zbJkpArZJIa0/PcGAcp1SiY5PNSPzE8pmxKx7xnqaIhN4N0ce6cXFhlRIJI26eQLNTfiZSGxsxC306GFCdm1cvEf71M0SYwK/sxqA1SoeIEuWLL9UEiCUYka4SMhOYM5cwSyrSwPyBsQjVlaHsr2Wq81SLWSfuq6t1U3YfrSr2Wl1SEMziHS/DgFupwDw1oAYMpPMMLvDpPzpvz7nwsRwtOnjmFP3A+fwB5A5kN</latexit>

Ṫ
<latexit sha1_base64="L6OQmaakLCBAiIN0q86V84EyibE=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2FZoQ9lsJ+3SzSbsbpRSCt696l/wJl79K/4Df4abNgdtfTDweG+GmXlBIrg2rvvlFNbWNza3itulnd29/YPy4VFbx6li2GKxiNV9QDUKLrFluBF4nyikUSCwE4xvMr/zgErzWN6ZSYJ+RIeSh5xRY6XmY79ccavuHGSVeDmpQI5Gv/zdG8QsjVAaJqjWXc9NjD+lynAmcFbqpRoTysZ0iF1LJY1Q+9P5oTNyZpUBCWNlSxoyV39PTGmk9SQKbGdEzUgve5n4r5cpSod6ab8Ja/6UyyQ1KNlifZgKYmKSZUEGXCEzYmIJZYrbDwgbUUWZsYmVbDTechCrpH1R9a6qbvOyUq/lIRXhBE7hHDy4hjrcQgNawADhGV7g1Xly3px352PRWnDymWP4A+fzB54Qllk=</latexit>w

<latexit sha1_base64="rNM9ac93eBZAyoFwTlAMB5LJkTc=">AAACA3icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzTHixWME84BkCbOT3mTM7OwyMyuEkKN3r/oL3sSrH+If+BnOJnvQxIKGoqqb7q4gEVwb1/1yVlbX1jc2C1vF7Z3dvf3SwWFTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObzG89otI8lvdmnKAf0YHkIWfUWKnZZVSQ616p7FbcGcgy8XJShhz1Xum7249ZGqE0TFCtO56bGH9CleFM4LTYTTUmlI3oADuWShqh9ieza6fk1Cp9EsbKljRkpv6emNBI63EU2M6ImqFe9DLxXy9TlA71wn4TVv0Jl0lqULL5+jAVxMQkC4T0uUJmxNgSyhS3HxA2pIoyY2Mr2mi8xSCWSfO84l1W3LuLcq2ah1SAYziBM/DgCmpwC3VoAIMHeIYXeHWenDfn3fmYt644+cwR/IHz+QOzopgB</latexit>

A

Slow regions similar to 1910.00021 by Brewer, Yan & Yin



Principal components analysis and attractors
A useful tool to quantify dimensionality reduction is PCA

<latexit sha1_base64="Vfeu9ccxNrv8akfNHebvHNajrmM="></latexit>
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Comments on the new idea
After some short time some directions in phase space become locally 
irrelevant

As a result, all initial states localized in a finite phase space volume end up on 
a lower D manifold

A useful way of detecting and parametrizing dimensional reduction is the 
principal component analysis. We checked it works in RTA kinetic theory with 
effective phase space made from truncated moments

A pheno potential of this idea might lie in the fact that in heavy-ion collisions 
we might then not care about evolving all initial states till late times, but 
rather just representatives from different points of this lower D manifold

Details depend on parametrization and choice of phase space metric
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Summary and outlook



Summary
Many reasons to be interested in relativistic hydrodynamics in 2021: nuclear 
collisions, gravity, neutron stars mergers and, last but not least, resurgence

Behaviour of hydrodynamic expansion at large orders is a foundational 
question in relativistic fluid mechanics of possible practical importance

<latexit sha1_base64="/QsAWbxqt/qnJmb5FPeTPIkcPVg="></latexit>

⇡µ⌫ = �⌘(T )rhµu⌫i +O(r2)

(Conformal) Bjorken flow is a highly symmetric non-equilibrium dynamics in 
which gradient expansion can be written as a late time expansion

