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3エキゾチックハドロン

- マルチクォーク : クォーク  ハドロン

- ハドロン分子 : クォーク  ハドロン (subunit)  ハドロン
大きさ  数 fm (空間的に広がっている)≳
例) 重陽子

 これらの内部構造の重ね合わせ

大きさ  1 fm (コンパクト)≲

F-K. Guo, C. Hanhart, Ulf-G. Meißner, Q. Wang, Q. Zhao, and B-S. Zou, 

RevModPhys.90.015004 (2018). 

それぞれの成分の重みを調べる  内部構造の確立

- それ以外の構造  エキゾチックハドロン  内部構造？
- クォーク3つ・クォーク反クォーク  通常のハドロン 

◉ とりうる内部構造



複合性 (compositeness) 4

0 ≤ X ≤ 1   複合的 (ハドロン分子的)X > 0.5 ⇔
  素粒子的 (非ハドロン分子的)X < 0.5 ⇔

◉ 定義

-定量的な指標

-エキゾチックハドロンに応用
, f0(980) a0(980)

Λ(1405)

V. Baru,  J. Haidenbauer, C. Hanhart, Y. Kalashnikova, A.E. Kudryavtsev, 
Phys. Lett. B 586, 53–61 (2004);
Y. Kamiya and T. Hyodo, PTEP 2017; Phys. Rev. C 93, 035203 (2016) etc.

T. Sekihara, T. Hyodo, Phys. Rev. C 87, 045202 (2013) ;
Z.H. Guo, J.A. Oller, Phys. Rev. D 93, 096001 (2016) etc.

|hadron⟩ = X |hadronic molecule⟩ + Z |others⟩
複合性 素粒子性

Weinberg, S. Phys. Rev. 137, 672–678 (1965); 
T. Hyodo, Int. J. Mod. Phys. A 28, 1330045 (2013);
T. Kinugawa, T. Hyodo, Phys. Rev. C 106, 015205 (2022); arXiv:2403.12635 [hep-ph].

X + Z = 1



5エキゾチックハドロンの例

LETTERS NATURE PHYSICS

and background components. The signal component is described 
by the convolution of the detector resolution with a resonant shape, 
which is modelled by a relativistic P-wave two-body Breit–Wigner 
(BW) function modified by a Blatt–Weisskopf form factor with a 
meson radius parameter of 3.5 GeV−1. The use of a P-wave reso-
nance is motivated by the expected JP = 1+ quantum numbers for 
the T+

cc

 state. A two-body decay structure T+
cc

→ AB is assumed with 
m

A

= 2m

D

0

 and m
B

= m

π

+, where m
π

+ stands for the known mass 
of the π+ meson. Several alternative prescriptions are used for the 
evaluation of the systematic uncertainties. Despite its simplicity, the 
model serves well to quantify the existence of the T+

cc

 state and to 
measure its properties, such as the position and the width of the 
resonance. A follow-up study91 investigates the underlying nature 
of the T+

cc

 state, expanding on the modelling of the signal shape and 
the determination of its physical properties. The detector resolution 
is modelled by the sum of two Gaussian functions with a common 
mean, where the additional parameters are taken from simulation 
(Methods) with corrections applied32,92,93. The root mean square of 
the resolution function is around 400 keV c−2. A study of the D0π+ 
mass distribution for D0D0π+ combinations in the region above the 
D*0D+ mass threshold but below 3.9 GeV c−2 shows that approxi-
mately 90% of all random D0D0π+ combinations contain a genuine 
D*+ meson. On the basis of this observation, the background com-
ponent is parameterized by the product of a two-body phase space 
function and a positive second-order polynomial. The resulting 
function is convolved with the detector resolution.

The fit results are shown in Fig. 1, and the parameters of interest, 
namely the signal yield, N, the mass parameter of the BW function rel-
ative to the D*+D0 mass threshold, δm

BW

≡ m

BW

− (m
D

∗+ +m

D

0), 
and the width parameter, ΓBW, are listed in Table 1. The statistical 
significance of the observed T+

cc

D

0

D

0

π

+ signal is estimated using 
Wilks’ theorem to be 22 s.d. The fit suggests that the mass param-
eter of the BW shape is slightly below the D*+D0 mass threshold.  
The statistical significance of the hypothesis δmBW < 0 is estimated 
to be 4.3 s.d.

To validate the presence of the signal component, several addi-
tional cross-checks are performed. The data are categorized accord-
ing to data-taking periods, including the polarity of the LHCb 
dipole magnet and the charge of the T+

cc

 candidates. Instead of 
statistically subtracting the non-D0 background, the mass of each 
D → K−π+ candidate is required to be within a narrow region around 
the known mass of the D0 meson38. The results are found to be con-
sistent among all samples and analysis techniques. Furthermore, 
dedicated studies are performed to ensure that the observed 
signal is not caused by kaon or pion misidentification, doubly 
Cabibbo-suppressed D0 → K+π− decays or D0

D

0 oscillations, decays 
of charm hadrons originating from beauty hadrons or artefacts due 
to the track reconstruction creating duplicate tracks.

Systematic uncertainties for the δmBW and ΓBW parameters are 
summarized in Table 2 and described below. The largest systematic 
uncertainty is related to the fit model and is studied using pseudo-
experiments with alternative parameterizations of the D0D0π+ mass 
shape. Several variations in the fit model are considered: changes 
in the signal model due to the imperfect knowledge of the detector 
resolution, an uncertainty in the correction factor for the resolution 
taken from control channels, parameterization of the background 
component and the additional model parameters of the BW func-
tion. The model uncertainty related to the assumption of JP = 1+ 
quantum numbers of the state is estimated and listed separately. 
The results are affected by the overall detector momentum scale, 
which is known to a relative precision of δα = 3 × 10−4 (ref. 94). The 
corresponding uncertainty is estimated using simulated samples 
where the momentum scale is modified by factors of (1± δα). In 
the reconstruction, the momenta of charged tracks are corrected 
for energy loss in the detector material, the amount of which is 
known with a relative uncertainty of 10%. The resulting uncertainty 
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Fig. 1 | The distribution of the D0D0π+ mass. The distribution of the 
D0D0π+ mass after statistical subtraction of the contribution of the non-D0 
background, with the result of the fit with the two-component function 
described in the text. The horizontal bin width is indicated on the vertical 
axis legend. The inset shows a zoomed signal region with a fine binning 
scheme. Uncertainties on the data points are statistical only and represent 
one standard deviation, calculated as a sum in quadrature of the assigned 
weights from the background subtraction procedure.

Table 1 | Parameters obtained from the fit to the D0D0π+ mass 
spectrum: signal yield, N, BW mass relative to the D*+D0 
mass threshold, δmBW, and width, ΓBW. The uncertainties are 
statistical only

Parameter Value

N 117!±!16
δmBW −273!±!61!keV!c−2

ΓBW 410!±!165!keV

Table 2 | Systematic uncertainties for the δmBW and ΓBW 
parameters. The total uncertainty is calculated as the sum 
in quadrature of all components except for those related to 
the assignment of JP quantum numbers, which are handled 
separately

Source σ

δm

BW

(

keV c

−2

)

σΓ
BW

(keV)

Fit model
Resolution model 2 7
Resolution correction factor 1 30
Background model 3 30
Model parameters <1 <1
Momentum scale 3 —
Energy loss corrections 1 —
D*+!−!D0 mass difference 2 —
Total 5 43

JP quantum numbers +11

−14

+18

−38

NATURE PHYSICS | www.nature.com/naturephysics

LHCb Collaboration, Nature Phys. 18 (2022) no.7, 751-754;
LHCb Collaboration, Nat. Commun. 13 3351 (2022).

Tcc(3875)+ → D0D0π+ (ccūd̄)

S. K. Choi et al. (Belle), Phys. Rev. Lett. 91, 262001 (2003). 

X(3872) → π+π−J/ψ

well as the specific ionization in the CDC. This classi-
fication is superseded if the track is identified as a lepton:
electrons are identified by the presence of a matching
ECL cluster with energy and transverse profile consistent
with an electromagnetic shower; muons are identified by
their range and transverse scattering in the KLM.

