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Outline

e Introduction

* Why we need the relativistic spin hydro for heavy ion
collisions?

e Connection to other fields -- proton spin puzzle

e Canonical, Belinfante and GLW decomposition of angular
momentum

e Canonical form of spin hydrodynamics
 Belinfante form of spin hydrodynamics

* Puzzles, outlook and summary
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Introduction

* Why we need the relativistic spin hydro for heavy
ion collisions?

* Connection to other fields -- proton spin puzzle

e Canonical, Belinfante and GLW decomposition of
angular momentum
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Asymptotic freedom of QCD
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The Nobel Prize in Physics 2004 was awarded
jointly to David J. Gross, H. David Politzer and
Frank Wilczek "for the discovery of asymptotic
freedom in the theory of the strong interaction."
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Quark Confinement

Quark Confinement:

EFXTiR ~300B.C.
—RZHE, HRH¥E, GitAE

Take half from a foot long stick each day,
You will never exhaust it in million years.

QCD qo—oa
e——0

M
@ g O

a qa q

Quark pairs can be produced from vacuum
No free quark can be observed
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Deconfinement phase transition
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Phases of QCD
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Relativistic heavy ion collisions

final detected
particle distributions

Relativistic Heavy-Ion Collisions
made by Chun Shen ] Kinetic
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collision evolution

t~0fm/c t~1fm/c T ~ 10 fm/c T ~ 101 fm/c
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Strong magnetic fields

* Very strong magnetic fields are
produced

eB~10'" — 10" Gauss

* Novel quantum transport effects
induced by magnetic fields

reaction plane
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Chiral Magnetic Effect

* Magnetic fields
* Nonzero axial chemical potential

of Right handed fermions

gluon field &£

~7 S
instanton — 0
sphaleron

momentum

Kharzeev, Fukushima, Warrigna, (08,09), etc. ...
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Huge angular momentum

* Huge global orbital angular
momenta are produced

L~10°h

* How do orbital angular momenta
be transferred to the matter
" reaction plane created?
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Global Polarization of A and A

STAR, Nature 548, 62 (2017)

RN T T ° H
§ - AUSAU 20.50% . \VSnN < 62.4GeV , we gbserve the signal for
Ny g % A this study - polarization of A and A
eEI‘: @ A this study |
¥¢ A PRC76 024915 (2007) o . .
6 - O X PRO76 024915 (2007) The lower energy, the stronger polarization
I 1 effects
4 Bl
i i ° PZ > P/l
ez, ‘
O ey 1w ‘LlAB
[ e N PAz§?+_T w = (9 £ 1)x10%/s,
10 10° lw puB ‘ greater than previously
(s (GeV) | Pz ~ ST T T observed in any system.

Liang, Wang, PRL (2005)

Betz, Gyulassy, Torrieri, PRC (2007)

Becattini, Piccinini, Rizzo, PRC (2008)

Becattini, Karpenko, Lisa, Upsal, Voloshin, PRC (2017)
Fang, Pang, Q. Wang, X. Wang, PRC (2016)
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The fastest fluid

BEST NEW IDEAS & INSIGHTS

Discover
TOP IOO !

Evolution’s

l'imeline

|HI)|)]['(|

g
Editing Human
Embryos

Cosmic Smashup
Cassini’s Death Plunge

.. AND MORE!

The Fastest Fluid

by Sylvia Morrow

Superhot material spins
at an incredible rate.
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P, [%]

Comparison with simulation results

STAR, PRC98, 014910 (2018)

3 —
Nature548.62 (2017)
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The results from both UrQMD+hydro
and AMPT are consistent with the
experimental data.

UrQMD+vHLLE: Karpenko, Becattini,
EPIC(2017)
AMPT: Li, Pang, Wang, Xia, PRC (2017)
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Local Polarization

out-of-plane
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imulations:

Sign is opposite of expected!
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Local Polarization alone beam direction

0001 Again, sign is opposite of expected!
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Some possible ways to solve the puzzles

* What kinds of vorticity do exp measure?

