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Background

candidates for exotic hadrons _ multiquarks
A(1405), XYZ meson etc...” ™ hadronic molecules
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Previous work

® :
Hadron wave function \ 7 @)/ —90 ¢80

|¥) = 4/X | hadronic molecule) ++/1 — X | others)
Compositeness (weight of hadronic molecule)

Weak-binding relation for bound state

w E4 ————Threshold 2
2X R‘[yp nyY
dy = R +0 — ) ¢
{1+X ( R ) 0+ =——===Threshold 1
ay (scattering length) R, (interaction range) Bound state

R=uB) "’ B (binding energy)

When R > R, : observable(ay, B) = " compositeness(X)
S. Weinberg, Phys. Rev. 137, B672 (1965); Y. Kamiya and T. Hyodo, PTEP 2017, 023D02 (2017).
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Motivation - . _ o 2X Ry
Weak-binding relation gy = R{ T + @<T> }

Low-energy universality

Physical quantities are scaled by scattering length

R — CZO
Deviation from ay = R?
-Deviation by contributions from other channels X #1
-Deviation by interaction range Ry, # 0
1 v, P, 11
- Other length scales fk) = [—a—0+5k2—7k4+ = ik] ?

We study the range correction in the weak-binding relation
by introducing the effective range 7.
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1 E. Braaten, M. Kusunoki, and D. Zhang, Annals Phys.
EffeCt I Ve ra n g e m Od e I 323, 1770 (2008), 0709.0499.

Effective range model in the zero-range limit:

- single channel: |¥) = | hadronic molecule) & X = 1

- point-like interaction (zero range): Rtyp -0

+ X R
Renormalized scattering amplitude (R; . — 0):
2r,/R r :
=R < =R|1+0| |=
T T T GR— 1) ( R > = aF K

range correction in the weak-binding relation form r,
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Range correction in weak-binding relation

C . R
Weak-binding relation 4, = R{ 2X + @(£>}
1+ X R
Redefinition of R.. - interaction range: Rtyp R; .

typ-

R, = maX{Rint, Reff},

typ

ol {I | | P | }
off = Maxy |7, |, oI :

1

A

flk) = [— + rek2—5k4+ —ik]_1
- 2 4

Length scale in the effective range expansion except for aj

It reduces to previous one when Rtyp =R, .
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Numerical calculation

2X R
1+ X R

When dose the weak-binding relation work?

/ R) . Y. Kamiya and T. Hyodo, PTEP

Estimation with correction terms (& = L2017, 093502 (2017,

ay/R
Central value: X, =
2 — ao/R

ag/R + ¢ ag/R — &
upper(f) Xlower(é) — ¥

—CZO/R Cf 2—610/R+C_f
Weak-binding relation works when... O x

Xlower < Xexac Xupper ® Xexact
1 Xexact

Validity condition



Numerical calculation

Effective range model (R, # 0)

1 R
flk; Agy por ) = [_— + %kz + @( Ilem) - k] (two length scales r, and R, ,)
do

1/f(k = i/R) = 0

- 1, # 0 (range correction): &, = |r,/R| Uncertainty from r,

r, < 0O (effective range model)

+0:&.. =R /R. Uncertainty from R;
=1

1nt

- X

exact —

We search for the region of r, and R, . where validity
condition are satisfied.



Numerical calculation

(] e O T. Kinugawa, T. Hyodo, (2021),
exact
arxXiv:2111.06619

r,/ay [dimensionless]
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Applicable regions in R, ./a, - r,/a, plane

int

7 =R

nt

Wigner

bound

. @ [ Both relations are
applicable
11 r,=—R..

Only improved relation is applicable

R

./ ay [dimensionless]

Applicable region become larger with range correction.
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Precision

Precision of X estimated from weak-binding relation ?

Uncertainty E X1 E
E=X,-X, X,=min{X,1}, X, =max{X,0},
For the reasonable estimation :- 0
Uncertainty E in R /a, - r,/a, plane (effective range model)
éeﬁt (Riyp = Regr) ém. (Riyp = Riny)

r,/ay [dimensionless]
r,/a, [dimensionless]
' o

N

N
\ -
o~
S~
~
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0 0.1 0.2 0.3 0.4 0.

R.../a, [dimensionless] R.../ay [dimensionless]
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A p p | | Cat | on T. Kinugawa, T. Hyodo, (2022), arXiv:2201.04283

bound state |2-body system ag Te Rint
d P n 5.42 fm 1.75 fm 1.43 fm  §[1]
X (3872) DY | D* | 285fm | —534fm | 1.43fm [[2]
NQ dibaryon | N Q | 530fm | 1.26 fm [ 0.676 fm {[3]
Q) dibaryon Y/ Q 4.6 fm 1.27 fm 0.949 fm {[4]
SH d A | 168fm | 23fm | 431fm |[5
*He dimer | *He | *He | 189 B.R. | 13.8 B.R. | 10.2 B.R. 6

Low energy universality "." ay > R;

Range correction is
important?
[1] R. Machleidt, Phys. Rev. C 63, 024001 (2001), nucl-th/0006014. R
[2] A. Esposito, L. Maiani, A. Pilloni, A. D. Polosa and V. Riquer (2021), 2108.11413. t
[8]HAL QCD, T. Iritani et al., Phys. Lett. B 792, 284 (2019), 1810.03416.