For the B! K!!!"J= study we use events that have
a pair of well identified oppositely charged electrons or
muons with an invariant mass in the range 3:077<
M‘!‘" < 3:117 GeV, a loosely identified charged kaon,
and a pair of oppositely charged pions. In order to reject
background from " conversion products and curling
tracks, we require the !!!" invariant mass to be greater
than 0.4 GeV. To reduce the level of e!e" ! q !qq (q #
u; d; s, or c quark) continuum events in the sample, we
also require R2 < 0:4, where R2 is the normalized Fox-
Wolfram moment [8], and j cos#Bj< 0:8, where #B is the
polar angle of the B-meson direction in the CM frame.

Candidate B! ! K!!!!"J= mesons are recon-
structed using the energy difference "E $ ECM

B "
ECM
beam and the beam-energy constrained mass
Mbc $

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

%ECM
beam&2 " %pCM

B &2
q

, where ECM
beam is the beam

energy in the CM system, and ECM
B and pCM

B are the
CM energy and momentum of the B candidate. The sig-
nal region is defined as 5:271 GeV<Mbc < 5:289 GeV
and j"Ej< 0:030 GeV.

Figure 1(a) shows the distribution of "M $
M%!!!"‘!‘"& "M%‘!‘"& for events in the "E-Mbc
signal region. Here a large peak corresponding to  0 !
!!!"J= is evident at 0.589 GeV. In addition, there is a
significant spike in the distribution at 0.775 GeV.
Figure 1(b) shows the same distribution for a large sample
of generic B- !BB Monte Carlo (MC) events. Except for the
prominent  0 peak, the distribution is smooth and fea-
tureless. In the rest of this Letter we use M%!!!"J= &
determined from "M!MJ= , whereMJ= is the PDG [9]
value for the J= mass. The spike at "M # 0:775 GeV
corresponds to a mass near 3872 MeV.

We make separate fits to the data in the  0

(3580 MeV<M!!!"J= < 3780 MeV) and the M #

3872 MeV (3770 MeV<M!!!"J= < 3970 MeV) re-
gions using a simultaneous unbinned maximum likeli-
hood fit to the Mbc, "E, and M!!!"J= distributions [10].
For the fits, the probability density functions (PDFs) for
the Mbc and M!!!"J= signals are single Gaussians; the
"E signal PDF is a double Gaussian composed of a
narrow ‘‘core’’ and a broad ‘‘tail.’’ The background
PDFs for "E and M!!!"J= are linear functions, and
the Mbc background PDF is the ARGUS threshold func-
tion [11]. For the  0 region fit, the peak positions and
widths of the three signal PDFs, the "E core fraction, as
well as the parameters of the background PDFs, are left as
free parameters. The values of the resolution parameters
that are returned by the fit are consistent with MC-based
expectations. For the fit to theM # 3872 MeV region, the
Mbc peak and width, as well as the "E peak, widths, and
core fraction (96.5%) are fixed at the values determined
from the  0 fit.

The results of the fits are presented in Table I.
Figures 2(a)–2(c) show the Mbc, M!!!"J= , and "E
signal-band projections for the M # 3872 MeV signal
region, respectively. The superimposed curves indicate
the results of the fit. There are clear peaks with consistent
yields in all three quantities. The signal yield of 35:7'
6:8 events has a statistical significance of 10:3$, deter-
mined from

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

"2 ln%L0=Lmax&
p

, where Lmax and L0 are
the likelihood values for the best-fit and for zero-signal
yield, respectively. In the following we refer to this as the
X%3872&.

We determine the mass of the signal peak relative to
the well measured  0 mass:

MX # Mmeas
X "Mmeas

 0 !MPDG
 0

# 3872:0' 0:6%stat& ' 0:5%syst& MeV:

Since we use the precisely known value of the  0 mass [9]
as a reference, the systematic error is small. The M 0

measurement, which is referenced to the J= mass that
is 589 MeV away, is "0:5' 0:2 MeV from its world-
average value [12]. Variation of the mass scale from M 0

toMX requires an extrapolation of only 186 MeVand, thus,
the systematic shift in MX can safely be expected to be
less than this amount.We assign 0.5 MeVas the systematic
error on the mass.

The measured width of the X%3872& peak is $ # 2:5'
0:5 MeV, which is consistent with the MC-determined
resolution and the value obtained from the fit to the  0
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FIG. 1. Distribution of M%!!!"‘!‘"& "M%‘!‘"& for se-
lected events in the "E-Mbc signal region for (a) Belle data
and (b) generic B- !BB MC events.

TABLE I. Results of the fits to the  0 and M # 3872 MeV
regions. The errors are statistical only.

Quantity  0 region M # 3872 MeV region

Signal events 489' 23 35:7' 6:8
Mmeas
!!!"J= peak 3685:5' 0:2 MeV 3871:5' 0:6 MeV
$M!!!"J= 3:3' 0:2 MeV 2:5' 0:5 MeV

P H Y S I C A L R E V I E W L E T T E R S week ending
31 DECEMBER 2003VOLUME 91, NUMBER 26

262001-3 262001-3
- 散乱の閾値近傍状態の内部構造  低エネルギー普遍性

◉ 散乱の閾値近傍のエキゾチックハドロン

- メソン2体散乱の閾値エネルギー近傍状態D



6低エネルギー普遍性

閾値

エネルギー

散乱

束縛

-散乱の閾値近傍にあらわれる現象  普遍的な理論

E. Braaten and H.-W. Hammer, Phys. Rept. 428, 259 (2006) ;
F. P. Naidon and S. Endo, Rept. Prog. Phys. 80, 056001 (2017).

どんなモデルでも同じ結果



7低エネルギー普遍性

閾値

エネルギー

- 束縛エネルギー  (閾値上)B = 0

B = 0

T. Hyodo, 
Phys. Rev. C 90, 055208 (2014) .

状態は純ハドロン分子 ( )X = 1

-散乱の閾値近傍にあらわれる現象  普遍的な理論

- 閾値近傍状態 ( ) の内部構造？  なのか？B ≠ 0 X ∼ 1  本研究
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 5

 D0D̄*0

 D*−D+

 X(3872)

 E

0

  MeVB = 0.04

  MeVΔω = 8.23

  MeVΓ = 1.19

 Tcc(3875)+

 X(3872)

 D0D*+

 D*0D+

 Tcc

 E

0

  MeVB = 0.36

  MeVΔω = 1.41

  MeVΓ = 0.048

Figure 1.7: The schematic illustration of the system of Tcc(3875)+ (left) and X(8372) (right). The B

is the binding energy, Γ is the decay width, and ∆ω is the threshold energy difference between the

higher coupled channel and nearest threshold channel.

In hadron physics, the compositeness has been applied since the works by S. Weinberg [70, 71, 67].

By model-independently estimating the compositeness, he show the deuteron is the composite particle

of p and n. After four decades of his work, the notion of the compositeness has been employed to

consider the internal structure of many hadrons (see also Sections 5.1 and 5.8).

The compositeness of the weakly bound states can be estimated only from the observables. In

principle, the compositeness is a model-dependent quantity. However, when the binding energy is much

smaller than the typical energy scale of the system, the compositeness X is model-independently related

to the observables. This relation is called the weak-binding relation [67]. This model-independent

nature of the weak-binding relation is associated with the low-energy universality discussed below.

1.3 Low-energy universality

As discussed above, many exotic hadrons are observed near the threshold, such as Tcc(3875)+ and

X(3872). Therefore, to understand the nature of exotic hadrons, it is necessary to focus on near-

threshold states. In the near-threshold energy region, it is known that the low-energy universality

holds [72, 73, 74, 75, 76, 77, 78], and phenomena follow the common laws irrespective of the microscopic

details of the system. The mechanism of the universality is associated with the divergence of the

scattering length. The scattering length is the physical observables characterizing the low-energy

scatterings in the system. If the binding energy B decreases, we can see that the scattering length

becomes larger. In the s-wave scattering, the scattering length diverges, and other scales become

8実際のエキゾチックハドロン

LHCb Collaboration, Nat. Commun 13 3351 (2022). Particle Data Group, Phys. Rev. D 110, 030001 (2024). 