* The system does not reach to the global equilibrium
* Quantum kinetic theory with spin

e Spin hydrodynamics

More discussions and references can be found in

Review:
J.H. Gao, G.L. Ma, SP, Q. Wang, Nucl.Sci.Tech 31(2020)9, 90
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Spin hydrodynamics
 Relativistic hydrodynamics + spin degree of freedom

e.g. Anomalous hydrodynamics
(hydrodynamics for massless spin-1/2 fermions );

spin current is axial current j5

* Problem: how to introduce spin of a massive
fermionic fluid in a relativistic theory?
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Connection to “spin physics” (QCD)

* Proton spin problem:

(slides from Hatta-son’s talk)

1

2

1
§AZ—|—AG—I—L‘J—I—L9

Quarks’ Gluons’ Orbital angular
helicity helicity Momentum (OAM)
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Total angular momentum conservation

* Nother’s theorem :
xH - x'” = A'L:,xv = (5’:, + El,l,)xv , A'u(x) — A,u(x) = AliAV(A_lx),
(x) = ¥'(x) = A y(Ax),

m—) (I +J1) =0

 Nother current

3
Gp::tg : Jﬁ” "= 30 ia)AA”"“ = —F4(x"0” — x*0")AY — FHAY + FY AH
A

Fermionic Auy 0L v _ T A v v ey
J = Ayt = KoY — xVoH —ixH
part oo d(0ay) W =gyl g )

* How to define the orbital and spin parts?
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Jaffe-Manohar (canonical) decomposition

* Canonical energy momentum tensor  Non-symmetric

0L 1
Gauge TH  — 9 AY — oKV — _FHrGVAY 4 — o FOBE
part A,can a(aﬂAa) 8 LA a 4g aof
Fermioni 0L _ § o
oot Tiean = 3 Gi) 0" — " Ly = iy 0" — &Yy Do —m)y

e Canonical decomposition

| _
JHA = vyl AT — e yYrysy + FHAY — FFY A1

2
Orbital angular Quark helicity Gluon helicity
momentum (spin) (Spin)

 Jaffe-Manohar decomposition (1990)

1

1
5 = §AZ +AG+ LY, + LY., Operators are not gauge invariant.
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Pseudo-gauge transformation

* The variation of (canonical) spin is the anti-symmetric part
of energy momentum tensor

_ Auy _ Av v Ap Apy 112% vu Ay
0 =0 J™" =0, (xchan — X Tcan + Scan ) = Tean — Tean = —0a8can >

* Belinfante energy momentum tensor

MY _ v Auv
TBel o Tcan + a/lKBel

1
A A Pl A
K/UlV — _KIJ/IV l KB,;V — E(chlv _ Sganv n S::/gl )
uy n Vi :
Conserved 6#TBe1 = TBel TBel = () Symmetric
1
% = -FAF L EoRE,

Tl';,nigel = l/;l"yﬂ (ﬁvw + %EMVAPBA(%YS%OQZ’) ) Gauge invariant
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Ji (Belinfante) decomposition

e Belinfante improved total angular momentum

Auv _ qAuv u P v PAN
J JH 4+ 0, (xHKE — x" KR )

Bel —
OpJ WY =0 ey 5 )R = 0
/l/.lV WM AV Y ~/l,u
JA/c,b,Bel =X 1y el — X A/, Bel

* Ji decomposition (1997)
1

§=Jq+Jg

QCD Seminar, 2020.11.23, Shi Pu (USTC) Spin hydro and symmetric EMT
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Table of two different forms

e Canonical (Jaffe-Manohar) decomposition

J = —%&75)/:,0 +EXxA-iy (x x Vg +E(x x V)A

N—— — _~
e AG q g
L L
1 can can
LAY
T — Bivro 'y — o (ivED.. — m non-symmetric
Y ,can piy" 0"y — g7 Y iy Da W Not gauge invariant

» Belinfante (Ji) decomposition

J =~ dysyw—itr' (e x Dy +x % (E x B)

N -
-~

1
LAy

q 8
LJi JJi

Symmetric

™ = Giyh Dy + 18"””6/1(&"%? )
Y, Bel 4 P Gauge invariant
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Two spin communities divided

measured by PHENIX, STAR, COMPASS, HERMES

Jaffe-Manohar j Nonexistent in Ji’s scheme...

