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The giant dipole resonance (GDR) observables are calculated within the thermal shape fluctuation model by
considering the probability distributions of different angular momentum (I ) and temperature (T ) values estimated
recently in the deexcitation process of the compound nucleus 88 Mo. These results are found to be very similar
to the results obtained with the average T (Tave ) and average I (Iave ) corresponding to those distributions. The
shape transitions in 88 Mo at different T and I are also studied through the free energy surfaces calculated within
the microscopic-macroscopic approach. The deformation of 88 Mo is found to increase considerably with T and
I , leading to the Jacobi shape transition at I ∼ 50 h̄. The combined effect of increasing deformation, larger
fluctuations at higher T , and larger Coriolis splitting of GDR components at higher I , leads to a rapid increase
in the GDR width.
DOI: 10.1103/PhysRevC.96.024322
I. INTRODUCTION

The exploration of extremes of nuclear landscape has
unraveled several interesting phenomena, leading to a better
understanding of the nuclear force. The extremes in terms
of isospin, density, and spin have received more attention in
the recent past, when compared to hot and rotating nuclei.
The recent advances in experimental [1–6] and theoretical
[7–11] efforts have rekindled the study of hot and rotating
nuclei. The giant dipole resonance (GDR) has been considered
as a unique and powerful tool to investigate the nuclear
structure properties at these extreme conditions. Being a
fundamental mode of collective excitation, the GDR can probe
nuclei at any excitation and even those with exotic structures
[12,13]. The recent GDR studies at extreme isospins also have
potential astrophysical implications [14–17]. Hence, it would
be interesting to carry out investigations in the cases where
there is a clear correlation between the GDR cross sections
(or GDR width) and the equilibrium shape of the nucleus.
The most important experimental observable for the GDR is
the cross section (σ ) as a function of the photon energy, from
which one can extract the centroid energies and the GDR width
(). These observables could effectively reflect the structure
of the nuclear state on which the GDR is built.
The properties of the GDR can be explained through
macroscopic, microscopic, or a combination of microscopic
and macroscopic approaches. The thermal shape fluctuation
model (TSFM) is a macroscopic approach [18–21], based on an
adiabatic assumption, where the quadrupole shape fluctuations
are slow compared with the giant dipole oscillations, so that
the latter can feel the changes in the nuclear shape. The
TSFM is commonly very successful in explaining the GDR
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properties at medium temperature (T )(∼2 MeV) and high
angular momentum (I ). Many microscopic models have been
developed to explain the GDR, for example, the random-phase
approximation method (RPA) [13,22–24], phonon damping
model (PDM) [25,26], and the static path approximation
(SPA) method [27–29]. The empirical models reported in
Refs. [30,31] are also successful in explaining the GDR width
at finite T and I .
Several earlier works [32–34] on GDR focused on the high
I regime. Beyond a sufficiently large angular momentum
(close to the one which the nucleus can sustain without
undergoing fission), there could be a transition from the
oblate (noncollective) to nearly prolate (collective) shape.
Such shape transitions are predicted in gravitating rotating
stars [35] and called the Jacobi transition. The exotic shape
transitions like the Jacobi transition can also be detected
through GDR studies [2,4,10,36,37]. In Ref. [38], the authors
mentioned the occurrence of a low-energy GDR component
in the GDR spectra as well as the possibility of Jacobi
shape transition in 88 Mo. The recent experimental efforts
have been focusing on more exclusive GDR measurements
with a narrow window for tagging the angular momentum.
In such a recent work [1], the GDR γ rays emitted from the
highly excited 88 Mo nucleus that is formed in the reaction
48
Ti + 40 Ca were measured. The experiment was performed at
different excitation energies and compared with the theoretical
results obtained from the PDM and Lublin-Strasbourg drop
(LSD) model. The data analysis indicates the possibility of
 saturation at higher I values [1,8]. In this article, we
study the GDR properties of the hot and rotating compound
nucleus 88 Mo at different excitation energies within the
TSFM built on the microscopic-macroscopic approach for
the free-energy calculations and a macroscopic approach
for the GDR calculations [3,6,7,21,39,40]. A short description
of our theoretical formalism is presented in the next section
followed by the results and the discussion.
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II. THEORETICAL FRAMEWORK

