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a b s t r a c t
The entropy excess caused by one proton (proton entropy excess) has been extracted for several pairs of
medium and heavy mass nuclei such as (237 U and 238 Np), (231 Th and 232 Pa), (211 Po and 212 At), (196 Pt
and 197 Au), and (90 Y and 91 Zr) using the available nuclear level density data. The nature of entropy
excess as a function of excitation energy E ∗ is found in a reasonable agreement with the microscopic
calculations based on the exact pairing plus independent-particle model at ﬁnite temperature (EP+IPM).
It is observed that the proton entropy excess is ∼0.1 − 0.5 k B for the spherical systems and ∼1.0 − 1.2 k B
for the deformed ones, which is notably smaller than that of neutron entropy excess (∼1.3 − 2.0 k B ). This
is due to the effect of Coulomb interaction as well as the single-particle level density of protons, which
is less than that of neutrons. Moreover, a peak-like structure in the entropy excess observed at low
E ∗ < 1 MeV is possibly associated with the pairing reentrance phenomenon caused by the weakening of
blocking effect in odd nuclei at low temperature within the EP+IPM. However, this peak-like structure,
which is more pronounced in the spherical nuclei than in the deformed isotopes, is not well supported by
experimental observation due to strong ﬂuctuations of the measured data. Hence, further experimental
and theoretical studies are called in order to understand this effect.
© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3 .

The atomic nucleus is only about 10−5 times the size of an
atom. However, the study of thermodynamics of this minuscule
fundamental piece of matter can provide us the much-needed clue
to understand the evolution of gigantic universe as well as the
thermal properties of small systems. The nuclear thermodynamics also play a leading role in the study of the nuclear equation
of state (EOS). The low-temperature EOS enlightens us about cold
neutron stars and nuclear superﬂuidity. On the contrary, the hightemperature EOS informs us the neutron star cooling, big bang
nucleosynthesis (BBN), etc. [1,2]. The information on the entropy
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of nuclear matter and the contribution of each nucleon have immense potential in building up the model of BBN. The ratio of the
number of photons in the universe to the number of baryons is
proportional to the average thermal entropy. This ratio, which is
about 109 , provides an insight into the matter-antimatter asymmetry in the present universe [3,4]. Hence, the study of nuclear
thermodynamics and entropy excess caused by a single nucleon in
the nucleus is always one of the topics of much interest in nuclear
physics and astrophysics.
Meanwhile, the heat capacity and entropy can be directly extracted from the nuclear level density (NLD), a quantity which can
be experimentally measured. Based on the heat capacity and entropy, one can investigate some spectacular characteristics of small
systems such as the pairing symmetry breaking as well as the
associated pairing phase transition. For instance, the signature of
discontinuity in the heat capacity curve, which is smoothed out
by the statistical ﬂuctuations inside the small system, or in other
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words, the S-shaped heat capacity, can expose the pairing phase
transition in the system, especially at low excitation energy E ∗
[5–11]. Furthermore, based on the heat capacity and entropy, one
can also investigate the possible signature of the pairing reentrance phenomenon, which has been predicted in both hot [12–14]
and hot rotating nuclei [15–21]. In hot rotating nuclei, this phenomenon occurs in such a way that, when the nucleus carries an