1

1
~AY+AG+ LI, + LY

2 2 can T can
common and not measured yet
well-known not even well-defined?

1
— =AY + Lgi + J7 Must be related to GPD!
L.

accessible from GPD measured at JLab, COMPASS, HERMES, J-PARC
also calculable in lattice QCD

Define rigorously.

(slides from Hatta-san’s talk)
E. Leader, C. Lorce, Phys. Rept. 541 (2014) 163-248
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GLW decomposition

* Another Pseudo gauge transformation

UV __ ruv 1 A,pv U,vA V,uA
Icon = TGLW + Eaﬂ ((Dcan + (I)can + (I)can )

Auv _ QAuv Apuv AUV _ qi.Av QV,Au
Scan - SGLW o (I)can Pean = SGLW SGLW

A, A A
0, SEEY(x) = Ty — Thy = =0, S5 (x) + 0,804 ().

w o_ppuv 1 V,AU U,AV
Tge = ToLw ~ 2% (SGLW + SGLW)

Textbook written by de Groot, van Leeuven, and van Weert

Review: W. Florkowski, R. Ryblewski and Avdhesh Kumar, Prog. Part. Nucl.
Phys. 108 (2019) 103709

* Microscopic kinetic theory: GLW is the classical one.

1 1
TH (x) = —tr, / d*k k" K" W(x, k) = - / d*k kM kY F(x, k).

QCD Seminar, 2020.11.23, Shi Pu (USTC) Spin hydro and symmetric EMT
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Question

* Which kinds of energy momentum tensor are measured or
preferred by the experiments?

 Hints:

v Ordinary relativistic hydrodynamics formulism are symmetric.
(Relatively easy to be extended to spin hydro ?)

v Anomalous (magneto-) hydrodynamics (including the spin current
for massless fermions) are symmetric.
(Relatively easy to be checked in massless limit)

v’ Maybe, we eventually need to add the gluons’ contributions.
(A gauge invariant macroscopic theory may be more acceptable.)

QCD Seminar, 2020.11.23, Shi Pu (USTC) Spin hydro and symmetric EMT
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Canonical form of spin hydrodynamics

Ref:

K. Hattori, M. Hongo, X.-G.Huang, M. Matsuo, H. Taya,

“Fate of spin polarization in a relativistic fluid: An entropy-current analysis,”
Phys. Lett. B795 (2019) 100-106, arXiv:1901.06615 [hep-th].
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Basic conservation equations

* Total angular momentum conservation

apy auy __ rpov Vo QY
a()! Jcan - O Jcan =& Tcan — & Tcan + 2
Orbital part Spin tensor
QUV __ Vi Y
‘ 8042 o Tca,n Tcan v

* Energy-momentum conservation

0, TH =0 v

can

* Currents conservation

Ougt = v
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Common strategy for derivation of fluid equations

* Tensor decomposition:
* Parallel or perpendicular to fluid velocity u*
* Traceless part and other part

* Gradient (3) expansion: X K X

* Entropy principle:

to derive the general expression for all components of
tensors
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An example: charge currents

* Charge currents: n: charge
density
‘IJ’ L /_1, ‘ l«l'
Parallel to fluid Perpendicular to
velocity u#; fluid velocity u*;
Leading order Higher orders of
of gradient gradient expansion

g expansion

Higher orders:
exchange the heat
and particles with
other cells.