It is well known that statistical quantities will have more
fluctuations if the system is finite [41]. In tiny, finite systems
like nuclei, the observables are highly dependent on the
fluctuations around the most probable value obtained within
the mean-field approach. The simplest solution to this problem
is to regard the probability distribution as the Boltzmann factor
and to calculate the expectation value of an observable as an
average over all possible degrees of freedom. In the study
of the structural transitions in hot and rotating nuclei, the
most relevant degrees of freedom are the parameters describing
the shape of the nucleus (β,γ ). The expectation value of an
observable O incorporating thermal shape fluctuations is given
by [20,42]
 
−3/2
β γ D[α] exp [−FTOT (T ,I ; β,γ )/T ]TOT O
Oβ,γ =  
.
−3/2
β γ D[α] exp [−FTOT (T ,I ; β,γ )/T ]TOT
(1)
The volume element is chosen to be D[α] = β 4 | sin 3γ | dβ dγ
and TOT is the moment of inertia. The total free energy (FTOT )
at a fixed deformation is calculated using the microscopicmacroscopic (Nilsson-Strutinsky) method extended to high
spin and temperature [21,40].
The nuclear shapes and the GDR observables are correlated
using a macroscopic model which consists of an anisotropic
harmonic oscillator potential with a separable dipole-dipole
interaction [21,43,44]. The Hamiltonian describing GDR
excitations can be written as
H = Hosc + η D † D .

(2)

Here Hosc stands for the anisotropic harmonic oscillator Hamiltonian, and η and D represent the dipole-dipole interaction
strength and dipole operator, respectively. The total GDR
cross section σ is constructed by summing the individual
Lorentzians with the peaks at the GDR energies (Ei ) given
by the frequencies corresponding to the Hamiltonian (H ).
The width of these individual components depend on Ei
through the relation [45]
i = 0 (Ei /EGDR )δ ,

(3)

where 0 represents the GDR width at the ground state. Since
the width 0 at the ground state is unknown for all the nuclei
considered in this work, we chose the value 3.5 MeV which fits
the experimental data very well along with the values η = 2
and δ = 1.9. The GDR energy (EGDR ) is given by [1,12]
EGDR = 18A−1/3 + 25A−1/6 .

(4)

In some of the earlier calculations [7,21,40], the energy
dependence of the GDR width was dealt purely in an empirical
way through the relation [45]
i =

0.026Eiδ

.

(5)

In such cases the only adjustable parameter of the model
is η which can be unambiguously fixed by reproducing the
ground-state width if available. However, the relation (5) and
subsequently fitted η for the mass region considered are based

TABLE I. Different daughter nuclei detected along the deexcitation process of compound nucleus 88 Mo formed in the reaction
48
Ti + 40 Ca along with their average T (Tave ), average I (Iave ) and the
corresponding weight factors (Wν ).
Nucleus (ν)

Tave (MeV)

Iave (h̄)

Wν

Mo
Zr
80
Sr
76
Kr

3.1
2.4
1.6
0.7

15.17
28.29
24.85
19.56

0.04
0.51
0.40
0.05

86

4.3
3.6
2.6
1.6
0.8

29.12
26.03
18.75
15.02
14.46

0.19
0.35
0.30
0.14
0.02

88
84

Zr
Sr
74
Se
70
Ge
68
Ge
80

on older data [21] whereas the recent measurements [1] with
more precision are quite different from the older data.
III. RESULTS AND DISCUSSION

