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We examine the thermodynamic properties of mass A ~ 200 nuclei utilizing angular momentum (J)
gated nuclear level densities (NLDs) extracted in the excitation energy range of 2-15 MeV. Interestingly,
the experimental NLDs are in good agreement with the results of a microscopic approach, which is
derived based on the exact pairing plus the independent-particle model at finite temperature (EP + IPM),
whereas the conventional Hartree-Fock BCS (HFBCS) and Hartree-Fock-Bogoliubov plus combinatorial
method (HFBC) fail to describe these data. Consequently, the thermodynamic properties of those nuclei
at finite angular momentum have been extracted using the EP + IPM NLDs. While the heat capacities
of 200T], 211pg and 212At (near spherical nuclei) follow the trend as expected in odd-odd and even-odd
masses, surprisingly an S-shaped heat capacity is found in odd-odd deformed nucleus '84Re. It has been
shown that this S-shaped heat capacity observed in '84Re is caused by not only the breaking of nucleon
Cooper pairs but also the change of pairing induced by deformation.
© 2018 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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A long-standing problem in nuclear physics is the experimental
observation of the pairing phase transition in atomic nuclei. Ther-
modynamic properties like superfluidity and pairing phase transi-
tion are well-established facts in infinite nuclear matter [1], e.g.
the core of neutron star. The recent observation of rapid cool-
ing of pulsars, e.g. Cassiopeia A, has been interpreted in terms of
superfluidity and neutron triplet pairing [2]. However, these prop-
erties digress from infinite nuclear matter to finite nucleus due
to the statistical fluctuations in the order parameter. Therefore,
the gradual transition from strongly correlated paired states to un-
paired ones in atomic nuclei may not be as evident as in infinite
matters [1]. This induces a high degree of interests in the study

* Corresponding author.
E-mail addresses: dey.balaram@gmail.com (B. Dey), nqhungdtu@gmail.com
(N. Quang Hung).

https://doi.org/10.1016/j.physletb.2018.12.007

of nuclear thermodynamics, especially in the energy domain of
neutron binding. On the other hand, in finite nuclei it has been
seen that the neutron pairing gap depends upon shell and sub-
shell closures [3]. Again, new shell closures emerge and older ones
disappear in exotic nuclei. Therefore, it will not be an exagger-
ation to say the role of shell effects on the nuclear pairing is
highly important [4]. Although such theoretical studies were done
in the past [5], yet experimental investigations are very rare in
the existing literature. Similarly, the relationship between nuclear
deformation and pairing has not been studied in much detail at
higher excitation energies. Calculations within the relativistic mean
field (RMF) [6], finite-temperature Hartree-Fock (FTHF) [7], Dirac-
Hartree-Fock-Bogoliubov (DHFB) [8,9], etc., have been carried out
in the past to understand the effect of deformation on pairing
and nuclear thermodynamics. But experimental data are still very
scarce in terms of the dependence of angular momentum and de-
formation on nuclear pairing.
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The study of thermodynamics of finite nuclei involves the reli-
able extraction of experimental nuclear level density (NLD). Exper-
imental determination of NLDs has been difficult in the past due
to the absence of suitable experimental techniques. Recently, the
thermal properties of some nuclei (°®°7Fe [10], 21-%8Mo [11,12],
116,117Sn [13]‘ 148,1495m [*14]v 161,162Dy [15,16], 166,167Er []6,17],
172173yh [18]) were measured by the Oslo group using a new tech-
nique, called the Oslo method, and the S-shaped canonical heat
capacity has been extracted, signalizing the pairing phase tran-
sition around the critical temperature of T, = 0.5-1.0 MeV. The
NLDs and thermodynamical properties of Pt and Au isotopes were
also studied in Ref. [19]. In the Oslo technique, the NLD has been
extracted from the primary y-ray spectra measured in coincidence
with the particle using inelastic and/or transfer reactions [20].
However, this method is limited only up to low excitation en-
ergy E* (below the particle threshold) and angular momentum J
(only a few h). This limitation in E* and ] has recently been over-
come by measuring the NLD from the evaporated particle spectra
in the compound nuclear reactions [21-23]. Although the major
problem connected with this particle evaporation technique is the
possible contribution from the multistep and direct reactions, the
use of low-energy light-ion beam has provided an excellent scope
for extracting the NLD from a particular nuclear decay channel and
the contributions from the direct reaction could be ruled out by
measuring the particle spectra at backward angles [23]. Fusion re-
actions with alpha particles populate the compound nucleus in the
same isospin states as that of the target nucleus. However, it has
been shown earlier by A. Voinov et al, [22] that the extracted
level densities from the experimental neutron evaporation spec-
trum with deuteron beam (T, = 0) gives the same level density as
that obtained by using *He beam (T, = 1/2) and the discrete level
densities as obtained from RIPL.