) 1M

Leading order:
moving alone the u" in average
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Spin tensor decomposition

* Analogy to the decomposition for currents:

J— H H
Parallel to fluid Perpendicular to
velocity u#; fluid velocity u*;
* One can assume that r_, Spin density

auy __ , « v Qv
Z H = U S H _|_ Z ( 1)
spin Parallel to fluid Perpendicular to
tensor velocity u*; fluid velocity u";
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Modified thermodynamic relations

. Density vs Chemical potential
Charge density: n Charge chemical potential: u
Spin density: S*¥ Spin chemical potential: w"Y

Physical interpretation:
Variation of total energy when we

o Thermodynamic relations add one particle with spin $*¥

e+p="Ts+ pun+ w,, S""

energy pressure temperature X spin chemical _ spin
density entropy density potential density

e Gibbs relations

de = Tds+pdn+w,, dS*  dp = sdT+ndpu+S" dw,,
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Orders of S*V and w*V

* In Ref. K. Hattori, M. Hongo, X.-G.Huang, M. Matsuo, H.
Taya, Phys. Lett. B795 (2019) 100-106.

S*, wh’~ 0(3'); w,,S* ~ 0(0?%)

* In our recent work, K. Fukushima, SP, 2010.01608

S~ 0(1), "~ 0(8'); w,,S* ~0(d")

Density is classic O(1), but the variation of energy is quantum 0(61)!

* We only consider the spin hydro up to the first order in
gradient expansion.
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Entropy production rate

* Two ways to derive the entropy flow:
* Directly using

u, 0, + 10,3" =0  + Gibbs relation

‘ d Scan -

* Using the extended entropy flow
W. Israel, J. Stewart, Annals Phys. 118, 341 (1979)

v . 1
Relativistic fluid Sk = u—@‘“’ By _ B G — —w,eSP7ut + O(0?)
generation I ”T T
of Gibbs relation — suh + = @(1) Tjﬁ) +0(07),
)  0,Sh,, >
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Constrains from entropy principle

Ky — HY e v v v .
Tca'n, Lq;(.()) _I—Nq—’(tlz T(,Jis) — T(li) —|— T(ll; symmetric
eading ext-to- v % % anti-
order ::::ng T(lia) — T(li) R T(II; symmetric

9,8 =T". 9,

2T 1
. vt (1la) h

T 2

Thermal vorticity
Wy = (" — u'u®) (¢ — wu)

X[0a(ug/T) — Op(ua/T)]

Ordinary terms
not related to spin

Non-relativistic

..k .. V k
limit o) €77wg ~ (VX f)
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Global equilibrium

Ordinary terms
not related to spin

U,

7.0

a S} ls) IJ'T

can

Widely proved by many approaches:

F. Becattini, L. Bucciantini, E. Grossi, and L. Tinti, Eur. Phys.

J. C 75, 191 (2015)

F. Becattini, W. Florkowski, and E. Speranza, Physics Letters

B 789, 419 (2019)

K. Hattori, M. Hongo, X.-G.Huang, M. Matsuo, H. Taya,

Phys. Lett. B795 (2019) 100-106.

Also see recent reviews:

Y. C. Liu and X. G. Huang, Nucl. Sci. Tech. 31,56 (2020)
J.H. Gao, G.L. Ma, SP, Q. Wang, Nucl. Sci. Tech 31 (2020) 9, 90

Wi = (= w9 - u')

X[0a(up/T) — O(ua/T)]

Thermal vorticity

2T 1
(la)
T Wyy -+ 2thh —0
Must vanish!

