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Near-threshold exotic hadrons Z
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# qqq or qq - | hadronlc mOIeCUIeS hadronic molecules

- internal structure?




- S. Weinberg, Phys. Rev. 137, 672-678 (1965); 3
CO m pos Ite n ess T. Hyodo, Int. J. Mod. Phys. A 28, 1330045 (2013).

@ definition
wavefunction o

| W) =+/X|composite) ++/1 — X |non composite)
elementarity

compositeness

x0<X<I1

X > 0.5 © composite dominant
X < 0.5 © elementary dominant

- quantitative analysis of internal structure
deuteron is not an elementary particle s.weinberg, Phys. Rev. 137, 672-678 (1965).
Y. Kamiya and T. Hyodo, PTEP 2017, Phys. Rev. C 93,035203 (2016);

fb(980), a0(9 80) T. Sekihara, S. Kumano, Phys. Rev. D 92, 034010 (2015) etc.

A( 1405 ) T. Sekihara, T. Hyodo, Phys. Rev. C 87, 045202 (2013) :
Z.H. Guo, J.A. Oller, Phys. Rev. D 93, 096001 (2016) etc.

nuclel & atomic Systems T.Kinugawa, T. Hyodo, Phys. Rev. C 106, 015205 (2022) ete.



Compositeness of resonances| *

- interpretation for complex X of resonances?
XeCand X+7Z =1

- If Im X is large, it seems that reasonable
interpretation is impossible

complex X plane

@ our proposal T. Berggren, Phys. Lett. B 33, 547 (1970).

) 2 : probability of certainly finding | composite)
i) Z: probability of certainly finding | elementary)
i) 7/ : probability of uncertain identification

@ conditions for sensible interpretation
-normalization : '+ % + Z =1 for probabilistic interpretation
-inbound state limit : Z > X, Z - Z and % — 0

T. Kinugawa and T. Hyodo

? characterizes uncertainty of resonance arXiv:2403.12635 [hep-phl.



Near-threshold states

@ near-threshold states with short range interaction

- at threshold (E = 0)
completely composite (X = 1)

" low-energy universality |d,| = 00 ¢rergy

T. Hyodo, Phys. Rev. C 90, 055208 (2014) .

- near-threshold bound states
(E # 0, but small negative)

composite dominant (X ~ 1)

C. Hanhart, J. R. Pelaez, and G. Rios, Phys. Lett. B 739, 375 (2014); &
T. Kinugawa and T. Hyodo Phys. Rev. C 109 , 045205 (2024). ® o

threshold
- near-threshold

(E # 0, but small positive)

non-composite dominant (& ~ 0)
T. Kinugawa and T. Hyodo, arXiv:2403.12635 [hep-ph].
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non-composite
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composite



Coulomb + short range systems

- 8 Be N UC|e| J. Hiura, and R. Tamagaki, Prog. Theor. Phys. Suppl. No. 52,25 (1972).

E 4 resonance (w/ Coulomb)

: a 2 T

bound (w/o Coulomb)

- QCCC QCCC (HAL QCD) Y.Lyu,H.Tong, e al. [HAL QCD Coll], Phys. Rev. Lett. 127 (2021) 072003,
05 f(). K?Q(Ilso? .np(.351|-3D.1) . NIN(:LISO)
5 w/oCoqumb ]
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p—— i E. Hiyama, M. Isaka, T. Doi, and T. Hatsuda,
- = a : Coulomb assisted bound state ? Phys. Rev. C 106, 064318 (2022).

~————% Coulomb is important for near-threshold states!



Coulomb + short range systems

@ Coulomb + short range interaction
R. Higa, H.-W. Hammer, and U. van Kolck,

H. A. Bethe, Phys. Rev. 76, 38-50 (1949). Nuclear Physics A 809. 171 (2008).

R. Oppenheim Berger and Larry Spruch, Phys. C. H. Schmickler, H.-W. Hammer, and A.G. Volosniev,
Rev. 138, B1106-B1115 (1965). Physics Letters B 798, 135016 (2019).