 : 束縛エネルギーB
 : 崩壊幅Γ

 : 閾値エネルギー差Δω

崩壊幅とチャンネル結合が内部構造に及ぼす影響？  応用



本研究 9

閾値近傍の複合性  を低エネルギー普遍性の観点から研究X
 固有エネルギーのみから内部構造を決定できるか？ 　

T. Kinugawa and T. Hyodo, Phys. Rev. C 109 , 045205 (2024).
T. Kinugawa and T. Hyodo, arXiv:2403.12635 [hep-ph].

閾値

エネルギー

束縛状態

共鳴状態

?

?

1. 閾値より下
    束縛状態の内部構造？

2. 閾値より上
    共鳴状態の内部構造？

0. イントロ

応用: エキゾチックハドロン 
 と Tcc(3875)+ X(3872)



1. 閾値近傍束縛状態 10

T. Kinugawa and T. Hyodo, Phys. Rev. C 109 , 045205 (2024).

 閾値

エネルギー

束縛状態： 
?????

共鳴状態： 
????

?

?



D
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nloaded from
 https://academ

ic.oup.com
/ptps/article/doi/10.1143/PTPS.E68.464/1843530 by Shuto D

aigaku Tokyo user on 19 July 2024

Ikeda diagram

1チャンネル散乱 11

1. 閾値則 (経験則) : 閾値近傍状態は複合的 ( )？X ∼ 1

2. しかし、理論的には…
.

T. Hyodo, Phys. Rev. C 90, 055208 (2014) ;
 C. Hanhart, J. R. Pelaez, and G. Rios, Phys. Lett. B 739, 375 (2014).

3. なぜ実験的に閾値則が成り立っているのか？

 閾値則の理論的基礎づけを与える

- 閾値近傍状態の内部構造  閾値則

閾値
エネルギー

閾値
エネルギー

X = 1 ？X ∼ 1

例) 重陽子  MeV B = 2.22

閾値近傍でも  の状態が実現可能X ∼ 0

n
p

K. Ikeda, and N. Takizawa, and H. Horiuchi, 
Prog. Theor. Phys. Suppl. E68, 464-475 (1968).

K. Ikeda, and N. Takizawa, and H. 
Horiuchi, Prog. Theor. Phys. Suppl. 
E68, 464-475 (1968).



有効場の理論(EFT)モデル

ℋfree =
1

2m1
∇ψ1† ⋅ ∇ψ1 +

1
2m2

∇ψ2† ⋅ ∇ψ2 +
1

2mϕ
∇ϕ† ⋅ ∇ϕ + ν0ϕ†ϕ,

ℋint = g0(ϕ†ψ1ψ2 + ψ1†ψ†
2 ϕ) .

1.

2.
1.  の1チャンネル散乱ψ1,2
2. bare状態  との結合 ϕ

◉ 1チャンネル共鳴モデル E. Braaten, M. Kusunoki, and D. Zhang,
 Annals Phys. 323, 1770 (2008).

12

◉ 散乱振幅

f(k) = −
μ
2π [

k2

2μ − ν0

g2
0

+
μ
π2 [Λ + ik arctan( Λ

−ik )]]−1 .

V =
g2

0

E − ν0
, G = −

μ
π2 [Λ + ik arctan( Λ

−ik )] .

T =
1

V−1 − G

 : cutoff                               Λ

ϕ
ψ1

ψ2
g0



13複合性

X =
G′￼(−B)

G′￼(−B) − [V−1(−B)]′￼

,

= [1 +
π2κ
g2

0 μ2 (arctan(Λ/κ) −
Λ/κ

1 + (Λ/κ)2 )−1]−1 .

◉ 複合性 X

α′￼(E) = dα/dE

Y. Kamiya and T. Hyodo, PTEP 2017, 023D02 (2017).T =
1

V−1 − G
散乱振幅 : 

- 束縛エネルギー  のみ与えられている場合に  はどうなる？B X
 X > 0.5

or
 X < 0.5束縛エネルギー  を固定B

 複合性  のパラメタ依存性に注目X

κ = 2μB



モデルのスケールとパラメタ 14

 束縛状態の条件式  ∵ f −1(iκ) = 0

結合定数  : g0 g2
0(B, ν0, Λ) =

π2

μ
(B + ν0)[Λ − κ arctan (Λ/κ)]−1

κ = 2μB .

3. 自由なパラメタ  bare状態のエネルギー ν0

 の範囲で動かす−B/Etyp ≤ ν0/Etyp ≤ 1
  (下限) & モデルの適用範囲 (上限)∵ g2

0 ≥ 0

1. 束縛エネルギー  を固定B

◉ モデルのスケール

◉ モデルパラメタ g0, ν0, Λ

2.  で無次元化した量を使うΛ

- カットオフ  できまる : Λ Etyp = Λ2/(2μ)



2

 [dimensionless]ν0/Etyp

 [d
im

en
si

on
le

ss
]

X
スライド用

 0

 0.2

 0.4

 0.6

 0.8

 1

-1 -0.5  0  0.5  1

15
◉ 複合性  のパラメタ  依存性 ( )X ν0/Etyp B = Etyp

 bare状態 ( ) 起源∵ X = 0- の  で  75 % ν0 X < 0.5

典型的な束縛状態

計算結果



16

- 複合的でない状態も実現できるが  のfine tuneが必要ν0

- の  で  低エネルギー普遍性の帰結88 % ν0 X > 0.5

◉ 複合性  のパラメタ  依存性 ( )X ν0/Etyp B = 0.01Etyp

3

 [dimensionless]ν0/Etyp

 [d
im

en
si

on
le

ss
]

X

スライド用

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

弱束縛状態

 弱束縛状態は複合的内部構造を持ちやすい



17応用
1.3. LOW-ENERGY UNIVERSALITY 11
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Figure 1.7: The schematic illustration of the system of Tcc(3875)+ (left) and X(8372) (right). The B

is the binding energy, Γ is the decay width, and ∆ω is the threshold energy difference between the

higher coupled channel and nearest threshold channel.

In hadron physics, the compositeness has been applied since the works by S. Weinberg [70, 71, 67].

By model-independently estimating the compositeness, he show the deuteron is the composite particle

of p and n. After four decades of his work, the notion of the compositeness has been employed to

consider the internal structure of many hadrons (see also Sections 5.1 and 5.8).

The compositeness of the weakly bound states can be estimated only from the observables. In

principle, the compositeness is a model-dependent quantity. However, when the binding energy is much

smaller than the typical energy scale of the system, the compositeness X is model-independently related

to the observables. This relation is called the weak-binding relation [67]. This model-independent

nature of the weak-binding relation is associated with the low-energy universality discussed below.

1.3 Low-energy universality

As discussed above, many exotic hadrons are observed near the threshold, such as Tcc(3875)+ and

X(3872). Therefore, to understand the nature of exotic hadrons, it is necessary to focus on near-

threshold states. In the near-threshold energy region, it is known that the low-energy universality

holds [72, 73, 74, 75, 76, 77, 78], and phenomena follow the common laws irrespective of the microscopic

details of the system. The mechanism of the universality is associated with the divergence of the

scattering length. The scattering length is the physical observables characterizing the low-energy

scatterings in the system. If the binding energy B decreases, we can see that the scattering length

becomes larger. In the s-wave scattering, the scattering length diverges, and other scales become

◉ エキゾチックハドロンに応用

- 崩壊  チャンネル結合モデル+

X̃j =
|Xj |

∑j |Xj | + |Z |
, ( j = 1,2)

 : 閾値チャンネルの複合性X̃1
 : 結合チャンネルの複合性X̃2

T. Sekihara, T. Arai, J. Yamagata-Sekihara and S. Yasui, PRC 93, 035204 (2016).

LHCb Collaboration, Nat. Commun 13 3351 (2022). Particle Data Group, Phys. Rev. D 110, 030001 (2024). 