angular momentum J slightly higher than a critical value J c , its
pairing correlation vanishes at low temperature T ≤ T 1 , increases
at a certain T > T 1 to reach a maximum, and decreases to vanish
again at T ≥ T 2 [22–24]. When thermal ﬂuctuations are taken into
account in ﬁnite nuclei, the pairing reentrance phenomenon occurs in a slightly different way, namely the pairing gap reappears
at a given T and remains ﬁnite at higher T due to the strong ﬂuctuations of the order parameters [16–20]. In addition, the pairing
reentrance can also be seen in hot even-even nuclei (without rotation), which are close to or beyond the drip line such as 48 Ni,
176
Sn, and 180 Sn [12,14]. This phenomenon has been explained by
the fact that, in near or beyond the drip-line nuclei, the resonance
states are often located at a relatively high energy at T = 0, preventing them to participate in pairing. These states, however, are
close enough to the last occupied state, which could be reached
at ﬁnite temperature and make pairing available [14]. In particular,
pairing reentrance has been predicted to exist also in hot odd nuclei, but its behavior and nature are different from those in even
systems, namely the pairing gap of odd nuclei, which is ﬁnite at
T = 0, slightly increases at low T = 0, and decreases as T goes
further. This occurs because of the weakening of the blocking effect caused by the odd nucleon in odd nuclei as explained in detail
in Ref. [13].
Indeed, the heat capacity and entropy of nuclear many-body
system have been calculated by using different models like the
ﬁnite-temperature Hartree Fock (FTHF) [25], ﬁnite-temperature
BCS (FTBCS) [23,24], relativistic mean ﬁeld (RMF) [26,27], ﬁnitetemperature Hartree Fock Bogoliubov (FTHFB) [28,29], shell model
Monte Carlo at ﬁnite temperature (SMMC) [30,31], exact pairing
plus independent-particle model (EP+IPM) [32,33], etc. The information on the nuclear entropy, which can be calculated from the
NLD by using the microcanonical ensemble [34,35], and the contribution of each nucleon have an immense potential in understanding different interesting phenomena associated with nuclear
thermodynamics. Moreover, since the NLD is the product of all
possible combinations of nucleons, the entropy contribution of a
single nucleon can be studied by taking the entropy difference between two consecutive nuclei differing only by one nucleon. Thus,
disentangling the role of a single nucleon in the entropy may provide the experimental signature of pairing phase transition and/or
pairing reentrance in hot nuclei.
The microcanonical entropy had been previously estimated
for 237−239 U, 231−233 Th [35], 195−196 Pt, 197−198 Au [36], 161−162 Dy,
171−172
Yb [37], 116−117 Sn [38], and 56−57 Fe [39] nuclei based on
their experimental NLD data measured by using the Oslo technique
[40]. It was found in these estimations that the entropy excess due
to a single neutron  S n stabilizes around  S n ∼ 1.3 − 2.0 k B at
E ∗ > 1 − 3 MeV [35]. However, in the low-energy region E ∗ ∼
0.7 − 1 MeV, which is well below the energy needed to break the
ﬁrst neutron pair (about twice the neutron pairing gap), there appears a sharp peak in the distribution of  S n (see e.g., Ref. [37]).
This peak has not been discussed and/or explained by any theoretical model so far. Moreover, the entropy excess caused by a
single proton (called as proton entropy excess hereafter)  S p has
not also been studied yet. Therefore, a systematic and elaborate
investigation bearing nuclei of different properties is required to
understand this topic.
In this Letter, a systematic study has been carried out to understand the proton entropy excess obtained for different pairs of

