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Chiral Effects in HIC

First order currents!

Chiral Magnetic Effect Chiral Vortical Effect
Req 5y~
Ctio /Q/
7=" 3 Plne < 7= HH5 5
272 2
4 é

Chiral Separate Effect ~ _, P Local Polarization Effect

AL (e L moT? 4 3(p” + pE)

J5 = 27]'23 es%) 5 = 6.2 ) W

Kharzeev, Prog.Part.Nucl. (2014) ; Huang, Rept. Prog. Phys. (2016) ; Kharzeey, Liao, Voloshin Prog.Part.Nucl. (2016);
JHG, Ma, Pu, Wang, 2005.10432 A review for Nucl. Sci. Tech



Theoretical methods

Quantum Field Theory

Kharzeev PRD(2009), Landsteiner PRL(2011),
Fukushima NPA(2010), Hou JHEP(2011) ......

Anomalous Hydrodynamics Gauge/Gravity Duality

Son PRL(2009) first order: Erdmenger JHEP(2009)
Yee PRC(2014) CME CVE Yee JHEP(2009)
Yin PLB(2016) CSE LPE Rebhan JHEP(2010);

Hongo PLB(2017) ... ... Lin PRD(2013) ......

Chiral Kinetic theory Wigner function approach
Stephanov PRL(2012) Gao PRL(2012)

Son PRD (2013) Chen PRL (2013)

Manuel PRD (2014) Hidaka PRD(2017)

Huang PLB(2018)...... Yang PRD(2018).....



Why Second Order Correction

Large vorticity and magnetic fields in heavy ion collisions!
Causal issue in first order relativistic hydrodynamics!
Coupling terms between vorticity and electromagnetic fields!

Check the perturbation formalism!



Previous research

Quantum Field Theory:

Jimenzez-Alba PRD(2015) Hattori PRL(2016)

Anomalous Hydrodynamics Gauge/Gravity Duality

Banerjee JHEP(2012)
Bhattacharyya JHEP(2014)
Megias JHEP 2014

Bu 1912.11277

Kharzeev PRD(2011) second order

correction

Chiral Kinetic theory Wigner function approach
Satow PRD(2014) Hidaka, Pu, Yang PRD(2018)

Gorbar PRD(2017) PRD(2017) Hidaka, Yang PRD(2018)

Abbasi JHEP(2019) Yang, JHG, Liang, Wang 2003.04517
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Wigner operator in QFT

Density matrix in QED: p(m-l-%,ﬁ?—%) =1/3($+y) U(Hgvm‘y)‘b (m_%)

. . . 1
Gauge link / Wilson line: | ¢ (A,m+%y,x_%y) = PEXp (—iey’“ /O dsA, (x—%y-l—sy))

Wigner operator: W(z,p) = Y ~iny, (m 4 Y. 2)
s

Straight line path  [——> W(z,p) = ¥(z)d* (p - 7(2)) ¥(z)

Particle density at x with kinetic momentum p : Ty = P — eAp(x)

Heinz, PRL 1983; Elze NPB 1986



Wigner function and equation

Wigner function

Unnormal ordered : W(z,p) =< W(z,p) >

Normal ordered : W(z,p) =< W(z,p) >

Dirac equation in background electromagnetic field :

iy D(@) = m] (2) = 0= (x) iy - D'(x) 4 m|

Wignher equation :

+

[’m (I_I’“’ + %iG”) - m] W(z,p) =0

Nt = pt—=j
i 51

2

Vasak AP1987

1
! (la)waﬂg, ¢ = ag—jo(aa)wag, A= 0,

The Wigner function in Wigner equation must be unnormal ordered!