 : 束縛エネルギーB
 : 崩壊幅,Γ  : 閾値エネルギー差Δω

小
 と Γ Δω 大

 と Γ Δω
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The compositeness of the weakly bound states can be estimated only from the observables. In
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details of the system. The mechanism of the universality is associated with the divergence of the

scattering length. The scattering length is the physical observables characterizing the low-energy
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By model-independently estimating the compositeness, he show the deuteron is the composite particle

of p and n. After four decades of his work, the notion of the compositeness has been employed to

consider the internal structure of many hadrons (see also Sections 5.1 and 5.8).

The compositeness of the weakly bound states can be estimated only from the observables. In

principle, the compositeness is a model-dependent quantity. However, when the binding energy is much

smaller than the typical energy scale of the system, the compositeness X is model-independently related

to the observables. This relation is called the weak-binding relation [67]. This model-independent

nature of the weak-binding relation is associated with the low-energy universality discussed below.

1.3 Low-energy universality

As discussed above, many exotic hadrons are observed near the threshold, such as Tcc(3875)+ and

X(3872). Therefore, to understand the nature of exotic hadrons, it is necessary to focus on near-

threshold states. In the near-threshold energy region, it is known that the low-energy universality

holds [72, 73, 74, 75, 76, 77, 78], and phenomena follow the common laws irrespective of the microscopic

details of the system. The mechanism of the universality is associated with the divergence of the

scattering length. The scattering length is the physical observables characterizing the low-energy

scatterings in the system. If the binding energy B decreases, we can see that the scattering length

becomes larger. In the s-wave scattering, the scattering length diverges, and other scales become
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エキゾチックハドロンの内部構造 複合性

低エネルギー普遍性
(a) 弱束縛状態の内部構造 

(b,c) 崩壊とチャンネル結合の複合性への影響

(c)  と  の内部構造Tcc(3875)+ X(3872)
複合性が減少

 : チャンネル結合の効果  崩壊の効果Tcc ≫
 : 崩壊の効果  チャンネル結合の効果X(3872) >

閾値則の理論的な基礎づけ
 複合的な状態になりやすい

閾値近くだが複合性は小さくなる
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In hadron physics, the compositeness has been applied since the works by S. Weinberg [70, 71, 67].

By model-independently estimating the compositeness, he show the deuteron is the composite particle

of p and n. After four decades of his work, the notion of the compositeness has been employed to

consider the internal structure of many hadrons (see also Sections 5.1 and 5.8).

The compositeness of the weakly bound states can be estimated only from the observables. In

principle, the compositeness is a model-dependent quantity. However, when the binding energy is much

smaller than the typical energy scale of the system, the compositeness X is model-independently related

to the observables. This relation is called the weak-binding relation [67]. This model-independent

nature of the weak-binding relation is associated with the low-energy universality discussed below.

1.3 Low-energy universality

As discussed above, many exotic hadrons are observed near the threshold, such as Tcc(3875)+ and

X(3872). Therefore, to understand the nature of exotic hadrons, it is necessary to focus on near-

threshold states. In the near-threshold energy region, it is known that the low-energy universality

holds [72, 73, 74, 75, 76, 77, 78], and phenomena follow the common laws irrespective of the microscopic

details of the system. The mechanism of the universality is associated with the divergence of the

scattering length. The scattering length is the physical observables characterizing the low-energy

scatterings in the system. If the binding energy B decreases, we can see that the scattering length

becomes larger. In the s-wave scattering, the scattering length diverges, and other scales become
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By model-independently estimating the compositeness, he show the deuteron is the composite particle

of p and n. After four decades of his work, the notion of the compositeness has been employed to

consider the internal structure of many hadrons (see also Sections 5.1 and 5.8).

The compositeness of the weakly bound states can be estimated only from the observables. In

principle, the compositeness is a model-dependent quantity. However, when the binding energy is much

smaller than the typical energy scale of the system, the compositeness X is model-independently related

to the observables. This relation is called the weak-binding relation [67]. This model-independent

nature of the weak-binding relation is associated with the low-energy universality discussed below.
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As discussed above, many exotic hadrons are observed near the threshold, such as Tcc(3875)+ and

X(3872). Therefore, to understand the nature of exotic hadrons, it is necessary to focus on near-

threshold states. In the near-threshold energy region, it is known that the low-energy universality

holds [72, 73, 74, 75, 76, 77, 78], and phenomena follow the common laws irrespective of the microscopic

details of the system. The mechanism of the universality is associated with the divergence of the
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崩壊幅・閾値エネルギー差と束縛エネルギーの比で

T. Kinugawa and T. Hyodo, Phys. Rev. C 109 , 045205 (2024).



222. 閾値近傍の共鳴状態

T. Kinugawa and T. Hyodo, arXiv:2403.12635 [hep-ph].

 閾値

エネルギー

束縛状態： 
ハドロン分子的

共鳴状態： 
????

?

ここからはまた1チャンネル散乱を考える



23閾値より高いエネルギーの状態？

T. Hyodo, Phys. Rev. Lett. 111, 132002 (2013) .

1/as = + ∞

1/a0 = − ∞

Im k

Re k
1/as = 0

閾値
束縛状態

仮想状態

共鳴状態

非物理的な状態

f(k)−1 = −
1
as

+
re

2
k2 − ik

- 固有運動量 =  のpole (発散する  の値)  観測量f(k) k

- 閾値近傍の散乱振幅の一般形 (有効レンジ展開, ERE)
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「内部構造」???✅「内部構造」がある！
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k

k−k+ i
re

k−

1
re

2re

a0
− 1

k+

共鳴があら
われる領域

◉ 散乱長  と有効レンジ a0 re

閾値近傍の幅の狭い共鳴は
有効レンジが負で大きい!!

-幅の狭い共鳴は が 
小さい必要がある

Im k = |1/re |

-固有運動量 ( )   と k± a0 re

◉ 有効レンジ展開 (ERE) での共鳴状態の固有運動量

T. Hyodo, Phys. Rev. Lett. 111, 132002 (2013).

k± =
i
re

± 1
re

2re

a0
− 1f(k)−1 = −

1
a0

+
re

2
k2 − ik

EREでの閾値近傍の共鳴

-  は負である必要があるre



26閾値近傍の共鳴状態の普遍性

k

k−

re = a0re = a0

|re | > |a0 |
|re | > |a0 |

|re | < |a0 | |re | < |a0 |

|re | < |a0 |

- 閾値近傍の束縛状態

 (状態が完全にハドロン分子) X → 1
 なので  極限で普遍性が成り立つa0 → ∞ B → 0

- 閾値近傍の共鳴状態
 の極限で、  かつ |k | → 0 a0 → ∞ |re | → ∞

低エネルギー普遍性なし

∵ |a0 | ≤ |re |

閾値近傍の共鳴状態はハドロ
ン分子的にならなくても良い!!
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27EREでの複合性
X =

1

1 − 2re

a0

= − i tan θk

EREで求めた  は純虚数X

 ( , )k = |k |eiθk E = |E |eiθE

Im  の  依存性 X θE

-一般に、共鳴状態の複合性は定義上複素数

-複素数の複合性を確率として解釈できない!!

 = − i tan(θE /2)
E

−θE



28複素複合性の確率解釈
-複素複合性の解釈方法は一意に定まらない

 「妥当」な解釈は決め方いろいろ！
◉ 「妥当」な解釈のための条件

2. 確率的指標 (規格化されている & 0と1の間の実数)
1.  で束縛状態の複合性に帰着Im X → 0

3. 幅の狭い共鳴の内部構造だけを解釈したい！

- |X |
- Re X
- 複素  から定義した新しい量X

F. Aceti, E. Oset, Phys. Rev. D 86, 014012 (2012); T. Hyodo, Int. J. Mod. Phys. A 28, 1330045 (2013);
Z.H. Guo, J.A. Oller, Phys. Rev. D 93(9), 096001 (2016); J.A. Oller, Annals Phys. 396, 429 (2018).