Fig. 1. Angular-momentum ( J ∼ 12h̄) gated NLDs as functions of excitation energy
E ∗ along with the EP+IPM NLDs for 211 Po (a) and 212 At (b) nuclei. The circles
(Exp. data1) are taken from the our previous study [10], whereas the triangles (Exp.
data2) represent the present NLDs extracted from the existing neutron energy spectra [41]. The EP+IPM NLDs are similar to those in [10] but with a slightly difference
in their slope.

Fig. 2. NLDs as functions of excitation energy E ∗ along with the results of EP+IPM
calculations for different nuclei. Experimental data are taken from Refs. [42] for 90 Y,
[43] for 91 Zr, [36] for 196 Pt and 197 Au, [35] for 231 Th and 237 U, [44] for 232 Pa, and
[45] for 238 Np.

odd-even and odd-odd nuclei ranging from A = 90 to 238 (90 Y and
91
Zr, 196 Pt and 197 Au, 211 Po and 212 At, 231 Th and 232 Pa, 237 U and
238
Np). The proton entropy excess determined from the existing
experimental NLD data has been compared with the microscopic
calculation within the EP+IPM. The latter has predicted an enhanced peak of  S p at E ∗ ∼ 1 MeV in near spherical nuclei (90 Y
and 91 Zr, 211 Po and 212 At), indicating a possible signature of pairing reentrance in hot nuclei.
Figs. 1 and 2 show the NLDs of all nuclei considered in the
present Letter. In Figs. 1[(a) and (b)], the ﬁlled and opened circles denote, respectively, the NLDs of 211 Po and 212 At in the
intermediate-energy region E ∗ ∼ 3 − 10 MeV and at the total angular momentum J ∼ 12 h̄ taken from our previous study [10],
whereas the ﬁlled and opened triangles stand for the same NLDs
but in a higher energy region (E ∗ ∼ 6 − 14 MeV) extracted in the
present work by using the neutron evaporation spectra. The latter are taken from Ref. [41] by employing the same procedure as
discussed in our previous works [9,10]. In Fig. 2, the total NLDs
of other mass regions are taken from the measurements by using the particle-γ coincidence measurements, e.g., 90 Y [42], 91 Zr
[43], 196 Pt, 197 Au [36], 231 Th [35], 232 Pa [44], 237 U [35], and 238 Np
[45]. To study the proton entropy excess, the nuclei are selected in
such a way that two consecutive nuclei differ only by one proton.
The experimental total and angular-momentum dependent NLDs
are compared with those obtained by using the EP+IPM calculations. The formalism of the EP+IPM was described in detail in
Refs. [9,10,32], so we do not repeat it here. The EP+IPM calculations are carried out based on the single-particle spectra taken
2
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Fig. 3. [(a) and (b)] Proton entropy excesses  S p as functions of excitation energy
E ∗ along with the results of EP+IPM calculations for 211 Po–212 At and 90 Y–91 Zr. [(c)
and (d)] Proton  p and neutron n pairing gaps as functions of temperature T
for different nuclei. Exp. data1 and Exp. data2 in (a) are obtained by using the associated NLD data (circles and triangles) in Fig. 1, respectively, whereas RIPL-data
are calculated by using the low-energy data taken from RIPL-3 averaged over the
angular-momentum distribution as in Ref. [10]. Exp. data in (b) are obtained by using the NLD data in Fig. 2(a).

Fig. 4. The same as in Fig. 3 but for different sets of nuclei. Exp. data in (a), (b), and
(c) are obtained by using the corresponding NLD data in Figs. 2[(d), (c), and (b)],
respectively.

from an axially deformed Woods-Saxon potential [46]. The values of the quadrupole deformation parameter β2 for 196 Pt, 197 Au,
231
Th, 232 Pa, 237 U, and 238 Np are 0.130, -0.125, 0.195, 0.206, 0.226,
and 0.226, respectively, whereas the β2 values for 90 Y, 91 Zr, 211 Po,
and 212 At are almost zero as they are spherical nuclei [47].
It is observed that the EP+IPM calculations very nicely reproduce the J -dependent NLD data (Figs. 1[(a) and (b)]) as well as
the total NLDs (Fig. 2), conﬁrming again the microscopic nature of
the EP+IPM, as has been widely discussed in Refs. [9,10,32,48,49].
Knowing the NLD, one can easily calculate the entropy based on
its deﬁnition in the microcanonical ensemble (MCE). The latter has
been used in the present Letter because hot nuclei can be better described statistically through such an ensemble. Within this
framework, the nucleus can be considered as an isolated system
with a well deﬁned energy and particle number, since generally
E ∗ is not exchanged with the surrounding heat baths due to the
short range nature of nuclear force. According to the MCE treatment, the number of accessible states ( E ) is proportional to the
density of states, i.e., to the experimental NLD ρ ( E ), and hence the
entropy (S) is given as [50]