This triggered extensive studies. In all  but one* studied models <latexit sha1_base64="Ps9GFgC0GViJjFcWyXO2BUi1yxY=">AAACCnicbVDLSgNBEOyNrxhfUY9eRoPgKeyKaI4BLx4jmAckS5idzCZDZmY3M7NCWPIH3r3qL3gTr/6Ef+BnOJvsQRMLGoqqbrq7gpgzbVz3yymsrW9sbhW3Szu7e/sH5cOjlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+Dbz249UaRbJBzONqS/wULKQEWys5ON+Kmeop5lA8rRfrrhVdw60SrycVCBHo1/+7g0ikggqDeFY667nxsZPsTKMcDor9RJNY0zGeEi7lkosqPbT+dEzdG6VAQojZUsaNFd/T6RYaD0Vge0U2Iz0speJ/3qZonSol/absOanTMaJoZIs1ocJRyZCWS5owBQlhk8twUQx+wEiI6wwMTa9ko3GWw5ilbQuq9511b2/qtRreUhFOIEzuAAPbqAOd9CAJhCYwDO8wKvz5Lw5787HorXg5DPH8AfO5w8Y9pr0</latexit>

an ⇠ n!

This not only brought connection with transseries to hydro, but more 
importantly raised many questions, effectively starting a new research area

<latexit sha1_base64="nAFX6lmQGBZ0RGbLrUgr6EFAxqU="></latexit>
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<latexit sha1_base64="OUQM7+uDdZiw0lwOv8MldaWPF5Q="></latexit>
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<latexit sha1_base64="+Bi1gAVtpDbe3G2v8Wu784yBD9I=">AAACCnicbVDLSgNBEOz1GeMr6tHLYBC8GHZF1JMEvHiMYB6QrGF20psMmX1kZjYSlvyBd6/6C97Eqz/hH/gZziY5aGJBQ1HVTXeXFwuutG1/WUvLK6tr67mN/ObW9s5uYW+/pqJEMqyySESy4VGFgodY1VwLbMQSaeAJrHv9m8yvD1EqHoX3ehSjG9BuyH3OqDaS28JBwofk8SE9dcbtQtEu2ROQReLMSBFmqLQL361OxJIAQ80EVarp2LF2Uyo1ZwLH+VaiMKasT7vYNDSkASo3nRw9JsdG6RA/kqZCTSbq74mUBkqNAs90BlT31LyXif96mSKVr+b2a//KTXkYJxpDNl3vJ4LoiGS5kA6XyLQYGUKZ5OYDwnpUUqZNenkTjTMfxCKpnZWci5J9d14sX89CysEhHMEJOHAJZbiFClSBwQCe4QVerSfrzXq3PqatS9Zs5gD+wPr8AXL8mzE=</latexit>
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Outlook
The progress I described today can be shortly summarized as going beyond 
the        paradigm both for the gradient expansion and attractors<latexit sha1_base64="+ifElxLg5lST9O+z4eG1P6xDii0=">AAACCHicbVDLSgNBEOz1GeMr6tHLYBDiJexKUI8RLx4jmAckS5idzCZDZmeWmVklLPkB7171F7yJV//CP/AznE32oIkFDUVVN91dQcyZNq775aysrq1vbBa2its7u3v7pYPDlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvsn89gNVmklxbyYx9SM8FCxkBBsrddMewRxdTyuPZ/1S2a26M6Bl4uWkDDka/dJ3byBJElFhCMdadz03Nn6KlWGE02mxl2gaYzLGQ9q1VOCIaj+dnTxFp1YZoFAqW8Kgmfp7IsWR1pMosJ0RNiO96GXiv16mKB3qhf0mvPJTJuLEUEHm68OEIyNRlgoaMEWJ4RNLMFHMfoDICCtMjM2uaKPxFoNYJq3zqndRde9q5XotD6kAx3ACFfDgEupwCw1oAgEJz/ACr86T8+a8Ox/z1hUnnzmCP3A+fwBIEpnv</latexit>

A(w)

2003.07368 
with Jefferson, Spaliński & Svensson 

210x.xxxxx 
with Serantes, Spaliński, Svensson, Withers

2007.05524
with Serantes, Spaliński, Svensson, Withers
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Thank you