Spin chemical potential w"”¥ must be
related to thermal vorticity as

— Tw v/ 2 in global equilibrium!
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Local equilibrium

2TH 1
o N A TR L ¢ 1) L th
0uSéan = T(15)0k T g(l)auT + (w,“, + 2Twm,) >0
» Tensor decomposition of energy momentum tensor
symmetric Tﬁ:) =  h*u” + h"u" + 7#”
heat flow viscous tensor
anti-symmetric T(:‘i’;) — quuu . quuu + ¢uu
e+p .\ M w
Lo — L 7 W _ v
aﬂscan o (h n ](1))6 _|_p(g"a u,,ua)a T dissipative terms
— 11 in ordinary fluids
+Ta<u’uu> + gf’”ff(a - u)
1 1 WU’
K[~ (o). _ v
+q"| T(u B)U“ T 8“’1’ +4 T ] new terms related
+¢" (Wi + 26wy] > 0 o spin
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Entropy principle

e+p.\ ,

ap‘sétan - (hﬂ - T](l))m(gua - UVUQ)a f dissipative terms
i 11 in ordinary fluids
+?8<uuu> + gfﬂ—ﬁ(a ) ’LL)
1 1 WU’
B[~ (o . — i
+¢"[ T (u- Qu, + 8#T t+4 T ] new terms related
¢ Wity + 28] 2 0 oS

* To ensure the entropy production rate be always positive,
the only possible way is

1
¢ = A0+ FAma,T - aw),
¢ = 2y[Twly +2(g" — u'u) (9" — u"u’)wagl/T.

A, ¥y = 0 are new transport coefficients
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Brief summary of canonical form

* Energy momentum tensor has anti-symmetric part

uv _ 2224 224 uv L uv v ;
Ton = Toy+Tny  T0) = TE+IE symmeric
Leading  Next-to- TH = TH TV anti-symmetric
order Leading order (1a) 1) (1)

* In global equilibrium, spin chemical potential is related to thermal vorticity

1 Power counting: w/,~0(d")

wh = —=Twt”
2" th - w,,~0(0")

* Symmetric part is as the same as the ordinary fluid. The expression for anti-
symmetric part can be derived by entropy principle.

T'LLV p— /_Lub’ —_— Vuu' MV
(1a) ! 4 t¢ Power counting: T‘E‘;’a)~0(a )
v
m .
¢ = 29[Twly + 2(g"* — uwu®)(g"" — u"u’)wep)/T. = SH'~0(1)

A, ¥ = 0 are new transport coefficients
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Belinfante form of spin hydrodynamics

Ref.
K. Fukushima, SP,
"Spin Hydrodynamics and Symmetric Energy - Momentum Tensors

— A current induced by the spin vorticity”, 2010.01608

QCD Seminar, 2020.11.23, Shi Pu (USTC) Spin hydro and symmetric EMT
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Basic conservation equations

* Total angular momentum conservation

T = Jee 4 0, (2 KEl' — 2 K, 9. I — 0
— TBel TBel _ ’
¢ Energy momentum conservation These two
equations are
O TBel — 0. equivalent!

* Current conservation

gt =

QCD Seminar, 2020.11.23, Shi Pu (USTC) Spin hydro and symmetric EMT 42



The common argument:

No spin in Belinfante form?

9, JE = 0, 9, Tt = 0.

el

There is no equation for spin.
There is no degree of freedom
for spin.

We cannot observe spin effect
in Belinfante form.

e Belinfante energy momentum tensor is
connected to canonical one by pseudo
gauge transformation.

If a physical (spin) effect disappears after a physical transformation,
then, did that mean this “physical effect” is unphysical?

Or, should it be that this physical effect will appear somewhere?