S = k B ln ( E ) = k B ln

ρ(E)
= k B ln ρ ( E ) + S 0 ,
ρ0

(∼1.3 − 2 k B ) [35,37–39]. At E ∗ ∼ 1.0 MeV, there seems to appear
a deep valley of the experimental  S p curve for the 211 Po–212 At
set [Fig. 1(a)], whereas that for the 91 Zr–90 Y set [Fig. 1(b)] does
not exhibit clearly a peak-like or valley-like structure because of
lacking the data below 1 MeV. Here, it is worthwhile to mention
that the experimental NLD data in the very low-energy region are
mostly achieved by counting the number of known (discrete) levels (within a ﬁxed energy interval) in the experimental nuclear
level scheme taken from the nuclear databases [51,52]. It is wellknown that the NLD in this very low-energy region has strong
statistical ﬂuctuations. The reason is that according to the statistical and thermal physics, the relative energy ﬂuctuation δ E / Ē ( Ē is
the average energy integrated
√ by all possible energy states) is approximately related to 1/ N (N is the number of possible states)
[53]. When δ E becomes comparable with Ē, temperature cannot
be measured exactly. This happens when N is not so large, N
decreases as T goes to 0, leading to the increase in the relative
energy ﬂuctuation. Obviously, in the very low-energy region, the
number of known excited states in atomic nuclei is rather small,
so energy and temperature in this region are strongly ﬂuctuated.
Hence, the experimental proton entropy excess in this very lowenergy region also ﬂuctuates. Nevertheless, it can easily be seen in
Figs. 3(a) and (b) that the EP+IPM can reproduce the overall behavior of the experimental  S p data. Moreover, there is a sharp peak
at E ∗ ∼ 1.0 MeV in the  S p curve obtained within the EP+IPM for
both two sets of nuclei in Fig. 3. The appearance of this peak is
associated with the pairing reentrance phenomenon caused by the
odd nucleon within the EP+IPM. This phenomenon can be seen
via the exact neutron n and proton  p pairing gaps obtained
within the EP+IPM in Figs. 3(c) and (d). In Fig. 3(c), the neutron
gaps slightly increase with low T < 1 MeV and rapidly decrease
with 1 < T < 3 MeV, above which their decrease becomes much
slower. The increase in n at T < 1 MeV, which is known as a
signature of the pairing reentrance phenomenon in hot nuclei, can
be explained by the weakening of the blocking effect caused by
the odd neutron at a temperature or excitation energy well below
the value at which the ﬁrst nucleon (Cooper) pair starts to break
(leading to a rapid decrease of the pairing gap) [21,13]. The enhancement (reentrance) of n in 211 Po (N = 127) is stronger than
that in 212 At (N = 127) as seen in Fig. 3(c) because the difference
between the energies of the last occupied level and the level occupied by odd neutron δ n in the single-particle spectra of 211 Po
(∼3.512 MeV) is larger than that in 212 At (∼2.816 MeV). Due to

(1)