F. Aceti, L.R. Dai, L.S. Geng, E. Oset, Y. Zhang, Eur. Phys. J. A 50, 57 (2014).

Y. Kamiya, T. Hyodo, PTEP 2017(2), 023D02 (2017); 
T. Sekihara, T. Arai, J. Yamagata-Sekihara, S. Yasui, Phys. Rev.C 93(3), 035204 (2016).

- EREを元にした新しい量
T. Hyodo, Phys. Rev. Lett. 111, 132002 (2013); 
I. Matuschek, V. Baru, F.K. Guo, C. Hanhart, Eur. Phys. J. A 57(3), 101 (2021).



29新たな複合性の確率解釈
i) :  を確実に観測する確率
ii) :  を確実に観測する確率
iii) : uncertain identification の確率

𝒳 |composite⟩
𝒵 |elementary⟩
𝒴

T. Berggren, Phys. Lett. B 33, 547 (1970).uncertain の起源 

energy

spectrum
R

B.G?

𝒳 =
(α − 1) |X | − α |Z | + α

2α − 1

𝒵 =
(α − 1) |Z | − α |X | + α

2α − 1

𝒴 =
|X | + |Z | − 1

2α − 1 : 解釈の不定性を反映したパラメタα

2. 𝒳 + 𝒴 + 𝒵 = 1

1.  , 𝒳 → X 𝒵 → Z
and    ( )𝒴 → 0 Im X → 0

- 有限の寿命の不定性
- B.G. からの分離の不定性
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FIG. 1. X ,Y,Z と複素の X と Z の関係の模式図。

Eq. (15)になる。素粒子性 Z と Z,Y の関係も同様の考えから Eq. (16)になる。
Eqs. (15) and (16)を規格化の条件 (i)を用いてX ,Y,Zについて解くと、

X =
(α− 1)|X|− α|Z|+ α

2α− 1
, (17)

Z =
(α− 1)|Z|− α|X|+ α

2α− 1
, (18)

Y =
|X|+ |Z|− 1

2α− 1
, (19)

が得られる。ここで、三角不等式より Y の分子は positiveだから、α < 1/2の場合はどんなXに対してもYは常に負になり、確率として解釈できないので、以下では α > 1/2のみ考える。このときでも X と Z は負になり得るが、そのような状況についてはのちに議論する。定義 (19)から、
|X| and |Z|、つまり ImX and ImZ が大きいとき、Y が大きくなることがわかる。よって、Y はX や Z の複素性を表す量とみなすことができる。ここからは、α の値によって解釈方法がどのように変わるかを考える。possibly composite と possibly elemen-
tary の割合 |X|と |Z|は、三角不等式より |X|+ |Z| ≥ 1になる。よって、identification を possibly compositeと
possibly elementary に当てはめると、Fig. 1の上図のように、possibly composite かつ possibly elementary である identification が必ず存在する。Eq. (19)の分子はこの重なりの割合に対応し、それがどのくらい Y に反映されるかが分母の αの値によって決められる。より具体的に考えると、α = 1 の場合（Fig. 1 の下の図）、certainly composite と certainly elementary 以外の
identification は、composite っぽさも elementary っぽさも同じくらい兼ね備えていると考え、possibly compositeにも possibly elementary にも含まれる解釈になる。言い換えると、α = 1は possibly elementary identification 以外の部分が certainly composite identification と一致する場合である。

α > 1 の場合、α = 1 のときは uncertain に含まれていた identificationの中にも、composite寄りなものと ele-
mentary寄りなものがあるとみなし、元から certain com-

TABLE I. 複素数の複合性X と素粒子性 Z を用いた X ,Y,Z による状態の内部構造の解釈方法のまとめ。
X > Y,Z composite dominant

X ≥ 0 and Z ≥ 0 Z > Y,X elementary dominant

Y > X ,Z uncertain

X < 0 or Z < 0 non-interpretable

posite (elementary) な identification に加え、composite
(elementary) 寄りな identificationの割合を X (Z)とし、残りを Y とした解釈になる。同じ複素数のX に対する Yの値は、α = 1のときよりも小さくなる。Eq. (19) からわかるように、α が大きくなるに従って、Y は小さくなり、α → ∞の極限で Y → 0になる。そのとき、Eqs. (17)
to (19) は Ref. [14] での解釈方法に帰着する：X → X̃,
Z → Z̃, Y → 0。つまり、先行研究の X̃, Z̃の解釈方法は、本研究での解釈方法で全ての identificationを compositeか elementaryかに分けた場合に対応する。
α < 1 の場合は、α = 1 のときは certain composite

(elementary)に含まれていた identificationの中にも、un-
certainに近いものがあるとし、元から uncertainとされていた identificationに加えてそれらも Y に含む解釈である。同じ複素数のX に対する Y の値は、α = 1のときよりも大きくなる。
ここで、あるXのもとでX or Zが negativeになりえることに戻る。α > 1/2のもとでYはいつでも positiveであるが、X の値によっては X or Z が negativeになりえる。例えば、あるαの値のときY > 1になるような十分大きな

|X|を取ることができ、その場合、規格化の条件よりX か
Z が負になる。このとき、X or Z を確率として捉えることができない。よって、X < 0 or Z < 0となるようなXを持つ状態は、X ,Y,Z では内部構造が non-interpretableである。そのような状態は Y が大きな値をもつ場合に実現されることから、複素性が大きすぎるような状態に対応すると期待される。これらをもとに、我々は、複素性が大きい non-interpretable状態を非物理的と判定する。
最後に、本研究で提案した共鳴状態の内部構造の複合性を用いた解釈方法を Tab. Iにまとめる。X と Z のどちらも positiveで確率解釈可能な場合、X ,Y,Z のうち一番大きな成分が支配的な内部構造であると解釈できる。一方、

X or Z が negativeの場合、状態は non-interpretableであり、非物理的であるとみなす。

III. ERE

この章では、Sec. I で議論した、ERE でかける near-
threshold resonance poleに、Sec. IIで提案した本研究での複素数の複合性の解釈方法を応用する。EREは閾値近傍の状態しか記述できないが、解析結果がモデル非依存であるという一般性がある。

-  の場合,  はいつも正だが  は負になりうるα > 1/2 𝒴 𝒳, 𝒵

Γ ≤ Re E
3. 幅の狭い共鳴だけを解釈したい

- EREを使うと α ∼ 1.1318

- 幅の広い共鳴 = 解釈不可能

- 幅の狭い共鳴 = 解釈可能
,  のどれかが支配的𝒳, 𝒴 𝒵
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-共鳴状態は複合的ではない ( )𝒵 ≳ 0.8

閾値近傍の共鳴状態の内部構造
 dominant𝒵

-閾値近傍の束縛状態とは定性的に異なる！ 
( ,  のハドロン分子的構造)X ∼ 1 Z ∼ 0

9
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32束縛から共鳴の の変化𝒳, 𝒴, 𝒵

- 束縛 : 0 ≤ X ≤ 1

𝒳
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 1/a0

- 仮想 :  (解釈不可能)𝒵 < 0

- 共鳴 :  が支配的𝒵
発散点 𝒳, 𝒴, 𝒵 → ∞

𝒳
𝒴
𝒵

resonance b.s.vi
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- 共鳴状態の複合性の新しい解釈方法

- 閾値近傍の共鳴状態は　　
複合的ではない！

浅い束縛状態と全く異なる

4
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|X |

!" #
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FIG. 1. X ,Y,Z と複素の X と Z の関係の模式図。

Eq. (15)になる。素粒子性 Z と Z,Y の関係も同様の考えから Eq. (16)になる。
Eqs. (15) and (16)を規格化の条件 (i)を用いてX ,Y,Zについて解くと、

X =
(α− 1)|X|− α|Z|+ α

2α− 1
, (17)

Z =
(α− 1)|Z|− α|X|+ α

2α− 1
, (18)

Y =
|X|+ |Z|− 1

2α− 1
, (19)