In nuclear fusion-evaporation reactions, the compound
nucleus formed at high T and I deexcites by emitting GDR γ
rays, neutrons, and charged particles. This process produces
a number of daughter nuclei along the decay path of the
compound nucleus with different T and I . The average T
(Tave ) and average I (Iave ) of the daughter nuclei formed
along the decay process will be smaller than the initial T
and I of the compound nucleus. In the reaction 48 Ti + 40 Ca, a
number of daughter nuclei created along the cooling path of the
compound nucleus 88 Mo at different excitation energies were
identified experimentally [1]. In this exclusive measurement
[1], the GDR γ rays, the recoiling residual nuclei, and the light
charged particles were detected. Also, the GDR γ rays emitted
from the compound nucleus as well as the different daughter
nuclei created in the deexcitation process were measured
properly. The statistical model analysis yields the population
matrices of different nuclei as a function of T and I [1]
from which one can extract the corresponding probability
distributions. In Table I, we present the list of different daughter
nuclei detected during the deexcitation of compound nucleus
88
Mo formed in the reaction 48 Ti + 40 Ca at two different beam
energies. The Tave , Iave values obtained from the probability
distribution of T and I and the weight factor of different
daughter nuclei are also presented [46]. We calculate the
average GDR cross section of a nucleus with a given Z and N
at a given Tave and having a probability distribution for I as

σ (Tave ,Ii )C(i)
,
(6)
σave (Tave ) = i 
i C(i)
where Ii are the spins and C(i) are the corresponding spin
counts [46].
As the first step, it is very important to analyze whether the
average GDR cross sections σave (Tave ) of a nucleus obtained
by considering the Tave and the probability distribution of I
are same as the GDR cross sections σ (Tave ,Iave ) of a nucleus
obtained with the Tave and Iave values obtained from the same
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FIG. 1. GDR cross sections (σ ) calculated within the TSFM for different daughter nuclei formed at different temperatures (T ) in the
deexcitation process of the compound nucleus 88 Mo obtained with beam energy Elab = 300 MeV. The solid line represents the σave (Tave )
obtained by considering an average Tave and different angular momentum (I ) probability distributions [Eq. (6)]. The dashed line and dash-dotted
lines represent the σ (Tave ,Iave ) obtained with an average Tave and average Iave given by Eq. (7), respectively. For the latter case, the results
obtained by using free energies from the liquid drop model (LDM) are presented as the dash-dotted lines.

probability distributions. The average I is estimated as

Ii C(i)
.
Iave = i
i C(i)

88

(7)

In Fig. 1 we compare the theoretical σ of daughter nuclei
produced within the decay path of the compound nucleus
88
Mo formed at beam energy Elab = 300 MeV. The solid
line represents σave (Tave ), i.e., the average σ obtained by
considering the Tave and the I probability distribution with
the weight of each I [Eq. (6)]. The dashed line represents
σ (Tave ,Iave ), i.e., the σ obtained with the Tave and Iave . We
have also calculated σ using the liquid drop model (LDM)
free energies to see the differences in the results due to shell
effects. It is clear from Fig. 1 that shell effects lead to minimal
changes at very low T only. The σ obtained with different
methods are found to be quite similar.
In order to confirm that the σ obtained with different
approaches are similar even at higher excitation energy, we
performed similar calculations at a higher beam energy,
Elab = 600 MeV. In Fig. 2 we compare σ of different daughter
nuclei formed in the decay path of the compound nucleus

Mo formed at higher excitation energy. The σave (Tave ) and
σ (Tave ,Iave ) are similar and hence the trend of these results are
the same as seen in the lower beam energy cases.
In Fig. 3(a) we compare the experimental data [1] obtained
at Elab = 300 MeV with theoretical results (σ final ) obtained by
averaging the σ of all daughter nuclei (given in Figs. 1 and 2)
with their appropriate weight factors (Wν ) given in Table I.