Chiral limit

; ; . 1 ) ) 1
16 Wigner functions: | 11 — : [clgz + ir® ;Ta n wyl/u n 75,},;5% n QJWC;FW}
v v v v v
scalar  pseudo vector axial tensor
32 Wigner equations:
I'I”’f/,u == mrg’a, 0 = G#"V,U: .
Real parts Gy = om, 0 = nhay, Imaginary parts
2“#? + Gycyuy — 2’}%7/“, O == Gp,y - 2”1}:5”’_“;,
GMQZ - €,uupol_|yypff = ngfzfﬂ, 0 = 4[_]#33 + Eﬂypg(}'yy'og,
(Guﬂj/y — GV’VM) — QEMVpngprfcr = meuy 0 =2 (I_I,u’y’b' - I_Ii'/ﬂf/ju) + e,lu/ﬂUGp'Q‘{U'
Chiral limit m=0
n“y, = 0, Mta =0, M. + %Gvy,,,,, — o
N O R Sl B )
EMV,OO'GPJZ{J = -2 (nu% — rlylj/u) s _G“L@ + G;J.J/pa‘rluypo = 0,
eupe GV = =2(Npay — Ny, . N, + %ewpgeyypa = o.

8 functions +16 equations

8 functions +16 equations
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Right/Left-handed Basis

Chirality basis: b= % (Y + say)
Right: s = +1 Left: s = —1

Gud‘u — O, ﬂ”&zfu — 0, 2 (nuﬂy — nyd‘u) — _Ep,ypg'Gpa//O-

Y

Gu/su =0, M, fF=0, Q(HM/SV - ”V/Su) - ‘SEWWGP/sU

4 independent functions + 8 coupled equations
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Disentanglement Theorem

Component decomposition : Ilh= Fanu+ FF | w221 su=n. g 0. 7=0

Auxiliary n, can be identified as the 4-velocity of reference frame !

Semiclassical expansion:

=y kg
k=0

o0 o0
=y Rhark)  np = Y Rkpek)
k=0 k=0

Only Zspn isindependent :

1 function + 1 equation

js(O}u
?U)

P
— _ng(n)ﬁi’
— ﬁ j‘m S ey (pﬂ j(o)#)

2pn

It has been proved as a theorem up to any order of 71 !

arXiv:1802.06216 JHG, Z.T. Liang, Q. Wang, X.N. Wang Phys.Rev. D98 (2018)
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Distribution function in different frames

Transformation rule of distribution function in different frames n and n':

o Fsn (0) _ ~(0) (0) _ (1) (1) (1) SEAV’OUH)\‘?ILVP(})UF(O))
Fsn = n 0Fgy = an’ —Fyn' =0, oFy = Fmr — Fen' - 2(n'-p) (n 'p)m
Side jump

Non-trivial transformation and chiral vortical effect:

#Mp/\ ..... :-:z:.,- ................. ....... ng,\;c ................. |
fs(l)'u’ _ gsp € p;/n.g()p»3AF§T?), -|- S€ NyPap aPB/\F;@’ — _EE#VPUpUagBGEcg’?)’
4n - p : 2n-p ' 4
nt = y# pH =uk/T
Spin-vorticity 1 g N C CVE
. T |V| VE
coupling 33M agnetization —j 7 1JM

arXiv:1810.02028 JHG, J. Y. Pang, Q. Wang Phys. Rev. D 100 (2019)
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Covariant perturbation expansion

Wigner equation in static and uniform EM field:  ¢=vr=0¢ - pop, nr=p!

VY =00 pu =00 2(pp Jsv = fep) = —seuupo VP J§

l, semiclassical expansion | == | V'=0'-F"0’ 0L & F*’expansion

Wigner equation order by order: Iterative equation

-------------------------------------------------------------------

vﬂfs(n)u =0, Pﬂjs(?)u =0, 2 (p#/sv Pu/su ) _Sewpavpfs(n_l)aé
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The zeroth order solution

The Ot order equations:

Pu/(o) _py/(o)

u/SO)

Fermi-Dirac distribution:

—

B=1/T,

The 0th order solution:

W= o (P?) £s

ﬁS — US/Ta /BM — 6uﬂ

1

fs = 47T

0 (po) N #)-|—1+ (—=po)

L 1
_(/B'P_F_Ls) +1 a

Impose transport equation:

vujs(om

—

Vlasov equation

(VY = 0
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Constraint conditions

Global equilibrium condition:

B HA5=0, it =0, |20, =0

81)8“[]3 = auayﬁg
) H R Rt =0
,Bu — _waﬁc ) R }\ ................. )\
Q= (8MBU - BUBM) /2 ..... “....
_ 1
Quv: constant s = _EF“)‘:{;)\QW:;:” +cs, Cs: constant

Find the solution under global equilibrium with constant F*Vand Q*V!