が得られる。ここで、三角不等式より Y の分子は positiveだから、α < 1/2の場合はどんなXに対してもYは常に負になり、確率として解釈できないので、以下では α > 1/2のみ考える。このときでも X と Z は負になり得るが、そのような状況についてはのちに議論する。定義 (19)から、
|X| and |Z|、つまり ImX and ImZ が大きいとき、Y が大きくなることがわかる。よって、Y はX や Z の複素性を表す量とみなすことができる。ここからは、α の値によって解釈方法がどのように変わるかを考える。possibly composite と possibly elemen-
tary の割合 |X|と |Z|は、三角不等式より |X|+ |Z| ≥ 1になる。よって、identification を possibly compositeと
possibly elementary に当てはめると、Fig. 1の上図のように、possibly composite かつ possibly elementary である identification が必ず存在する。Eq. (19)の分子はこの重なりの割合に対応し、それがどのくらい Y に反映されるかが分母の αの値によって決められる。より具体的に考えると、α = 1 の場合（Fig. 1 の下の図）、certainly composite と certainly elementary 以外の
identification は、composite っぽさも elementary っぽさも同じくらい兼ね備えていると考え、possibly compositeにも possibly elementary にも含まれる解釈になる。言い換えると、α = 1は possibly elementary identification 以外の部分が certainly composite identification と一致する場合である。

α > 1 の場合、α = 1 のときは uncertain に含まれていた identificationの中にも、composite寄りなものと ele-
mentary寄りなものがあるとみなし、元から certain com-

TABLE I. 複素数の複合性X と素粒子性 Z を用いた X ,Y,Z による状態の内部構造の解釈方法のまとめ。
X > Y,Z composite dominant

X ≥ 0 and Z ≥ 0 Z > Y,X elementary dominant

Y > X ,Z uncertain

X < 0 or Z < 0 non-interpretable

posite (elementary) な identification に加え、composite
(elementary) 寄りな identificationの割合を X (Z)とし、残りを Y とした解釈になる。同じ複素数のX に対する Yの値は、α = 1のときよりも小さくなる。Eq. (19) からわかるように、α が大きくなるに従って、Y は小さくなり、α → ∞の極限で Y → 0になる。そのとき、Eqs. (17)
to (19) は Ref. [14] での解釈方法に帰着する：X → X̃,
Z → Z̃, Y → 0。つまり、先行研究の X̃, Z̃の解釈方法は、本研究での解釈方法で全ての identificationを compositeか elementaryかに分けた場合に対応する。
α < 1 の場合は、α = 1 のときは certain composite

(elementary)に含まれていた identificationの中にも、un-
certainに近いものがあるとし、元から uncertainとされていた identificationに加えてそれらも Y に含む解釈である。同じ複素数のX に対する Y の値は、α = 1のときよりも大きくなる。
ここで、あるXのもとでX or Zが negativeになりえることに戻る。α > 1/2のもとでYはいつでも positiveであるが、X の値によっては X or Z が negativeになりえる。例えば、あるαの値のときY > 1になるような十分大きな

|X|を取ることができ、その場合、規格化の条件よりX か
Z が負になる。このとき、X or Z を確率として捉えることができない。よって、X < 0 or Z < 0となるようなXを持つ状態は、X ,Y,Z では内部構造が non-interpretableである。そのような状態は Y が大きな値をもつ場合に実現されることから、複素性が大きすぎるような状態に対応すると期待される。これらをもとに、我々は、複素性が大きい non-interpretable状態を非物理的と判定する。
最後に、本研究で提案した共鳴状態の内部構造の複合性を用いた解釈方法を Tab. Iにまとめる。X と Z のどちらも positiveで確率解釈可能な場合、X ,Y,Z のうち一番大きな成分が支配的な内部構造であると解釈できる。一方、

X or Z が negativeの場合、状態は non-interpretableであり、非物理的であるとみなす。

III. ERE

この章では、Sec. I で議論した、ERE でかける near-
threshold resonance poleに、Sec. IIで提案した本研究での複素数の複合性の解釈方法を応用する。EREは閾値近傍の状態しか記述できないが、解析結果がモデル非依存であるという一般性がある。

 低エネルギー普遍性∵

 threshold

energy

bound states: 
 composite

resonances: 
 non-composite

- 閾値近傍の束縛状態はハドロン分子的

T. Kinugawa and T. Hyodo, Phys. Rev. C 109 , 045205 (2024); 
arXiv:2403.12635 [hep-ph].
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35エキゾチックハドロン

◉ 通常のハドロン
- バリオン- メソン 

クォーク , グルーオン  ハドロンq
強い相互作用

q̄
q q q

qq qq

- 数種しか観測されていない  理由？

◉ エゾチックハドロン

- 量子色力学 (QCD) の非摂動的な現象の解明

 エキゾチックハドロン 

q̄ q

q qq
q̄ q ??? 内部構造が未確立！

- およそ400種 Particle Data Group, S. Navas et al., Phys. Rev. D 110, 030001 (2024). 

4つ以上の  でないと説明不可q



複合性の定義 36T. Hyodo, Int. J. Mod. Phys. A 28, 1330045 (2013);
T. Kinugawa and T. Hyodo, (2024), 2411.12285. 

X = ∫ dp |⟨p |B⟩ |2

Z = |⟨ϕ |B⟩ |2

Ĥ = Ĥ0 + ̂V

- ハミルトニアンをfreeな部分とそれ以外 (interaction) に分ける

- freeなハミルトニアンの固有状態

Ĥ0 =
p2

2μ
| p⟩

Ĥ0 = ν0 |ϕ⟩

freeな散乱 (連続固有状態)

bareな状態 (離散固有状態)

- 複合性 , 素粒子性 X Z

freeな散乱状態と束縛状態のoverlap

bareな状態と束縛状態のoverlap



実験との関連
・弱束縛関係式 (束縛状態)

・有効レンジ展開 (共鳴状態)

励起エネルギー  と崩壊幅 Re E Γ

a0 = R { 2X
1 + X

+ 𝒪 ( Rint

R )},

散乱長 , 束縛エネルギーa0 B 複合性 X

X =
1

1 − 2re/a0
= − i tan ( θE

2 )
E

−θE

 : 複素  平面での固有エネルギーの偏角 ( )θE E E = |E |eiθE

複合性 X

複合性の計算に必要な実験データ
  散乱長と固有エネルギー (と有効レンジ)

有効レンジ  も分かれば、より正確に見積もれるre

R ≡ 2μB
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for 0  ⇠  1. It is expected that the exact value of X is contained within Xl  X  Xu.
Numerically, Xu and Xl can go beyond the definition domain of the compositeness 0 

X  1, depending on the values of a0,R and ⇠. However, the results X � 1 and X  0 do not
make sense, because the exact value of X is not contained there. Therefore, we define

X̄u = min{Xu, 1}, X̄l = max{Xl, 0}, (6)

to restrict the uncertainty band of the compositeness within the definition domain of X:

X̄l  X  X̄u, (7)

as illustrated in Fig. 1. We regard this uncertainty band (7) as the estimated compositeness
and discuss the internal structure of the bound state with it. It is clear that the estimated
compositeness with the uncertainty band (7) is restricted within 0  X  1, and we can
interpret X as the probability. More details about the estimation of X are discussed in Sec. III
and IV in Ref. [5].

1
X

0

Eq. (7)

 form 
weak-binding relation

X

1
X

0

 form 
weak-binding relation

X

Eq. (7)

Figure 1. Schematic illustration of the definition of the uncertainty band (7). The left panel shows the
case for Xu > 1 (X̄u = 1), and the right shows that for Xl < 0 (X̄l = 0).

3 Application to physical systems

Now we estimate the compositeness X of the actual physical systems with the uncertainty
estimation discussed in Sec. 2.2. We consider the deuteron, X(3872), D⇤s0(2317), Ds1(2460),
N⌦ dibaryon, ⌦⌦ dibaryon, 3

⇤
H, and 4He dimer. The deuteron d in the p-n scattering is

chosen as the typical observed hadron. X(3872) in the D0-D̄⇤0 scattering, D⇤s0(2317) in the
D-K scattering, and Ds1(2460) in the D⇤-K scattering are the candidates for the exotic hadrons
which are experimentally observed [7]. N⌦ and ⌦⌦ dibaryons are the states obtained by
the lattice QCD calculation [11, 12]. We can apply the weak-binding relation not only to
the hadron systems but also to the nuclei and atomic systems. 3

⇤
H in the ⇤-d scattering is

an example of nuclei, and 4He dimer which is the weakly bound state of 4He atoms is an
example in the atomic systems.