σν Wν
final
= ν
.
(8)
σ
ν Wν
As in Figs. 1 and 2 there are three cases of the final σ (σ final )
originating from σave (Tave ), σ (Tave ,Iave ), and σLDM (Tave ,Iave ).
In Fig. 3(b) the experimental data at Elab = 600 MeV are
compared with the theoretical results. At both excitation
energies, the two methods yield similar results. While the
overall conformity of the theoretical results are good with
the experimental data, one can note some discrepancies in the
low-energy part, especially between 10 < Eγ < 15 MeV. This
discrepancy stems from the strong contribution of the lowenergy GDR components, which are typical in a macroscopic
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FIG. 2. Same as Fig. 1, but for the beam energy Elab = 600 MeV.

approach for GDR with an assumed energy dependence of 
[Eq. (5)]. This effect gets pronounced at higher excitation
where the deformation and Coriolis effects increase the
splitting of the GDR components. The GDR strength functions
obtained with both PDM and LSD calculations are slightly
narrower than the experimental data at the lower energy,
whereas the results of our calculations show a better fit with the
data. Our results are also in better agreement with the observed
high-energy tail at both the energies.
An important conclusion from these results is that it is not
necessary to calculate the theoretical σ at each value of T and
I obtained in the probability distribution with their respective
weights, instead the σ obtained at the average values of T and
I are good enough to compare with the experimental data.
Normally the Tave and Iave values are smaller than the initial T
and I of the compound nucleus.
In Fig. 4, we have compared the GDR width of 88 Mo
obtained with TSFM with the experimental data. The filled
upward triangles connected with solid line, filled downward
triangles connected with dashed line, and filled circles connected with dash-dotted line represents the  originating from
final
final
σave
(Tave ), σ final (Tave ,Iave ), and σLDM
(Tave ,Iave ), respectively,
as presented in Fig. 3. All three results are able to explain the

experimental  at T = 2 MeV very well. The  originating
from σave (Tave ) overestimates the experimental data at T =
3.1 MeV. We have also presented the  (open circles connected
with dotted line) obtained with the phonon damping model
(PDM) and results obtained with LSD model (upward and
downward open triangles connected with lines) taken from
Ref. [1] for comparison. The TSFM results yield larger widths
than the PDM and this fact can be ascribed to the role of shape
fluctuations inherent in TSFM leading to a larger average
deformation and hence a larger width. Consequently, the 
from TSFM does not saturate with T . With the increase in I
and the resulting Coriolis splitting of GDR components [43],
 increases further unless modified by strong transitions in
the shape. In our calculations, we assumed that the 0 value
is independent of T . In Ref. [1], the authors considered the
T dependence of 0 in LSD calculations in order to explain
the experimental results. But even after considering the T
dependence in 0 , the results obtained within the LSD still are
not able to describe the GDR width at T = 2 MeV, whereas,
without considering the T dependence of 0 , the LSD model
underestimates the GDR width at both temperatures. Our
results obtained without considering the T dependence on 0
give a better agreement with the data.
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FIG. 3. Experimental GDR cross sections (solid squares) of 88 Mo
at two different excitation energies taken from Ref. [1], compared with
the TSFM results. The solid line represents the average of the GDR
cross sections (σ ) of daughter nuclei obtained by considering Tave and
I probability distributions [Eq. (6)]. The dashed line represents the
same obtained with the Tave and Iave with TSFM. For the latter case,
the dotted lines represent the calculations with LDM free energies.

To understand the shape transitions in 88 Mo as a function
of T and I , we calculated the free-energy surfaces (FES)
within the microscopic-macroscopic approach at a few chosen
combinations of T and I . The FES obtained at T = 2 MeV and
I = 30, 40, 50, and 60 h̄ are presented in Fig. 5, where we see
that the most probable shape of the nucleus is an oblate shape
at I = 30 h̄ and remains so even at high I . As I increases from
30 to 60 h̄, the axial deformation parameter (β) of the nucleus
gradually increases from ∼0.1 to 0.3. Apart from this smooth
change in β, we do not observe any significant shape transition.
The features of the FES at lower I remain unaltered at higher
T but at I ∼ 60 h̄ our calculations suggest significant shape
changes. The FES calculated at T = 2.5 and 3 MeV for the
cases I = 55 and 60 h̄ are presented in Fig. 6. At T = 2.5 MeV,
the nucleus has an oblate minimum up to I = 55 h̄, but at
I = 60 h̄, there is a clear and sharp transition to a triaxial shape
with the most probable shape having β ∼ 0.5 and γ ∼ −150◦ .
A second minimum at β ∼ 0.4 and γ ∼ −180◦ which is an
oblate shape has a very low free energy suggesting a coexisting
shape. This transition along with the broadening or splitting of
the minimum in the FES leads to enhanced fluctuations of the
shape. At T = 3 MeV, the FES shows gamma-softness with the
most probable shape at β = 0.3 and γ = −180◦ at I = 55 h̄.
At I = 60 h̄ the minimum moves to β ∼ 0.5 and γ ∼ −140◦
which is a nearly prolate shape. This shape transition from
a noncollective oblate shape to a collective rotating lightly
deformed prolate shape is the Jacobi transition.
To check whether such shape transitions occur at high T ,
we calculated the FES at T = 3.5 MeV and the results are