The first order solution

General form for the 15t order solution:

/s(ul) — ppfs(1)5(p2) + Xsu ( 2) ‘|'

Ew/papyv /s

Further determine fs(l) and Xgﬁ) ;

2 (pu/s(vl) - pvfs(;})) = —Sﬁuupavpfs(o)g |:>

v, =0 —) PV =0

| S
ngu) = _EQyApAfé

set (1)

—

=0

W g,

The 15t order solution: >

Pl — sE\p™ f58' (%)

Q,u)\ = E#AaﬁQ

a5/2’

Fo\= eﬂ,\aﬁFaﬁ/z
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The second order solution

General form for the 2nd order solution:

5 =056 + X80+t S

Similar to 1t order, we can determine x'? =g and set fSQ) =0

Sy =

The 2" order solution:

5 1 1
2 = =5 QP py L5 (p?) — —qu L7 Sy 18 (92)
+ P, Q7 p) f16' (%) + Epu F.5p" Q7 py 16" (9°)

1
—FyuF7py f6" (p°) — gp,uny,BpB F7py f58" (p%)




Solution up to 2"9 order

The solution under global equilibrium with constant F*"Yand Q*V:

© = s () £
1 8 & 2
W= =S ) — sEap e (p7)
1 1
3(/3) = ——Q’WQ 12V) (5(272)__]9,&9 BpﬂQw\p f;’5’(p2)
+F7uQPYApAf55,(p2) + Epu fyﬁpBQfYAp)\fséﬂ(pz)

1
— Py F 7y [ (p%) — gquq/ng F'pafs8" (p°)
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Charge currents at 0t order

Left-handed or right-handed current:

jH = / d*p g1

Vector and axial currents:

g = ijL—I _I_jﬁ]_a J5 = Ji1 —Jq

Charge currents at 0'" order: s = 11+ spis

I e i)
eeor | 0% =t zaalrrd
it | 7 = e LT
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Charge currents at 15t order

Charge currents at 1t order:

Left/right: | jUF—¢ 1, B

Vector: j(l)“ = {wh + ¢gBH

pis o _ M
T BT om
| - T =
Axial: Jé )u = &sw! +Eps B! > 62 © T o2

Electric part and magnetic part decomposition:

F‘m/ — Eu%y - EVUM ‘I‘ EMVPUUPBU

TQ}JJ/ — EMUV - EI/UJM ‘I‘ Euypgupwg
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Charge currents at 2"9 order

Left-handed/Right-handed currents at 2"¢ order:

Anomalous magneto-vorticity coupling K. Hattori, Y. Yin PRL2016

4
...............................................
1 = C : .
j@” B2t - (e Etu B - — (B2 4 B)u* bf» Charge density
e 82 72 :
1M0 ................ g stg ............ )
e UyBps — € Uy Bp By ieenseeseens » Hall current| from F*
: 8re i 127 :
v
Hall current from the o, = L[®dy|_ e
: T T ‘ IOy | (evris 4 1)2 (evtis + 1)2
coupling of F*Vand ()
M - RV =0 D eupe BPwW” = €uppoe’ B
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Charge currents at 2" order:

Vector:

Axial:

Charge currents at 2"9 order

Charge density
A
o = —L(€2+w2)uu—i(€ E+4w-B)u* L(EQ-I-BQ)U“
472 472 O :
E_ieuvpou Eow _ieuupau E.B . ........... » Hall current
T2 ST
1 1
C:§(C+1+C—1) : 05—5(C+1—C—1)
Qp _i B0, oy 05 9 o0y .
e = 471‘2(6 +w)u @(E +Bu e Charge density
. 05 L po .
E—ﬁe uyEpBy  Frereeee » Hall current
T
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Hall currents from EM field