where k B is Boltzmann constant and ρ0 is a normalization factor
that ensures the validity of the third law of thermodynamics, i.e.,
S → 0 for T → 0. The factor S 0 is generally obtained using the
ground-state energy band and adjusted to satisfy the third law of
thermodynamics (see e.g., Ref. [37]). It should be mentioned that
the value of S 0 is not much signiﬁcant while calculating the entropy difference between two consecutive nuclei. Moreover, the
variations in entropy on a linear scale with E ∗ are equivalent to
the variations in the level density on a logarithmic scale (Figs. 1
and 2) and therefore, the MCE entropy is not shown separately.
The experimental proton entropy excess  S p between 211 Po
and 212 At ( S p = S (211 Po) − S (212 At)) is shown in Fig. 3(a), including also the low-energy data taken from RIPL-3 averaged over
the angular-momentum distribution as in Ref. [10]. It is important
to point out that the angular momentum does not have any effect
while taking the difference in entropy as both nuclei have almost
similar angular-momentum distribution. Fig. 3(a) clearly indicates
that the experimental  S p value decreases with increasing E ∗
and becomes almost constant (∼0.5 k B ) as E ∗ > 3 MeV, which is
much smaller than that obtained earlier due to the single neutron
3
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this phenomenon, the NLD of 211 Po at low E ∗ < 1 MeV is strongly
enhanced as compared to that of 212 At, resulting in a pronounced
peak in  S p seen in Fig. 3(a). The proton pairing gap  p of 212 At
( Z = 85) also increases at very low T < 0.4 MeV but its increase
is invisible because the value of δ  p (similar to δ n but for proton)
in 212 At is very small (∼0.381 MeV) and therefore, has negligible
contribution to the enhancements of NLD as well as  S p at low
E ∗ . Similarly, a pronounced peak seen in the proton entropy excess
obtained within the EP+IPM for two spherical 90 Y and 91 Zr nuclei
at E ∗ ∼ 1 MeV [Fig. 3(b)] can be also explained by the increase
in their neutron pairing gaps caused by odd neutron or the pairing reentrance phenomenon at T ∼ 1 MeV [Fig. 3(d)]. In this case,
the values of δ n in 90 Y (N = 51) and 91 Zr (N = 51) are comparable (3.164 MeV for 90 Y and 3.213 MeV for 91 Zr), so the increases
of their neutron pairing gaps at T ∼ 1 MeV are similar. The proton
entropy excess between 90 Y and 91 Zr is ∼0.5 k B at E ∗ ∼ 3 MeV,
similar to that between 211 Po and 212 At, and slowly decreases to
reach ∼0.1 k B at E ∗ > 3 MeV.
In order to further understand the proton entropy excess, the
entropy difference has been studied in other mass region with
high deformations. It is seen in Figs. 4[(a)-(c)] that peak-like structures are also seen in the EP+IPM calculations for these sets of
heavy-mass and well-deformed nuclei. However, these peaks are
rather weak and located at very low E ∗ ∼ 0.2 − 0.4 MeV, whereas
the experimental curves exhibit strong ﬂuctuations in this energy region. The reason of these weak low-energy peaks seen
in the EP+IPM might be due to the fact that although the pairing reentrance is seen in the neutron and proton pairing gaps
in Figs. 4[(d)-(f)], their absolute values are smaller than those in
Figs. 3[(c)-(d)], which weakly affect the NLDs and proton entropy
excesses. Moreover, the proton entropy excess in these systems is
around ∼1.0 − 1.2 k B , which is much larger than that in spherical
211
Po–212 At and 90 Y–91 Zr systems (∼0.1 − 0.5 k B ). This is possibly due to the nuclear deformation. The spherical systems are
generally more stable with external temperature or excitation than
the deformed ones. As the result, the entropy of spherical systems
hardly changes as compared to that of the deformed ones. In addition, the smaller proton entropy excess could also be due to the
shell effect since 211 Po and 212 At are near the double shell closure,
while 90 Y and 91 Zr are near the neutron shell closure. The valence
particle around the shell closure carries lower entropy due to the
limited number of quantum states available for the system [6]. The
present study also reveals that the proton entropy excess is notably
smaller (∼0.1 − 1.2 k B ) than the neutron one (∼1.3 − 2.0 k B ). This
is because the proton Fermi surface lies at a lower energy than that
of neutron (due to the Coulomb interaction) and the single proton
orbitals have lower density than those of neutrons. Therefore, the
protons do not have so many available orbitals contributing to the
level density. These interesting observations clearly highlight that
proton carries less entropy as compared to neutron.
In summary, the entropy excess caused by a single proton (proton entropy excess)  S p between different sets of spherical and
deformed nuclei has been investigated based on the available nuclear level density data. It is found that the experimental value of
 S p as a function of E ∗ exhibits a strong ﬂuctuation at E ∗ < 1
MeV and reaches saturation at high E ∗ > 3 − 6 MeV. The analysis within the microscopic EP+IPM calculations shows that the
proton entropy excess is ∼0.1 − 0.5 k B for the spherical systems
and ∼1.0 − 1.2 k B the deformed ones, in good agreement with the
experimental data. This value of proton entropy excess is smaller
than that of the neutron one due to the effect of Coulomb interaction and proton single-particle level density, which is less than the
neutron one. Moreover, a peak-like structure, which is seen in the
proton entropy excess obtained within the EP+IPM at low energy
E ∗ < 1 MeV, is explained by the pairing reentrance phenomenon
caused by the weakening of blocking effect of an odd nucleon.

This peak-like structure is found to be more pronounced in the
spherical systems than in the deformed ones because the pairing
reentrance is stronger in spherical nuclei than in deformed ones.
However, this theoretical peak-like structure is not well supported
by the experimental observation due to the strong ﬂuctuations
of the measured data. Therefore, more precise and direct experimental measurements in the low-energy region (E ∗ < 1 MeV) are
called in order to conﬁrm our theoretical predictions.
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