PHYSICAL REVIEW C 96, 024322 (2017)

FIG. 4. GDR width  of 88 Mo calculated using TSFM at two
different excitation energies as a function of T . The filled upward
triangles connected with solid line represent  of the final σ presented
in Fig. 3, where σ of the daughter nuclei are obtained by considering
the Tave and I probability distributions [Eq. (6)]. The filled downward
triangles connected with dashed line and filled circles connected
with dash-dotted line represent the  of the final σ , where σ of the
daughter nuclei are obtained by considering the Tave and Iave within the
TSFM with free energies obtained from the microscopic-macroscopic
approach and LDM, respectively. The experimental results are taken
from Ref. [1]. The widths obtained within the PDM and LSD taken
from Ref. [1] are also shown with open circles and open triangles.
The lines are drawn just to guide the eyes.

presented in Fig. 7. The nucleus has an oblate shape up to
I = 50 h̄, similar to the results at lower T but with a larger
deformation and a shallower minimum. As I increases from
30 to 50 h̄, β increases from 0.1 to 0.3. At I = 55 h̄ the
FES shows a strong gamma-softness with its most probable
shape at β ∼ 0.45 and γ = −140◦ . The nucleus undergoes
the Jacobi transition at I ∼ 55 h̄. At I = 60 h̄ the FES
indicates shape coexistence with its most probable shape at
β ∼ 0.5 and γ = −140◦ and a second minimum at β ∼ 0.4
and γ ∼ −180◦ . In general, the FES calculations show that
the nuclear deformation increases with T and I . At higher
T , as I increases, the FES shows a gamma-softness before
the nucleus undergoes a Jacobi shape transition. All these
factors will increase the GDR width at higher T and I and
hence the GDR width will not saturate at high T and I .
Considering the role of enhanced fluctuations at higher T and
the Coriolis splitting of GDR components at higher I , the rate
of increase in the GDR width of the 88 Mo nucleus increases
with the increase in T and I . It is worth mentioning that, in
Ref. [10], the authors introduced a new method by combining
the LSD model with the collective model; by solving the
collective-model Schrödinger equations, one can take into
account the large-amplitude nuclear shape fluctuations in the
nuclear Jacobi and Poincaré shape transitions.
IV. SUMMARY

The GDR built in the excited states of 88 Mo nuclei is studied
within the TSFM and compared with recent measurements.
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FIG. 5. FES of 88 Mo at T = 2 MeV with different I . In this convention, γ = 0◦ and −120◦ represent the noncollective and collective
prolate shapes, respectively; γ = −180◦ and −60◦ represent the noncollective and collective oblate shapes, respectively. The contour line
spacing is 0.2 MeV. The most probable shape is represented by a filled circle and first two minima are represented by thicker lines.

The overall agreement with the data is good except for the
pronounced low-energy component inherent in the macroscopic description of GDR. It is found that the GDR cross
sections of the daughter nuclei formed during the deexcitation
process of a compound nucleus according to the probability
distributions in temperature (T ) and angular momentum (I ),
are very similar to the GDR cross sections of daughter nuclei
obtained with average T (Tave ) and average I (Iave ) value. In the
range of 2  T  3 MeV, the data suggest a slower increase in
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