For the estimation of X from the weak-binding relation, we need the scattering length
a0, the reduced mass µ, the binding energy B, the e↵ective range re, and the interaction
range Rint. The radius of the bound state is calculated by R =

p
2µB. We tabulate relevant

quantities in Tab. 1. We note that Rint is not an observable, and therefore it is determined
from the theoretical consideration. The procedure to determine these physical quantities is
explained in Ref. [5].

Weak-binding relation 38

- for weakly bound states, R ≫ Rtyp

X =
a0

2R − a0
+ 𝒪 (

Rtyp

R )
 : scattering lengtha0

R = 1/ 2μB

 : typical length scale in systemRtyp

compositeness  observables (a0, B)

◉ range correction

 important to consider effective range
- our work : range correction  uncertainty estimation 

compositeness of deuteron : 0.74 ≤ X ≤ 1

S. Weinberg, Phys. Rev. 137, 672–678 (1965).

Y. Li, F.-K. Guo, J.-Y. Pang, and J.-J. Wu, Phys. Rev. D 105, L071502 (2022);
J. Song, L. R. Dai, and E. Oset, Eur. Phys. J. A 58, 133 (2022);
M. Albaladejo, J. Nieves, Eur. Phys. J. C 82, 724 (2022);
T. Kinugawa, T. Hyodo, Phys. Rev. C 106, 015205 (2022).

compositeness of deuteron X ∼ 1.7 > 1 our uncertainty
 estimation
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 D0D̄*0

 D*−D+

 X(3872)
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0

  MeVB = 0.04

  MeVΔω = 8.23

  MeVΓ = 1.19

 Tcc(3875)+

 X(3872)
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 D*0D+
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 E
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  MeVB = 0.36

  MeVΔω = 1.41

  MeVΓ = 0.048

Figure 1.7: The schematic illustration of the system of Tcc(3875)+ (left) and X(8372) (right). The B

is the binding energy, Γ is the decay width, and ∆ω is the threshold energy difference between the

higher coupled channel and nearest threshold channel.

In hadron physics, the compositeness has been applied since the works by S. Weinberg [70, 71, 67].

By model-independently estimating the compositeness, he show the deuteron is the composite particle

of p and n. After four decades of his work, the notion of the compositeness has been employed to

consider the internal structure of many hadrons (see also Sections 5.1 and 5.8).

The compositeness of the weakly bound states can be estimated only from the observables. In

principle, the compositeness is a model-dependent quantity. However, when the binding energy is much

smaller than the typical energy scale of the system, the compositeness X is model-independently related

to the observables. This relation is called the weak-binding relation [67]. This model-independent

nature of the weak-binding relation is associated with the low-energy universality discussed below.

1.3 Low-energy universality

As discussed above, many exotic hadrons are observed near the threshold, such as Tcc(3875)+ and

X(3872). Therefore, to understand the nature of exotic hadrons, it is necessary to focus on near-

threshold states. In the near-threshold energy region, it is known that the low-energy universality

holds [72, 73, 74, 75, 76, 77, 78], and phenomena follow the common laws irrespective of the microscopic

details of the system. The mechanism of the universality is associated with the divergence of the

scattering length. The scattering length is the physical observables characterizing the low-energy

scatterings in the system. If the binding energy B decreases, we can see that the scattering length

becomes larger. In the s-wave scattering, the scattering length diverges, and other scales become

LHCb Collaboration, Nat. Commun 13 3351 (2022). Particle Data Group, Phys. Rev. D 110, 030001 (2024). 
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崩壊幅とチャンネル結合が内部構造に及ぼす影響？
- 他のとりうる状態 (チャンネル) にも結合

ハドロン系  複数チャンネル (multi-channel) 系
複数チャンネル系



崩壊チャンネルの効果 40

X̃ =
|X |

|X | + |1 − X |

◉ 崩壊チャンネルの効果入りモデル

◉ 不安定状態の複合性
- 複素数 X ∈ ℂ

E = − B E = − B − iΓ/2

g0 ∈ ℂ

- 不安定状態の固有エネルギーは複素数

- 結合定数を複素数にする
ℋint = g0(ϕ†ψ1ϕ2 + ϕ1

†ψ†
2 ϕ)

T. Sekihara, T. Arai, J. Yamagata-Sekihara and S. Yasui, 
PRC 93, 035204 (2016).

  モデルに有効的に崩壊チャンネルの影響を取り入れられる

- 確率的指標  を定義X̃

 非エルミートハミルトニアン
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-  は崩壊の効果で小さくなるX̃
  の重み ( ) が崩壊によって増えるからと解釈∵ |others⟩ 1 − X

11

10

 [d
im

en
si

on
le

ss
]

X̃

☆1

 [dimensionless]ν0/Etyp

B=Bwb, W=0.1Btyp

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

(a) E = − 0.01Etyp − i0.1Etyp

11

☆1
X(0.01Bnat)：黒の実線がGamma/2=Btyp、赤のdashがdecayなし

B=Bwb, W=Btyp

 [d
im

en
si

on
le

ss
]

X̃
 [dimensionless]ν0/Etyp

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

(b) E = − 0.01Etyp − iEtyp

12

☆1
赤のdashがdecayなし

 [d
im

en
si

on
le

ss
]

X̃

B=Btyp, W=0.1Btyp

 [dimensionless]ν0/Etyp

 0

 0.2

 0.4

 0.6

 0.8

 1

-1 -0.5  0  0.5  1

(c) E = − Etyp − i0.1Etyp

13

☆1
X(Btyp)：黒の実線がGamma/2=Btyp、赤のdashがdecayなし

B=Btyp, W=Btyp
 [d

im
en

si
on

le
ss

]
X̃

 [dimensionless]ν0/Etyp

 0

 0.2

 0.4

 0.6

 0.8

 1

-1 -0.5  0  0.5  1

(d) E = − Etyp − iEtyp

FIG. 9. The compositeness X̃ as a function of the normalized bare state energy ⌫0/Etyp for �B  ⌫0  Etyp. The solid
(dashed) lines represent the results with � 6= 0 (� = 0). Panel (a) corresponds to the case with (B,�/2) = (0.01Etyp, 0.1Etyp),
(b) to (B,�/2) = (0.01Etyp, Etyp), (c) to (B,�/2) = (Etyp, 0.1Etyp), and (d) to (B,�/2) = (Etyp, Etyp).

12

 [d
im

en
si

on
le

ss
]

P c
om

p

規格化Pcomp：黒の実線がGamma=infty、赤の点線がGamma=0.1Btyp、緑がGamma=Btyp
Bが小さいところで幅入りPcompが小さくなるのは、nu_0の範囲が小さくなるから？

 [dimensionless]B/Etyp

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

FIG. 10. The fraction of the composite dominant region Pcomp

as a function of the normalized binding energy B/Etyp. The
solid, dashed, and dotted lines stand for � = 0, �/2 = 0.1Etyp,
and �/2 = Etyp, respectively.

channel 1 to channel 2, here we introduce the coupling
of channel 2 and the bare state �. We employ the same
coupling constant g0 with that for channel 1 and �. The

interaction Hamiltonian leads to
Hint = g0(�

† 1 2 +  †
1 

†
2�+ �† 1 2 + 

†
1 

†
2�). (47)

We now consider the on-shell T-matrix Ton(k) of the
coupled-channel scatterings. As in the single-channel
case in Sec. II A, the scatterings occur through the ef-
fective interaction with the bare state � exchange. In
the coupled-channel scattering, Ton(k), the effective in-
teraction V (k) and the loop function G(k) are expressed
by the matrices in the channel space. In this model, the
on-shell T-matrix is given by

Ton(k1) = V (k1) + V (k1)G(k1)Ton(k1), (48)

V (k1) =

✓
v(k1) v(k1)
v(k1) v(k1)