TC,

0.6 —

04F 1
02f ~

LH / RH Hall coefficient from EM field:

c. — l /oo d_y eY—Hs - eYtiks i 0_0: I,
TJo vy (ey—,ﬁs + 1) (ey-l-ﬁs + 1) sl 1
lus LTI TCs ~ 0.4263 15 lus > T|: TCs =1/ps
Vector and axial Hall coefficient: 0= % (O+1 + O—l) s = % (O-|-1 _ C_l)
s < T TC ~ 0.4263) s > T: TC = fi/(i> - i3)
TCs ~ 0.4263[s5 TCs = —fis/(i° — [ig)
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Stress tensor at 0t and 15t order

Canonical stress tensor: TH = /d4p/8ﬂp’/ TH = T‘“’ + 1

Total stress tensor up to 15 order:

vr4+ 2n?(i° + fig) + i* + 6/1°18 + i

Energy density: p =




Decomposition: T(Q)“V_T(Q)#V+ (2)W+ (2) pv

Stress tensor at 2" order

S,WV sve See

V:  vorticity tensor e: electromagnetic tensor
(2w _ 1 o 4 B Xl 1 o 4 A plt
Tsive — g d*p "y L0 () - 751, d*p 'p 115 (0°)
9 1
T = P, / d*p "0 10 (%) + PR, / d*p 90110 (%)
2
it = ——F'Yﬁ A / d*p 00’ p 10" (0%) - FIE, / d*p p'p 0" (%)

s,ee
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The “vw” and “ve” contribution

Moments expansion:

1 .
/dﬂ'ppyp)\Y = uyu/\/dﬂfp (u-p)QY - gAW/dAfpﬁQY, Scalar: Y(u,p)

1 1 _
u#uyuﬂm/dﬂ'p (u-p)*Y + 1—5A(WA5,\)/d4pﬁ4Y-|- gu(uuuAm)/dl‘p(u )Y

/ ' ppupupg)Y

The “vv” and “ve” contributions:

Tg(}%);w _ —%55 [3u'uuy(w2 + 82) _ A/w(w2 + 62) _ Q(UNEVO&,B'T + uuﬁﬂaﬂW)ua56w7

M=
_Q(uueuaﬁ’)f _ uuéuaﬁ’Y)ua%wq] ,

TN = —%BS (W B+ B) = (W'BY 4 B'e) — (uhe ™ 4 e uq Egoy

s,ve —

_Q(uueuaﬁ')f _ yletaby )uaEBw’y}
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The “ee” contribution

Dimensional regularization:
1 - —
/ dppinyY = w ] A (u-p)?Y + EAW / dppY. d=4-¢
1 1 _
/ ddppupupﬁp,\l/ = gl / ddp (u -p)4Y-|-d2—_1A(WAﬁ/\) / ddp 1')4Y-I-d_—1u(“u,,AlB)\) / ddp(u' p)gpQY

Electromagnetic field contributions:

p@uw _ 1

1 , N 1
s,ee 125‘1; (_g‘uVFA’,JBFqB —F I#Fﬂ/y) ‘I‘ u‘u’LLVEQ

4 4872 4872 AW (EQ T 2B2)

127r2

1
+16ﬂ'

1
(E"E” + B*B) + = (uuevaﬁv 4 uehe 37) ua BB,
T

(uﬂﬁuaﬁ’y U Emﬁ?) ua BB,

€ —

3—¢
42 T~¢

kg =

r

i

/00 dy 1 n 1
(%) (27‘()3_6 0 yl'l'e e(y_ﬁs) +1 e(y+ﬁs) +1

27




171 1 1 /3 ~
Expand k$ around € = 0 : ke = —— |- t+In2+-Int+ -9 (—) —InT 4+ ks

T Le 2 2 \2 |
g----l:jnlu.-t- -------- . ----i---:tuuln ----------- ::t--r-;----u. ----- é -:------------------------g‘ i B md |n i 1 -I_ 1
Utravioletlogarithmic divergence | %= |, s g oGy ¥ eyt