On the other hand, the measured NLD (up to the particle
threshold) in the Oslo technique was compared with the Constant-
Temperature formula [24] and then extrapolated up to the higher
energy using the Fermi-gas (FG) model [25] to estimate the ther-
modynamic quantities. However, the functional form of the NLD
is till date not adequately known due to the lack of availability
of experimental data at higher E* and J. Therefore the use of
a single consistent theoretical calculation, instead of adding two
different phenomenological models, to investigate the thermody-
namic properties of atomic nuclei based on the measured NLDs
below and above the particle threshold could be a better choice.
Very recently, the NLD has been measured in a °*Tc nucleus be-
low and much above the particle threshold energy at different
J-values using the particle evaporation technique and compared
with the aid of a consistent theoretical calculation, namely the ex-
act pairing plus independent-particle model at finite temperature
(EP + IPM) [23]. Thus, the angular momentum gated thermody-
namic parameters could be estimated. In addition, till now most of
the thermal properties have been studied in the nuclei where the
shell effect (§S) is very small (less than ~1 MeV). The large shell
effect (S ~ 10 MeV) mass region has rarely been studied and thus
it is very important to investigate how the thermodynamic prop-
erties behave because of the large effect of nuclear shells.

In this Letter, the NLDs and, consequently, the nuclear ther-
modynamic quantities (TQ) for four different nuclei ('84Re, 200T],
211pg, and 212At) are estimated. Those nuclei are chosen so as to
understand the shell and deformation effects on the TQ. !84Re is
deformed with small shell effect (quadrupole deformation param-
eter B2 = 0.23 with S = —2.06), whereas other three nuclei have
larger shell effects (§S = —7.32, —9.56 and —8.42 for 290T], 211po,
and 212At, respectively) but with almost zero deformation [26]. In
addition, the effect of even-odd (2!'Po) and odd-odd (?!2At) pair-

635
10° EDR L L L L PO A LS B —
\ 1(@) *He + 181Ta @ By, = 26 Mev ] 10° 2 (¢) *He + 298Pb @ Ey,p, = 28 MeVE
10% = E 105é é
210° 3 110% 4 £
E10° 4 ] 1074 E
£ 1102 4 -
E] 10! o N 3 E| =
‘Lz’ 77— 10! — T T
3 2 3 4 5 6 71 8 2 3 4 5 6 7 8 9
QIO gy
T 31(b) *He +'"Au @ Epp, = 26 Mev | 10° 3 (d) *He + 2°Bi @ Eyyp, = 28 MeV
10t 110° 4
TSR IR ] 10%
E ~ E . 3
] '\,\ 1 10° 4
102 4 . 4 E
" N 102 4
10‘ T T T ¥ T T T 10‘
2 3 4 5 6 71 8 2 3 4 5 6 7 8 9
Ej (MeV) En (MeV)

Fig. 1. Experimental neutron energy spectra (symbols) along with the cascaDE cal-
culations (solid lines) taken from Refs. [27,28]. The dashed and dashed-dotted lines
represent the contributions from 1n and 2n channels, respectively.

ing correlations on the thermodynamic properties of atomic nuclei
has also been investigated.