W. Domcke, Atom. Mol. Phys. 16, 359 (1983). S. Mochizuki, and Y. Nishida, arXiv:2408.06011 [nucl-th].

- we cannot expand scattering amplitude f(k) in terms of k?

1 1 y .
— = —k* + O(k*) — ik
J(k) as

~— different from short range interaction

@ nature of near-threshold state with Coulomb + short range interaction?

energy 4

resonances
—

a -  threshold

bound states



https://arxiv.org/abs/2408.06011

This work

near-threshold bound states & resonances ¢
with Coulomb + short range interaction

,/framework : model with Feshbach method

®

® 0o
- bare state which couples to Coulomb scattering <§
®

- Coulomb scattering length, Coulomb effective range, ap

s &
saring

e
S

= numerical calculations & discussion
- Investigate pole trajectory

- analyze internal structure with compositeness
- study universal nature of near-threshold states



This work

near-threshold bound states & resonances [&*
Wi oulomb + short range interaction

» 7 framework : model with Feshbach method

@

® 0
- bare state which couples to Coulomb scattering <§
®

- Coulomb scattering length, Coulomb effective range, ap

%

Nt

numerical calculations & discussion
- Investigate pole trajectory

- analyze internal structure with compositeness
- study universal nature of near-threshold states



Coulomb+short range model 10

@ Hamiltonian w. bomcke, Atom. Mol. Phys. 16 359 (1983). C. H. Schmickler, H.-W. Hammer, and A.G.
Volosniev, Physics Letters B 798, 135016

P channel
< scattering w/ Coulomb

Q channel
< b.s. w/o Coulomb

Ay A CD —

HQP HQQ Ot | H. Feshbach, Annals Phys. 19
| 287-313 (1962).

@ pole condition H.A. Bethe, Phys. Rev. 76, 38-50 (1949).

— | log(—iagk) + v <1 + L) — ()
125:3 aBk

X =




Coulomb+short range model

@ short range limit az — oo

1 r,, . 2
— - —k° — ik £ —
aS 2 ClB

1

— —— +
d

EkZ

\)

log(—iagk) + v (

— ()

@ further low-energy limit r, = 0

l +—
dp

7)

— 1k = 0 short range interaction

- zero-range theory s. mochizuki, and Y. Nishida, arXiv:2408.06011 [nucl-th].

lagk

ilog(—iaBk)+l//(1 | l )
ClBk
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https://arxiv.org/abs/2408.06011
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This work

near-threshold bound states & resonances [&*
with Coulomb + short range interaction

,/framework : model with Feshbach method

@

® 0
- bare state which couples to Coulomb scattering <§
®

-‘omb scattering length, Coulomb effective range, ap

numerical calculations & discussion
- Investigate pole trajectory

- analyze internal structure with compositeness
- study universal nature of near-threshold states
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Pole trajectory (repulsive Coulomb)

@ pole trajectory in complex momentum k plane
- varying Coulomb scattering length a, with fixed r, and ap

—% pole position (eigenmomentum) moves

A

1/a, = + o0 - b.s directory goes
to resonance
504 T ¥
o - a, — o0 at threshold
e
< = - but no universality
E 254 1 .
- | F " radius of w.f. < o0
6 S. Mochizuki, and Y. Nishida,
0 CD\\* 1/ a, = — oo arXiv:2408.06011 [nucl-th].
| | resonance | .
cu;t%\ . P .« Note : virtual states

p R existnearimk < O
Re k axis

I
0 20



https://arxiv.org/abs/2408.06011

far from threshold (repulsive Coulomb) 14

@ imaginary part of eigenenergy in complex momentum k plane

- far from threshold in 1/a, — — oo limit

I’e/ClB —_ = 1.0

I
0- v

r,/ag =—10

-50-

Im &

4§ T e e B

Re k
dotted lines :1/7,

-Imk — 1/r,

—3trajectory close to that
of resonance in ERE

(a) " N

T. Hyodo, Phys. Rev. Lett. 111, 132002 (2013) .
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Compositeness (repulsive Coulomb)