QCD Seminar, 2020.11.23, Shi Pu (USTC) Spin hydro and symmetric EMT
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Belinfante energy momentum tensor

* We take the pseudo gauge transformation

_ Nz AUV v
TBel — Tcan T 8)\KBel — TO + T(l)
Leading  Next-to-
order Leading order

T

1
= Wi 4+ Rt §a,\(u%“”\ + u¥ SHA)

heat flow viscous tensor spin density tensor

spin corrections to the
energy momentum tensor

QCD Seminar, 2020.11.23, Shi Pu (USTC) Spin hydro and symmetric EMT 44



Spin corrections

TH:

1
1) = = h¥u” + hYut + 7 + §8A(u“5")‘ -+ u”S"')‘)

heat flow viscous tensor spin density tensor

spin corrections to the
energy momentum tensor

Using standard tensor decomposition, we have

T = (Bes)uru” + (R + 6 )u” + (B + ShY)u¥ + 7 + 6mt

de. = wu.0.SP° Spin correction to energy density
s pYo )
1 1
ohl = §Ag8>\5"”\ + §upsp>\8)\uu Spin correction to heat flow
1
ot = O\(u<HSV>) + 58,\ (u? SPA o Spin correction to viscous tensor

Spin will appear as corrections to the ordinary dissipative terms!

QCD Seminar, 2020.11.23, Shi Pu (USTC) Spin hydro and symmetric EMT



Frame dependence

* In ordinary relativistic fluid, we have Landau (energy) frame
and Particle frame.

* The heat flow depends on frame. In Landau frame, there is
no heat flow,

B g H
uy = u" +

(h* + 5h“),
e+p

but the dissipative current will be modified by spin correction!

YU T i - YU
oy = (= ) woity ity =

n

e+p

ohH .

n

Non-relativistic limit (53'(1) —

2T D) VxS+vx8

+ (V- v)s—2(s- V)v+3] .
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Quantum spin vorticity

* We have derived
Si — Eiijij

6j(1) XX —(v X S) spin density alone

i-th direction

Curl of spin will induce a current

(a) SHE

spin angular momentum

conductor

kinetic momentum

Standard Spin Hall Effect (SHE) Spin Hall Effect (SHE) understood by quantum
spin vorticity

M. Fukuda, K. Ichikawa, M. Senami, and A. Tachibana, AIP Advances 6, 025108 (2016).
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Entropy principle (1)

* Using the same method, we get the entropy production rate

. wl L
0,S8" = (e’ ijh‘u — j(l)) A0 T + TW“ O, + A

Spin § U U Uy Woo o
co:rections A= B [()A(UMS A SHA)] nop T L()A( ASP ).

It is not in a squared form at all!

* The simplest way to ensure entropy principle is to let
S =0,A=0

That is the way to “get” the common argument “No degree of freedom for
spin in Belinfante form”.

Of course, it is a (trivial) solution. But, is it the solution?
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Entropy principle (2)

* Using the same method, we get the entropy production rate

) n , N T S
0,S" = (e ijh‘u - j(“l)) A,,0 T + ?7?“ O u, + A
Spln o 1 - A\ A\ ~ u W oo o A\ o
corrections A = - [()A(’UJMSU + u” S* )] ;u_’/ - L()A(u 5P7) .
2 T T |
It is not in a squared form at all!
1 v
—) A= 50 [a,\w‘s“” + S + u”S“*)“ﬂ 0,68"
- 3OO - SFoAS).

 We move the total derivatives to the entropy flow (redefine the entropy

flow)
/
0,(S* +68") = ...+ A' >0
Similar to the anomalous fluid D.T. Son, P. Surowka, PRL. 103, 191601 (2009).
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Entropy principle (3)

Ou(S* +068") = ...+ A" >0 A'= —a,\(u*S#”)(%au% + wzﬁi)

It reproduces the results in canonical form!
* In global equilibrium, "V = —Twﬂ,’,/z.
* Inlocal equilibrium, by the tensor decomposition,

O\ (urS*7) = q*u’ - ¢°uf + ¢*°
we can get the same results as in canonical form.

1
¢ = A(u-9)ut + fA‘“’&,T — 4wt u,),

¢t = 29[Twy, +2(g"* — w'u®)(g"" — uu”)wasl/T.