In the present work the NLD have been extracted using the
previously reported neutron evaporation spectra at low excitation
energies by K. Banerjee et al, [27] and Pratap Roy et al., [28],
where the experiments were performed using the «-beams from
the K-130 cyclotron at VECC. The compound nuclei '8Re, 20771,
212pg, and 213At were populated at different initial excitation ener-
gies (E* ~ 18-50 MeV) in the reactions “He + '81Ta, He + 197Au,
4He + 208pb and “He + 299Bi, respectively to investigate the shell
and collective effects in NLD. The lowest excitation energy data of
23.2, 23.9, 185 and 18.2 MeV for '85Re, 201T], 212Po, and 213At,
respectively have been used to extract the NLDs to study the ther-
modynamic properties.

It should be pointed out that the neutron energy spectra should
have a negligible contamination from the non-compound reactions
to obtain the NLD using particle spectra. Hence, the neutron spec-
tra at the most backward angle (150°) were used to extract the in-
verse level density parameter earlier [27,28]. The previous studies
[27,28] also confirmed that the neutron energy spectra measured
at backward angles from alpha induced reactions in different mass
regions are mainly dominated by the compound nuclear (CN) reac-
tions. In order to identify the pre-dominant contributor, the neu-
tron evaporation spectra from different nuclei in the decay chain of
the CN were extracted from the cAscADE code [29] and are shown
in Fig. 1 along with the experimental data. It was found that the
contribution of the neutron energy E, > 3 MeV is mainly domi-
nated by 1n channel and enables us to extract the experimental
NLD using the approach presented in Ref. [23].

The experimental NLD was extracted using the relation follow-
ing the approach presented in Refs. [21,30,31], namely

(do /dE)exp 1)
(do /dE)q;

Here, (do/dE)exp and (do /dE)g, are the experimental neutron
evaporation and best-fit theoretical spectra taken from Refs. [27,

28], respectively. The quantity pg¢(Ex) is the best-fit level density
taken from the cAscaDE calculation [29], which is given by

Pexp(Ex) = pat(Ex)

2] +1 exp (2+/aUl)
PEX. D)= Toganva—r— - (2)
Here, 6 = 2t [ is the effective rigid-body moment of inertia,

ﬁZ
Ex=U—EM — 5, is the effective excitation energy, where EM
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Fig. 2. Angular momentum gated NLDs along with the results of different theoretical
calculations for J =12 h. Filled symbols are the extracted NLDs in the present work
and open symbols are taken from Ref. [37] weighted over our J-distribution.

is the neutron energy in the center-of-mass frame, S, is the neu-
tron separation energy; U = E* — % — AP, where AP is the
pairing energy term, and E* is the initial excitation energy. The
level density parameter “a” was deduced from the experimentally
determined asymptotic NLD parameter d by using the Ignatyuk’s
parameterization [32] given by

a=all+ %[1 —exp(—yU)II, (3)
0.4A%3 ; ;
where, y = =*2— is the rate at which the shell effect is damped
with increasing the excitation energy. The values of the ground-
state shell correction §S are defined as the differences of the ex-
perimental and theoretical (liquid drop) masses, and mentioned
previously for the four selected nuclei. The extracted values for in-
verse level density parameter (k= A/a) are 9.7 +0.7, 10.0 0.7,
7.8+ 0.4 and 8.3 4 0.3 MeV for '84Re, 20971, 211Po and 2'2At, re-
spectively [27,28]. In this way, the NLDs at different excitation
energies for finite angular momentum are extracted (as shown in
Fig. 2) and further used to investigate the thermal properties of
atomic nuclei.