strong Coulomb weak Coulomb

1 1
. rJag=-10 | S.T. . rlag=-0.1
> Coulomb «7P - |
n _ — universa
$ | dominant ~ F
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&
Q /4
S e
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resonance aB/aS bound resonance aB/aS bound

z T. Kinugawa and T. Hyodo,

- complex compositeness 4— L, Y, ZL s o meson.
- states with large | 1/a,| are elementary Z dominant
- structure of bound states & resonances °." continuous X



Compositeness (repulsive Coulomb)

15

strong Coulomb
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agla,

i COmpleX CompOSIteneSS T Q%.’ ?’ arXiv:2403.12635 [hep-ph]. -‘
- states with large | 1/a,| are elementary Z dominant

|
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- -
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‘resonance _° ;. |
agla, |

z T. Kinugawa and T. Hyodo, 1

- structure of bound states & resonances °." continuoys X

- remnant of short range universality in |7,| << | az| case
X — 1in B — 0 limit in short range



Pole trajectory (attractive Coulomb)

10

@ pole trajectory in complex momentum k plane

50+

l/a, =+ o0
O

| o

l/a. = —

- bound # resonance

- bound pole
— Coulomb g.s.

@ @ —@ @
1/a = — L
resonance /%= T X S g.S.
Q O
l/a;, = + O o :
Réo r w - pole cannotgoto k = 0

W. Domcke, Atom. Mol. Phys. 16 359 (1983);

S. Mochizuki, and Y. Nishida, arX1v:2408.06011
[nucl-th].


https://arxiv.org/abs/2408.06011

far from threshold (attractive Coulomb)|! /

@ imaginary part of eigenenergy in complex momentum k plane

Im &

- far from threshold in 1/a, — — oo limit
’1T/C%B —_ = 1.()
r.la,=—10 | - Im k of resonance pole

-50-

-1004

-150

r,/ag = —0.1

I
-300

I I I
-200 -100 0

Re k

-Imk — 1/r,

~—trajectory close to that
of resonance in ERE

- same as repulsive case

dotted lines :1/7,
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Compositeness (att. Coulomb b.s.)

1
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@)
Q | N T
-
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I/‘ ~~~~~~~~
¢ bare state
O-50 50 (X — O)

agla,
- 1/a;, - + oo : states becomes elementary dominant (X — 0)
- no short range universality but X — 1in B = Bgyjomp o5, liMit

" Coulomb g.s. has no bare state contribution (i.e. X = 1)
- Coulomb < short range (r, = — 0.1) : remnant of universality
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Summary

near-threshold bound states & resonances ¢
with Coulomb + short range interaction

- bare state which couples to Coulomb scattering
- pole condition 4— a, r,, ag oo <§‘
o

A4, - repulsive Coulomb
=_ bound — resonance (does not become virtual states)

'-4 X is not necessary to be unity at threshold
if Coulomb < s.r., remnant of s.r. universality can be seen
nature of b.s. & nature of resonance

- attractive Coulomb
bound — Coulomb g.s. & virtual = resonance

X — 1 for bound state






Coulomb+short range model a
@ model Coulomb

Short range S. r Weinberg, S. Phys. Rev. 137, 672—678 (1965);

V. Baru, J. Haidenbauer, C. Hanhart,

Y. Kalashnikova, A .E. Kudryavtsev, Phys. Lett.
B 586, 53-61 (2004);

T. Hyodo, Phys. Rev. C 90, 055208 (2014) .

@ Hamiltonian W. Domcke, Atom. Mol. Phys. 16 359 (1983); R. Higa, H.-W. Hammer, and U. van
H. Feshbach, Annals Phys. 19 287-313 (1962). Kolck, Nuclear Physics A 809 (2008).

n Hpp Hpg\ <.> .