Ultraviolet divergence

Total stress tensor by summing RH and LH:

T

o

V(\?)W _

1
—565 {3u’“’u”(w2 + 52) — A’“”’(w2 + 82) — 2(u“emﬁ7 — u”e”o‘m)uaaﬁw.y
_2(uu€ua57 _ uueuam)uasﬁwﬂ ,

1
—5535 [u'u’uy(w ‘B4¢-E) — (WBY + EMe) — (ule’ BT + u”e”aﬁfy)uaEﬁwv

_Q(U,ueuaﬁ’)/ _ uueuaﬁﬁ)uaEﬁw,Y} ’

1 (1 1 > 2 | o
—eh (Zg“VF,YﬁF'Yﬁ - F’V“F.yf’) + o403 (W B - A (B2 4282
+4 (EFE” + B*B") + 3 (ue"*" + u/#*07) ua Eg By

+3 (uﬂGVozﬁ’Y _ uueuaﬁv) uaEﬁB’Y} P (H’El-l — Re_l)/Q
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Trace of the stress tensor

Traceless stress tensor order by order:

0 1 2
T =0 T =0, T =0 | | ¢ = [ =0

Separate contribution from pure electromagnetic field: guwg"”’ =4 —¢
o Lo (Lo e s } ,, ......... e W
Guvlee ~ 6" Juv 49 ~B 7 = Ryl eFyy FH" = _247T2FMVF}J
. o
o0 u'u’B? - AW (E? +2B%) + 4 (EMEY + B'BY) 2;2 Fiu FHY
L T ey

(u“emm + u”e“am) + (u”emm — u”e”o‘ﬁw)] uaE537 =0

‘|‘@guu




Revisit divergence part:

Trace anomaly for QED:

EM field contribution

2) v 1 1 6
g Tes " =—oa ¢ P = Fu Y
2 1
= L g — B g
QWTQED 2472 ¢ ot +26FWF

The total stress tensor by including the quantum correction from gauge field:

Trace anomaly:

1 1
= (rg +1n —) (ng“’F gF"P — FE ”)
E~|-2£:L 5 |utu B — AP (B2 4 2B%) + 4 (EMEY + B'BY)
. T .
L2 s N o
tos (ue P — e g By By 4 (/e — ¥ ) uoFgB, |
7 H
\
vV 62
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The conservation Law

Constraint conditions Conservation Laws
OuPv + 0Py = O, 0,T"" = F"j,
Ouit + FpwB” =0, :> o = 0,

Oups = 0O, ol = 1 F.B
w5 27T2

Symmetric and antisymmetric part of stress tensor:

T =T¢" +T) OIS = Py, T =0

- T
Chiral anomaly: Oujt = 3uj§l)” — TB”G”S% — 2—B‘“ama =——F-B
™

How does the chiral anomaly emerges from quantum kinetic theory?
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Chiral anomaly in QKT

Chiral anomaly from chiral kinetic theory: f particle [ antiparticle

s d°p - >p .
Iujs = ﬁE‘B/mQ‘Vp(f+f)=—71E'B/4—7r3(f‘|'f)vp'9

Berry curvature: Q= 2#’? Berry monopole: V,-Q= 2183 (p)
T B fp=0)+7p=0)=1 T
T ' — Flry — : | ——F - B
Oy 5 [e=0+Ffp=0)] | | 5.2

Stephanov & Yin PRL 109,(2012)162001, Son & Yamamoto PRD 87 (2013) 8, 085016



Chiral anomaly in QKT

Fujikawa et al PRA2005,PRD2005,PRD2006
Berry’s phase and chiral anomaly basically different
Mueller et al PRD2017,PRD2018,PRD2019

Berry’s phase and chiral anomaly arise from different part

Hidaka et al PRD2018
Chiral anomaly from the non-trivial boundary condition

JHG et al PRD2018
New possible source term contributing to chiral anomaly

Yee et al PRD2020

Chiral anomaly and Berry connection from Feynman diagram
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Chiral anomaly from Dirac sea