We have re-discovered the equation of motion for spin by entropy principle!
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Main equations for Belinfante form

* Energy momentum conservation

9Tt = 0.

el

* Current conservation

Oug" =

equivalent

()

* Equations from entropy principle

ONWS) = ou” - w4 ¢ "

o =

 Number of equations: 4+1+6= 11
e Variables: T, u, S*V, u!, 1+1+6+3=11

el

9, JE = 0,

A(u - 9)ut + %A’“’@,,T — 4wy, ],

2y[Twhy + 2(g"* — ubu®)(g"? — uu” Ywagsl /T

 Equation of state: e = e(T, u, S*V) + Gibbs relation w"’ =
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Puzzles, summary and outlook
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Recalling Belinfante energy momentum tensor

Tﬁ‘él is symmetric, gauge invariant (with gluons).

v Ordinary relativistic hydrodynamics formulism are symmetric.
(Relatively easy to be extended to spin hydro ?)

v Anomalous (magneto-) hydrodynamics (including the spin current
for massless fermions) are symmetric.
(Relatively easy to be checked in massless limit)

v’ Maybe, we eventually need to add the gluons’ contributions.
(A gauge invariant macroscopic theory may be more acceptable.)
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Not prefect | Unsolved problem

* Energy momentum conservation
equivalent

B, TL = (.| 4wy | 9, JE = 0,

e Current conservation

A" =0

* Equations from entropy principle

1
a}\(u)\spa) _ qpua - qaup + ¢pa ¢ = A[(u-a)u“+TA“”@,,T—4w””u,,],

This is not a fundamental equation! ¢ = 27Twi +2(9" — u*u®)(g" — w"v’)wasl/T.

* Number of equations: 4+1+6=11
e Variables: T, u, S*V, u, 1+1+6+3=11

 Equation of state: e = e(T, u, S"*V) + Gibbs relation ,w — _de_
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Summary and puzzles

Summary

* We have discussed the Belinfante energy momentum tensor,
which is symmetric and gauge invariant.

 We have found the spin corrections to the dissipative terms,
including quantum spin vorticity.

* By redefining the entropy flow,

e we can reproduce the well-known results “in global equilibrium the

spin chemical potential is related to thermal vorticity wV = —wa,’,‘,/
2.”

* In Local equilibrium, we can rediscover the evolution equations for the
spin effects, which is consistent with the one derived in canonical form.

Puzzles

* We do not know how to get the evolution equations for spin in
a more fundamental way.
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Thank you for your time!

Any comments are welcome!
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Backup
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Symmetric energy-momentum tensor

|
T pa = ~FaF"" + 28" FP Fap, 21)
I R
T:ﬁl,vBel = lﬁl’)/” D ¢+ ZSMV ll 6,1(W}’5')’p¢)- (22)

These are very desirable expressions and all the terms are manifestly gauge invariant,
thus corresponding to physical observables in principle. At this point, one might have
thought that 7¢" does not look symmetric with respect to u and v. In a quite non-

. ¥, Bel . : .
trivial way one can prove that the above fermionic part is alternatively expressed as

T _(,/;I' (.U(B)v) hich is obvi ] ri
w.Bel — Y1V s, which is obviously symmetric.
|
5= Jg +Jg (23)

Coming back to the angular momentum, we can introduce the Belinfante “im-
proved” form for the angular momentum, i.e.,

Apy _ yauv M P v ppAu
Jh = T 4 9, (xHKEL - X KB (24)
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Main equations

T = 0| Thy = TW + 0Ky =Ty + T/

Bel can ( )

TH:

1
0 = = h*u” + hYut + 7 + 58)\(1#‘3”’\ + u¥ )

heat flow viscous tensor spin density tensor

spin corrections to the
energy momentum tensor

1
qiu‘ = A Uu - 8 u‘u' —‘I— _A,U/l/auT - 4(4.)“““1/ 9
087 = g - w7 L |
¢ = 2y[Twl +2(g" — uu®)(g"" — uuP)wep]/T.
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