A= "
Hpp Hpg

o¢G———0

P channel
< scattering w/ Coulomb + s.r.

Q channel
< b.s. w/o Coulomb




Coulomb+short range model

Ve

HPP
Hyp

P>+ﬁPQ‘Q> =L
Q>+I:IQP|P> =L

@ Schrddinger equation ﬁpp) =E|¥) |¥) = (

P)
Q)

@ effective Hamiltonian (channel eliminating)

ﬁPCh‘P> — E‘P) ﬁPCh — ﬁPP_l_ﬁPQ(E_ﬁQQ)_lﬁQP



Coulomb+short range model

@ Schrodinger equation ﬁ‘\m —E|V) |P) = ( P))

Ve

Hpp P>+ﬁPQ‘Q>:E P)
Hpol Q) + Hgp| Py = E| Q)

@ effective Hamiltonian (channel eliminating)

Hpp| 4 Hpo(E — Hoo) ™ Hop

H° : free Hamiltonian ‘A/P : pure Coulomb interaction

V) : short range interaction



Coulomb+short range model

H. Feshbach, Annals Phys. 19 287-313 (1962); R. Higa, H.-W. Hammer, and U. van
@ T matrixX w.Domcke, Atom. Mol. Phys. 16 359 (1983); Kolck, Nuclear Physics A 809 (2008).

Lippmann-Schwinger eq. : 1 = [(VP 4 VQ)_ B GO] 1
& Feshbach method : T = TF + 77

23

U a7 i

=>\/+ + ... pure Coulomb
i

SNSRI Ry B e o T A R R e e s T S e N e i e




Coulomb+short range model

@ pole condition 7 = T* + 7"
pole of T(k, k") <> pole of T"°(k, k') ¢}>[V£‘2 - j

—{5H
= | S =
4%) HopGyHyg
=S(E), — = (E—¢&)~, = F(E)

—> S(E) = (E — &))" + (E — ) 'F(E)S(E)
= [E—¢,— F(E)]™!

~—— pole condition : £ — | |

bare state energ i sI energy

— =) >—+=C) =) >—+ ...



Coulomb+short range model 29

@ self energy F(E) in low-energy limit
W. Domcke, Atom. Mol. Phys. 16 359 (1983).

- attractive Coulomb

A 1 '
F(k) = — | ¢ — —iagk + log(—iagh) +y ( 1 — —
271' 2 aBk

- repulsive Coulomb

A [ I | ( i )]
F(k) = c+51aBk+log(—laBk)+l// ] A

27 a Bk

A : constant with dimension of energy
¢ : dimensionless constant

d
w(x) = . log(I'(x)) : digamma function
X
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Coulomb+short range model

@ pole condition in low-energy limit
- Coulomb scattering length a, and effective range r,

1 r '
(amplitude)™! = — — + E‘ek2 + O(k*) — ik + 2log(—ik) + 2w <1 + é) +...,

A

R. Higa, H.-W. Hammer, and

I 4][ 1-1 47[ U. van Kolck, Nuclear
B d — ’ e
d ] A ] ACZBIM
"y " C. H. Schmickler, H.-W. Hammer, and A.G. Volosniev,
- p0|e Condltlon Wlth as and re Physics Letters B 798 (2019).
1 r, 5, . 2 , l
F—k°— ikt — |log(—ik)+y | 1+ — =0
a, 2 dg k

@ Compositeness X T.Hyodo, Phys. Rev. C 90, 055208 (2014) .