An atomic nucleus can be assumed as a statistical ensemble be-
cause of a very high density of states even at low excitation energy
(few MeV). The NLD is directly related to the partition function
of the statistical ensemble, which is a fundamental quantity de-
scribing the statistical properties of a system in thermodynamic
equilibrium. Most of other TQs can be expressed in terms of this
partition function or its derivative. In principle, the thermody-
namic properties of nuclear system can be described based on the
grand canonical ensemble (GCE), canonical ensemble (CE), or mi-
crocanonical ensemble (MCE) [33]. In this work, the CE has been
used in order to investigate the thermodynamical properties of all
selected nuclei. The expression of the CE partition function is given
by

En
Z(T, y="Y_ p(En, e~ T 8En, (4)

En=0

where p(E,, J) is the NLD at Ex = E, and total angular momen-
tum J, and 8E, is the energy interval. The free energy F, aver-
age energy E, entropy S, and heat capacity C can be expressed
based on the CE partition function (4) as F = —TInZ, S = —9F /0T,
E=F+TS, and C =9E/dT. Formally, the calculation using eqn.

— 01

S

2 20 4

3-40 1

2

1 -60 — 21pg

] ——- 207

r -80 1 184Re

'100 1 T T T T T 0 - T T T T T
00 04 08 12 16 20 00 04 08 12 16 20

Temperature (MeV)

Temperature (MeV)

Average Energy (MeV)

T T T 0 T T T T
00 04 08 12 16 20 00 04 08 12 16 20
Temperature (MeV) Temperature (MeV)

Fig. 3. Angular-momentum-gated thermodynamic quantities as functions of temper-
ature obtained by using the EP + IPM level densities for | =12 h.

(4) requires an infinite summation. However, the extracted NLDs in
Fig. 2 only cover the excitation energy up to 15 MeV. Therefore, the
extracted NLD has been compared with the different theoretical
calculations such as the EP + IPM [34], HFBCS [35], and HFBC for
positive and negative parities [36]. Finally, the best matched the-
oretical NLD has been used to investigate the thermal properties
of atomic nuclei. Details of the theoretical calculation employed in
the present work are discussed in Ref. [23].

The experimental angular momentum gated NLDs compared
with the results of different microscopic calculations (EP + IPM,
HFBCS, and HFBC) are shown in Fig. 2. The level density pa-
rameter and angular momentum are measured in the experi-
ment and used in the statistical model calculation to extract the
NLD. The uncertainty in the NLD due to the statistical model pa-
rameters has been checked and found to be ~5-10%. The error
due to J-distribution (+4 h) has been taken care of by using
the extracted NLD weighted over the experimental J-distribution.
The low-energy NLD data (~1 MeV, represented by the open
circles in Fig. 2) are obtained from the total NLD taken from
Ref. [37]. The latter is determined by counting the numbers of
experimental discrete levels in the low-energy region. These low-
energy data are then multiplied by the spin distribution f(J) =
2J + Dexpl—J(J +1)/20%]/03+/27) with o2 being the spin
cut-off factor taken from the systematics [38] and weighted over
the experimental angular-momentum distribution for a proper
comparison with the high-energy data. An overall agreement be-
tween the experimental data and the predictions by the EP + IPM
calculations is clearly observed, while the HFBCS and HFBC can not
explain the data. It should be mentioned here that no normaliza-
tion is required within the EP + IPM calculations when comparing
with the extracted NLD. As the EP + IPM results match well with
the data, this model is further used to calculate the thermody-
namic quantities of four selected nuclei at | =12 h.

Fig. 3 shows the Helmholtz free energy F, average excitation
energy E, entropy S, and heat capacity C as a function of T. F and
E behave smoothly with varying T for all the nuclei. However, S
and C show different variations with T. The entropies of 2!'Po
(odd-even), 212At (odd-odd), and !34Re (odd-odd) have similar
values below 1 MeV but diverge thereafter. On the other hand, the
entropy of 2%0Tl (odd-odd) is almost a factor of 2 higher com-
pared to the other nuclei below T = 0.5 MeV, but increases slowly
beyond T = 0.9 MeV. This change in entropy appears primarily
due to the different shell structures of the nuclei at low T since
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Fig. 4. Exact pairing gaps (without angular momentum or J = 0) as functions of
temperature for four nuclei under consideration [a, d], at different deformations for
184Re [b, e], and using different values of pairing gaps at zero temperature for '84Re
[c, f].