1
vu/s( u _

Wigner equation:

Take difference and integrate over p:

—

Ou S

(Dp _

81/ S(l)li

833]5 — F,uv/d4p

(Dw

58 oAy 5 g sl 2 _ 1 - L
/Spb - ,u)\p fs (p ) SF,u,\p fs0'(p°) fs—ﬁ[g (po) e(ﬁ'Pﬁs)+1+9(_pO) m—l
Chen, Pu, Q. Wang & X.N. Wang PRL2013
4
_2WJ28 dzf:E Ay (iE) 4d Berry monopole
E-B E E-B
Ot =~ 5 [ d*p0" ot 5] = —
[ K 2
473 Y @p &, . 21
272 ) o P 2|p|3 3d Berry monopole

ArXiv:1910.11060 JHG, Z.T. Liang, Q. Wang;

ArXiv:2002.04800 R.H. Fang, JHG




CKE Particle vs Antiparticle

CKE for particle by [ * ap, CKE for antiparticle by [°_dp,
(14575 - Sy) a1y (1-5RB-Sy) o],
+[74 sRE x Gy 5 (5-Gp) B - ¥y + |- SRE x Gy — 5T (- Gy) B - Va
+[E+ax§+shé-éﬁp]ﬁpfp —[EMXB'—SEE’-B’%]-%%

Null normaIAcontribution

Chiral anomaly:

52
="
_|_
z?:
c/a
=t
ol
oo
\.,

v

Dirac sea contribution
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Chiral anomaly for massive fermion

Chiral anomaly for massive fermion:

1 : . .
o S . A 4 -
8,”5 = —2mJs 271'2E B : Js jd P :

Chiral anomaly for massive fermion from Wigner equation:

5t = ~omjs — =5 [ 9V o - m)]

E-B [d%p ( Py )

oM — o —rE
IS T o2 | o2 K (pp+m?2)2 E.B
, E-B [d3p. ( 8] ) 272
—2mJjs — —dp -

2w2 ) 27w 2(p2+m?2)3/2

p

Modified Berry curvature: Q= 207 1 m2)32 No exact Berry monopole:

ArXiv:1910.11060 JHG, Z.T. Liang, Q. Wang;  ArXiv:2002.04800 R.H. Fang, JHG
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Nonperturbative calculation

Chiral fermion in uniform magnetic field. The summation over Landau levels can
be transformed into integration by Abel-Plana formula

F(it) — F(—it)

1 0 00 (00
SFO+ L F) = | aFE@ +i [

e2rt _ q
Normal ordered energy density for the righthand: b= 2eBB? = 2¢B/T?
b2 In b2 b2 1 X
00 __ - — N1 2n+42
5 = ..+ 3847257 + 9671'2[3401('u5) + sznz::l Koy 420,41 (125)0°" 77,

Unnormal ordered energy density for the righthand:

bQ A 1 o)
700 — . _ (C m In—) —— > KopioC [s)b>" T2
€0 + 962 1(ms) + - + 2m2 58 nzzzl on4+2C2,41(1ts)

Cont1 (B 5 !  dying L ! !
= — _— N — —
Qn—l—l(IJ'S) n,0 + (47’L + 1)| /0 Y ydy4”+1 <ey+ﬂs + 1 + eY—iis + 1)

ArXiv:2005.08512 R.H. Fang, JHG, D.F. Hou, C. Zhang
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Summary

The charge currents and stress tensor up to second order 7 have been
obtained from Wigner function approach.

The charge and energy densities and the pressure have contributions from
the vorticity and electromagnetic field at the second order.

The vector and axial Hall currents can be induced along the direction
orthogonal to the vorticity and electromagnetic field at the second order.

Chiral anomaly in quantum kinetic theory can be derived from the Dirac
sea or the vacuum contribution in the un-normal-ordered Wigner function.

Thanks for your attention!
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