1
X=1

T
| dElF(E) self energy




Compositeness (repulsive)

Coulomb > short range
 rlag=—10
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Compositeness X

|
—

“resonance aB / a, bound

2/

0.5+

-0.54

Coulomb < short range

r,/ag =—0.1
Re X T
_________ Im X
resonance g / a, bound

- £1/ag : Coulomb force dominant region

-x1/|r,| : short range universal region
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Compositeness (repulsive)

- Coulomb >shortrange Coulomb < short range
>  rlag=—10
% 0.5 0.5
O Re X
Qo 0
N
o Im X
E 0. :0.5- L
O -
O --I --I 50

“resonance aB/a bound “resonance aB/aS bound

- £1/ag : Coulomb force dominant region

-x1/|r,| : short range universal region

- remnant of short range universality in |7,| << | az| case
X — 1in B — 0 limit in short range



Compositeness (att. resonance)

28

Coulomb > short range

real and imaginary parts of compositeness (solid and dotted lines)

r,/ag =—10

el

o
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Compositeness X

|
—

“resonance ap / a, virtual

Coulomb < short range

real and imaginary parts of compositeness

(solid and dotted lines)

- £1/ag : Coulomb force dominant region

-x1/|r,| : short range universal region

r,/ag = —0.1
ol IMX
0" SUSRY s e
Re X /
-14 T :
resonance ap / a, virtual

50

- compositeness of unstable resonances are complex X € C
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Compositeness (att. resonance)

Coulomb > short range Coulomb < short range

S - rlag=-10| & r'é'/-?? = -0l
N oosl s N T e
dp)
(D)
C
9 O . A L
e B e
@\ T
Q—-o.s 05
-
@)
O i

“resonance virtual Y *resonance virtual ~

aB/ a, aB/ a,

- X < 0 — non-interpretable in this region
- but X > 0 in far-threshold region with large | 1/a,|
—p states are £ dominant with large bare state contribution
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Compositeness (only w/ s.r.)

S
/p
(7p
=
2 ImX
—RRALE:
) IR S S o
= _
S 21
resonance =i bs. (a) M "
X 0 v
l/a, 7T
-bs.:0 <X <1 threshold T
-virtual : 1 < X R T7%
® divergence X — o 2/ref \

- resonance : Im X < 1 T. Hyodo, Phys. Rev. Lett. 111, 132002 (2013) .



Complex compositeness 31

complex X plane
- probabilistic interpretation?

XeCand X+Z =1

- If Im X is large, it seems that reasonable
interpretation is impossible X

- our proposal

) 2 probability of certainly finding | composite) 0.8.

i) Z: probability of certainly finding | elementary)
i) %/ probability of uncertain identification

spectrum

uncertain appears from 1 perggren. Phys. Lett. B 33. 547 (1970).
- finite lifetime (uncertainty in energy)
- separation from B.G.

complex compositeness X € C —» X, ¥, Z energy



Defi N iti on T. Kinugawa and T. Hyodo 3 2

arXiv:2403.12635 [hep-ph].
@ conditions for sensible interpretation

-normalization : &+ % + Z = 1 for probabilistic interpretation
-inbound state limit : Z > X, Z - Z and % — 0

7/ characterizes uncertainty of resonance

@ new interpretation certainly certainly

composite elementary
Loy = |X|, LT+aoY = |Z]
(a=-D[X]|-alZ]|+a

VA

possibly . possibly

200 — 1 composite elementary
zz(a—l)\Z\—a\X\+a a=15[ R
ca—1 e
: X] izl
| X+ [Z] -1
?:

20 — 1 o reflects uncertain nature of resonances



Definition 33

-ifa > 1/2, Y is always positive but ', Z can be negative

X > ), Z composite dominant
X >0and Z2>0 Z>)V, X elementary dominant

y> X Z uncertain
X <0or Z<0 Inon-interpretable]
1.2 : . - 7 7
non- o~ 11318 our criterion for physical “state
? 1 |interpretable r S Re E
E "
g o Y dom - exclude poles which we cannot
- ominant _ . ”
g 0 ) regard as |_oh_yS|caI state from
S o4 probabilistic interpretation
E Z &
= 0.2] dominant | dominant fl", ?’ £ dominant regions
0602 04 06 08 1 and

Re X [dimensionless] non-interpretable region



uncertainty in resonances

a single I
measurement

sum of measurements of a bound states / resonances

bound state composite elementary

narrow
resonance

broad
resonance

measurements
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