◆
, (49)

G(k1) =

✓
G1(k1) 0

0 G2(k2(k1))
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Here each component of V (k) and G(k) is

v(k1) =
g20
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2µ1
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Gi(ki) = �µi
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, (52)

Γ = 0 Γ = 0

large Γ

E = − 0.01Etyp − i0.1Etyp E = − 0.01Etyp − iEtyp

small Γ

崩壊の効果
◉ 束縛エネルギーが同じ場合

-  と  の差  崩壊による変化Γ = 0 Γ ≠ 0
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-  の減り具合は  と  の比で決まるX̃ B Γ

E = − 0.01Etyp − i0.1Etyp
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channel 1 to channel 2, here we introduce the coupling
of channel 2 and the bare state �. We employ the same
coupling constant g0 with that for channel 1 and �. The

interaction Hamiltonian leads to
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We now consider the on-shell T-matrix Ton(k) of the
coupled-channel scatterings. As in the single-channel
case in Sec. II A, the scatterings occur through the ef-
fective interaction with the bare state � exchange. In
the coupled-channel scattering, Ton(k), the effective in-
teraction V (k) and the loop function G(k) are expressed
by the matrices in the channel space. In this model, the
on-shell T-matrix is given by
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channel 1 to channel 2, here we introduce the coupling
of channel 2 and the bare state �. We employ the same
coupling constant g0 with that for channel 1 and �. The

interaction Hamiltonian leads to
Hint = g0(�

† 1 2 +  †
1 

†
2�+ �† 1 2 + 

†
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†
2�). (47)

We now consider the on-shell T-matrix Ton(k) of the
coupled-channel scatterings. As in the single-channel
case in Sec. II A, the scatterings occur through the ef-
fective interaction with the bare state � exchange. In
the coupled-channel scattering, Ton(k), the effective in-
teraction V (k) and the loop function G(k) are expressed
by the matrices in the channel space. In this model, the
on-shell T-matrix is given by

Ton(k1) = V (k1) + V (k1)G(k1)Ton(k1), (48)

V (k1) =

✓
v(k1) v(k1)
v(k1) v(k1)

◆
, (49)

G(k1) =

✓
G1(k1) 0

0 G2(k2(k1))

◆
. (50)

Here each component of V (k) and G(k) is

v(k1) =
g20
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2µ1
� ⌫0

, (51)

Gi(ki) = �µi

⇡2


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Γ = 0

E = − Etyp − i0.1Etyp

-束縛エネルギー  が小さい方が  の減り具合が大きいB X̃

small , B Γ ≠ 0

large , B Γ ≠ 0

◉ 崩壊幅が同じ場合
崩壊の効果



10Effect of coupled channel
- introducing coupled channel Ψ1Ψ2
|Ψ⟩ = X1 |threshold ch⟩ + X2 |coupled ch⟩ + 1 − (X1 + X2) |others⟩
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- threshold energy difference Δω E

threshold ch.

coupled ch.

bound state

EE

0 B
Δω

- compositeness  and X1 X2

X1

X2

-  also needs for 
low-energy universality
Δω → ∞

-  is suppressed by X1 Δω
 threshold ch. component 

( ) decreases with 
increase of coupled ch. 
component ( )

∵
X1

X2

X(Δω → ∞)

43チャンネル結合の効果

◉ チャンネル結合  入りモデルΨ1Ψ2

|Ψ⟩ = X1 |threshold ch⟩ + X2 |coupled ch⟩ + Z |others⟩

◉ 低エネルギー普遍性

,  かつ  X1 → 1 X2 → 0 Z → 0

- チャンネル1と2は同じ結合定数 ϕ
ψ1

ψ2
g0g0

Ψ1

Ψ2

- 閾値チャンネルの複合性 , 結合チャンネルの複合性 X1 X2

閾値チャンネル
束縛状態

結合
チャンネル

B → 0 1チャンネルの場合に帰着

◉ 複合性
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-  はチャンネル結合によって減るX1

  の重み  が増えるから∵ |coupled channel⟩ X2
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FIG. 11. The compositeness as a function of the normalized bare state energy ⌫0/Etyp for �B  ⌫0  Etyp at the fixed binding
energy and the threshold energy difference (B,�!) = (0.01Etyp, 0.01Etyp) [panel (a)], (B,�!) = (0.01Etyp, Etyp) [panel (b)],
(B,�!) = (Etyp, 0.01Etyp) [panel (c)], and (B,�!) = (Etyp, Etyp) [panel (d)]. The solid lines represent for X1+X2, the dotted
lines for X1, and the dashed lines for the compositeness in the the single-channel case.

X1 = 0.5 as the probability to find a model with the  1 2

composite dominant state. In Fig. 12, we plot Pcomp as
a function of the normalized binding energy B/Etyp for
�! = Etyp (dashed line), �! = 10Etyp (dotted line),
and �! ! 1 (solid line) representing the single-channel
case. By comparing three lines, we find that Pcomp is sup-
pressed by a finite threshold energy difference �! from
the single-channel case at the same B, and the suppres-
sion becomes larger for smaller �!. The reason for this is
seen as the change of ⌫c in panels (a) and (b) in Fig. 11;
⌫c/Etyp = 0.15 for �! = Etyp [panel (b)] changes to
⌫c/Etyp = 0.71 for �! = 0.01Etyp [panel (a)] so that
the fraction of the composite dominant region decreases.
In Fig. 12, the dashed line becomes zero in the region
B/Etyp � 0.35, where the channel 1 compositeness X1 is
always smaller than 0.5 and there is no X1 dominant re-
gion [see panel (d) in Fig. 11]. At B = 0 in Fig. 12, Pcomp

becomes unity even with the coupled-channel effect with
finite �!. For arbitrary �!, one can always consider the
small binding energy B such that B ⌧ �!. In this case,
the bound state decouples from channel 2, and X2 be-
comes zero as discussed above in the �! ! 1 limit. At
the same time, the bound state is completely dominated

by the composite component of the threshold channel,
X1 ! 1. This is consistent with the consequence of the
low-energy universality.

IV. APPLICATION TO Tcc AND X(3872)

Based on the properties of the near-threshold states
discussed so far in general cases, we now consider the ap-
plication to hadron physics. As prominent examples of
weakly bound exotic hadrons, we discuss the nature of Tcc

and X(3872) by calculating the compositeness with the
effective field theory. As mentioned in the introduction
(see Fig. 1), Tcc is observed slightly below the D0D⇤+

threshold, and the coupled channel of the isospin part-
ner D⇤0D+ exists above the threshold channel. Simi-
larly, X(3872) is the weakly bound state near the D0D̄⇤0

threshold, and couples to the D+D⇤� channel above the
threshold. Both the states decay through the strong in-
teraction. Therefore, to analyze the structure of Tcc and
X(3872), we introduce both contributions of the decay
and the channel coupling discussed in Sec. III.

As mentioned in Sec. III B, for an unstable state, we

X1

X2

X1(single) X2

X1

X1(single)

(B, Δω) = (0.01Etyp,0.01Etyp) (B, Δω) = (0.01Etyp, Etyp)

チャンネル結合の効果
◉ 束縛エネルギーが同じ場合

- の減り具合は  と  の比で決まるX1 B Δω
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(Γ = 0)
X̃1 + X̃2

(Γ = 0)

X̃1 + X̃2Tcc

- coupled ch. effect is more important for  than Tcc X(3872)
- decay effect is more important for  than X(3872) Tcc

Application to  and Tcc X(3872)

-  :  for of  regionTcc X̃1 > 0.5 45 % ν0
-  :  for of  regionX(3872) X̃1 > 0.5 59 % ν0

-  MeV (  meson)Λ = 140 π
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-  :  for of  regionTcc X̃1 > 0.5 85 % ν0

-  :  for of  regionX(3872) X̃1 > 0.5 87 % ν0

Application to  and Tcc X(3872)
-  MeV (  meson)Λ = 770 ρ

coupled ch. effect : enhanced  decay effect : suppressed 

- typical energy scale  is largerEtyp
 states becomes close to universality limit X → 1
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