they show smooth variation at higher T (above T = 1.6 MeV),
where the shell structures are predicted to be melted [32,39,40].
Most noteworthy is the nature of heat capacity for 34Re, which is
completely different from the other three nuclei. There is a pro-
nounced bump (S-shape) in the heat capacity of !¥4Re at around
T ~ 0.8 MeV, which is close to the critical temperature T, where
the pairing gap collapses as predicted by the conventional BCS
theory. This S-shape in the heat capacity is interpreted as a fin-
gerprint for pairing transition in nuclei. The heat capacities 2!1Po,
212At, and 2%9T] do not show the pronounced S-shape structure as
expected for odd-odd and odd-even nuclei. It is also interesting to
note that the heat capacities of the isotones 211Po and 212At show
very similar behavior and adding one proton only slightly reduces
the heat capacity in this mass region.

In order to understand the difference in the heat capacities,
the exact neutron and proton pairing gaps have been calculated
as functions of T as shown in Figs. 4(a) and (d). Although these
exact gaps are obtained only for the non-rotating case (without
angular momentum or | = 0), they are predicted to decrease with
increasing J. However, the difference between the gaps for | =0
and 12 f, as shown in Fig. 4, should be very small [41-43]. It is
seen that the exact pairing gaps change differently with T. The gap
at T <1 MeV for '84Re is quite larger than that of other nuclei
and it also has the steepest slope. As '84Re nucleus is deformed
(B2 = 0.23), its pairing gaps have been calculated at different de-
formations as shown in Figs. 4(b) and (e). As can be seen from
these figures, the pairing gaps with 8, =0 (no deformation) have
the steepest slope. Consequently, the heat capacity for g, =0 (and
J =12 h) shows a clear S-shape as seen in Fig. 5(a). However, the
NLD for B, = 0 does not match the experimental data as shown
in Fig. 5(c). Next, the heat capacity for '®¥Re has been calculated
by keeping B, = 0.23 and changing the pairing gaps such as high
gap, best gap, low gap, and nearly zero gap as shown in Figs. 4(c)
and (f). The heat capacities at low and zero gaps do not show the
S-shape and the corresponding NLDs do not fit the data, while
those at high gap and best gap show a clear S-shape as seen
in Fig. 5(b). It should be mentioned here that the NLD for best
gap matches experimental data well and was considered for the
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Fig. 5. [a, b] Heat capacities as functions of temperature at different deforma-
tions and pairing gaps for '8Re nucleus. [c, d] Extracted NLDs along with the
EP 4 IPM calculations at different deformations and pairing gaps for '84Re nucleus.
The dashed-dotted lines in [a] stand for the results obtained within the EP + IPM
without the collective enhancement factor.

thermodynamic calculation. To see if the collective enhancement
contributes in causing the S-shape heat capacity for 184Re [27,44],
the NLD calculations within the EP + IPM were carried out by set-
ting the collective enhancement factors kyo and kyi, [34] equal
to 1. The obtained results (dash-dotted lines in Fig. 5(a)) show
that the S-shape of the heat capacity remains, that is the collective
enhancement plays no role in this issue. Therefore, it can be con-
cluded that the S-shape of heat capacity seen in 84Re at | =12 h
is only due to the change of pairing gaps caused by the change of
deformation.

In summary, nuclear level densities of odd-odd and odd-even
nuclei in A ~ 200 have been extracted by utilizing the neutron
evaporation energy spectra of Refs. [27,28] measured using the
low-energy « beam. The microscopic EP + IPM calculation ex-
plains well all the experimental data in this mass region and,
consequently, is used to study the thermodynamic properties of
184Re, 200T] 211pg and 212At nuclei. While the heat capacities of
200T], 211pg and 212At, which are nearly spherical, display the cor-
rect behavior as expected in case of even-odd/odd-odd systems, a
pronounced S-shaped heat capacity is observed for an odd-odd
deformed '84Re nucleus. It has been shown that this observed
S-shape in the heat capacity of 134Re is due to the change of pair-
ing gaps caused by the change of deformation. Thus, it would be
very interesting to extract the NLDs and study the thermodynamic
properties of different deformed nuclei in a systematic way in near
future.
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