[4] S. Gongyo et al., Phys. Rev. Lett. 120, 212001 (2018), 1709.00654.

[51H. W. Hammer, Nucl. Phys. A 705, 173 (2002), nucl-th/0110031.

[6] A. Kievsky and M. Gattobigio, Phys. Rev. A 87, 052719 (2013), 1212.3457.
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Application

0.3 Q.Q d Reff = Rint
8 0.2 f\H
Sot| S ' X(3872) is in region where
c “He di . . .
g o T only improved relation is
©-0.1 applicable
~-0.2| [x(3%72) R »
035605 01 015 02 025 03° N
R;,../ay [dimensionless]
I;w;; boun}? of X R(Xl) Ry R
%ﬂ*‘ :'%Ié\‘ ff i A .
o | Tine | X X of NQ dibaryon
d 0.738 | 0.857 . .
I from previous relation
X(3872) | 0. 0.681
(3872) | 0.530 | X, > 1
NQ | 10787 | 1.04
Q0 | 0.775 | 0.934 c.f. definition of X
AH | 0.745 | 0.745 0<X<1
“He dimer | 0.929 | 0.967

We need range correction to estimate X of X(3872) and V2.



Application

Uncertainty E with systems in R. . /a, - r,/a, plane
éint (?\H)

£ (X(3872),*He dimer, NQ, QQ, d)

©c o ©
- N @

—

r,/ay [dimensionless]
o

S o o
W N

\ ‘\\‘\\
0O 005 01 015 02 025 O.
R.../ay [dimensionless]

r,/a, [dimensionless]

o o o
w N

o o
- N

- O

0

“He dimer

X(3872) - I
r )

005 01 015 02 025 0.3
R,../ay [dimensionless]

0

We can estimate X of all states with small uncertainty £ < 0.5.
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T. Kinugawa, T. Hyodo, (2022), arXiv:2201.04283

Application

Estimated X _I_ 1

(X from relaton) N0 < X < 1

bound X - All states are dominated
state by the composite components; 0.5 < X
d 0.738 < X <1

« model calculation of X(3872)

M. Takizawa and S. Takeuchi, PTEP 2013, 093DO01 (2013), arXiv:1206.4877.

X(3872) | 0530 < X <1

NQ 0.801 < X <1

X (3872)) = ¢ |cE) + ¢co |[D°D*?) + ¢35 |DTD*)
| ¢y |2 =X

Q) 0.791 < X <1

SH 0.745 < X < 1

- 0.759 £ X <£0.897
model calculation —y

4He dimer | 0.92< X <1

This work (model-independent)
0530 <X <1
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Conclusion and future prospect

- Weak-binding relation : observable compositeness (X)
2X R
ay=R{——+0(—2)}
1+ X R

- We study the range correction in weak-binding relation from 7.,.

- Improved weak-binding relation by redefinition of R, :

Rtyp = max{Rim, |7, ], }

- We find the region where only the improved weak-binding
relation can be applied.

- We apply the relations to the actual systems.

find that the range correction is important for some states.
- Future prospect: extend the improved relation to the unstable states
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applicable region

Resonance model (X, ¢ < 1)
2
X5l =1+ 167« %0

exact —

2

2 87Z gO
—K*—U +

{( 0)<1—%A 2

<]

Applicable region in R

nt

lay - r,/ay plane

(maiv, = — 0.5)

5 -1
f(k)_1=——</10+ % >
— 1 0
‘w0
Za—ik, B -0
T -
& 0.2
_2(’) -V.
lorgo (8o , é
r, = — ——
e mg \ v ) B 0°
S
< 0 (Wigner bound) N -0.4
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T. Kinugawa, T. Hyodo,

Discussion of the range correction| ;.

arxXiv:2112.00249

What is the range correction for the central value ?

From effective range model (X = 1)

2r,/R 3 Te
aO:Rl—(re/R—l)z_R 1+@< R > =dy # K
_ 2r,/R
- 1-=@,J/R-1)

a():R and X=1

_ 2X R.
aO=R{ +@< l_nt>}?
1+ X R

Range correction for the central value ?
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Discussion of the range correction

What are the origins of the effective range?

1 1 1
H iy = Zflo(l/ﬁw)2 +5 P V'y) - Vy'y) + Ego((/ﬁ*l/f2 +y ')

derivative couplings Bare field ¢
X=1 X#1
One of the origins of the
deviation of a, form R
L 167 [1 + (m/127°)p A 12 {2p0[1 + (m/241%)pyA°] — g2/ (mvy2) )
e = ey

Ao — (m/20m2)pRAS5 — =2

Vo

Vg : bare mass A: cut off

Both derivative coupling (X = 1, p, term) and contribution
from bare field (X # 1, g, term) can be the origins of r,
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Discussion of the range correction

If these terms were separable...

T Contribution of 4 Contribution of
¢ — derivative couplings ' bare field ¢

we would consider the range correction for X
(12X R
1 +X R

Contribution of Contribution of
derivative couplings bare field ¢

However ¢ can not consider the range correction for the

central value because r, is not separable.

167 [1+ (m/122°)pNP{2p[1 + (m/247°)py ] — go2/ (mv?))

r
e
m 2

2
[,10 — (m/20722)p3N5 — 2
Yo
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