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Previous work
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Hadron wave function \ 7 @)/ —90 ¢80

|¥) = 4/X | hadronic molecule) ++/1 — X | others)
Compositeness (weight of hadronic molecule)

Weak-binding relation for bound state
E 4 —————Threshold 2

2X Rtyp
1 +X R 04 =mm———Threshold 1

J

h'd

ay (scattering length) R, (interaction range) Bound state

R = 2uB)™"2, B (binding energy) e

When R > R, : observable(a,, B) = # compositeness(X)
S. Weinberg, Phys. Rev. 137, B672 (1965); Y. Kamiya and T. Hyodo, PTEP 2017, 023D02 (2017).
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Motivation| Low-energy universality R = q,

The range correction by introducing the effective range 7,

. ay= R[4 o(=2))
Range correction L G R
Properties of the effective range model:

-Single channel: | hadronic molecule) only <& X = 1

-Zero range limit: Rtyp — 0 R
2X
;‘>aO=R{ +@< typ)}@a():R?
1+ X R

Renormalized scattering amplitude (R, — 0):
E. Braaten, M. Kusunoki, and D. Zhang, Annals Phys. 323, 1770 (2008), 0709.0499.
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range correction in the weak-binding relation form r,



Improved weak-binding relation

R

2X t
ay = R{ ax T @<%> } interaction range: Ry, R .
Redefinition of Ry, R, = max{Rmt,R }
B P,
R.¢ = max; |r,]|, R

It reduces to previous weak-binding relation for R, , = R;,..

Numerical calculation
Effective range model (R, . # 0O) O x

Weak-binding relation works when... ® X et
Xl < X et < X exact

Validity condition



Numerical calculation| |*«O

Applicable region of weak-binding relations in R, ./a, - r,/a, plane
0.4 TR
—_— _ Te = Ry
% 0.2 Wigner| bound
g of
B | Both relations are
O -0.0 applicable
=
S 0.4
\éb II re:_Rint\
O -0.6 Only improved relation is
applicable

0.8 01 02 03 04 05

R. ./a, [dimensionless]

Range correction enlarge the applicable region (I—1+ll).
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Application

u: atomic mass unit, mK: millikelvin B.R.: Bohr Radius

bound state particle 1 particle 2 mi mao B ao Te R Rint -
d P n 938.3 MeV  939.6 MeV 222 MeV § 542 fm § 1.75 fm 4.32 fm 1.43 fm
X (3872) D° D*° 1865 MeV 2010 MeV  0.018 MeV¥ 28.5fm §—5.34fm  33.4 fm 1.43 fm
DZ,(2317) D K 1867 MeV  495.6 MeV 448 MeV § 1.3fm § —0.1 fm 1.05 fm § 0.359 fm
D41(2460) D* K 2009 MeV  495.6 MeV  45.1 MeV § 1.1 fm | —0.2 fm 1.03 fm § 0.359 fm
NQ dibaryon N Q 955 MeV 1712 MeV ~ 1.54 MeV § 5.30 fm 1.26 fm 4.54 fm 0.676 fm
Q€2 dibaryon Q Q 1712 MeV 1712 MeV 1.6 MeV 4.6 fm 1.27 fm 3.77 fm 0.949 fm
3H d A 1876 MeV 1116 MeV ~ 0.13 MeV § 16.8 fm { 2.3 fm 14.6 fm 4.32 fm
“He dimer ‘He “‘He 4.003 u 4.003 u 1.30 mK # 189 B.R. #13.8 B.R. 1822 B.R.? 10.2 B.R.

Low-energy universality holdsi(ay > R;.,)

Bound states other than D, and f\H have larger |7,| > R,

Range correction Ry, = Reg
Determination of Ry
- d, X(3872): Compton wavelength of 7
- D,: Compton wavelength of o (m,_ ~ 550 MeV)
- NQ: lattice QCD [HAL QCD, Phys. Lett. B 792, 284 (2019)]
- Q) lattice QCD [S. Gongyo et al., Phys. Rev. Lett. 120 212001 (2018)]
- ?\H: Radius of d (d — A interaction range)

- *He dimer: van der Waals length [Z.-C. Yan et al., Phys. Rev. A 54, 2824 (1996)]
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Ej-o'1 II
~-0.2| 1 x(3872)

D*(2317)

L Dy(2460)

__ Rin

‘0367005 0.1 015 02 025 03 035

R, ../ a, [dimensionless]

bound state e Eint X (Eesr) X (&int) Riyp
d 0.405 0.331 1.68755%, 1.687045, Res

X (3872)  0.160 0.0428 0.74319282 (.743%0-9575 Reg
Dp(2317)  0.0949 0.341 1.61123%9 1.617220, Rint
D:1(2460)  0.192 0.345 1.12%95%0  112ti22 R,
NQ dibaryon 0.277 0.149 1.407320, 11.4079523% Reg
QQ dibaryon 0.337 0.252 1567025, 1.56 355, Ren
2H 0.157 0.295 1.35793%2  1.357020.  Rin
‘He dimer 0.0757 0.0560 1.0875177  1.08191%% Res

" X(3872) is contained

In applicable region
for improved weak-binding
relation (region Il)

Ry; R

1nt

}

Estimated X, by previous

relation
NQ2 dibaryon :
X;=1.40-0.364 > 1

XA

1

definitionof X :0 < X <1

Range correction is important for X(3872) and NC2.



Application estimated X

Uncertainty band of X Y4 Uncertainty band
X,(&) = min{X (£),1}, — 1
X,(&) = max{X,(£),0}.

: : 0
X&) <X<X,5
bound state compositenessX - composite dominant : 0.5 < X
d 0.74 < X <1
X(3872)  053<X <1 - X(3872)model calculation
D30(2317) 081 <X <1 M. Takizawa and S. Takeuchi, PTEP 2013, 093D01 (2013), arXiv:1206.4877.

Do (2460) 055 < X < 1 ) . .
NQ dibaryon  0.80 < X <1 | X(3872)) = c1cc) + c2[D"D™) +¢3|[DT D7)

Q€ dibaryon 0.79 < X <1 )

‘He dimer 093 < X <1

Consistent with the model calculation
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C O n c I u s i O n T. Kinugawa, T. Hyodo, arXiv:2205.08470[hep-ph]

accepted in Phys. Rev. C

- Weak-binding relation : observable compositeness (X)
2X

R
ay=R{——+0(—=) |
1 +X R

- We study the range correction to weak-binding relation.

- Improved weak-binding relation by redefinition of Ry, :
Ry, = maX{Rim, |7, ], }

- We find the region where only the improved weak-binding

relation can be applied.

- The range correction is important for the reasonable estimation
of X.
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Numerical calculation

2X R
1+ X R

When dose the weak-binding relation work?

/ R) . Y. Kamiya and T. Hyodo, PTEP

Estimation with correction terms (& = L2017, 093502 (2017,

ay/R
Central value: X =
2 — ao/R
O==2% e x 0= _;
upper — ag /R > “*lower - Y _ aq /R .

Weak-binding relation works when.. O x

Xlower <X <X

exact upper exact
exact

Validity condition
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Numerical calculation

Effective range model (R, # 0)

1 R
flk; Agy por ) = [_— + %kz + @( Ilem) - k] (two length scales r, and R, ,)
do

1/f(k = i/R) = 0

- 1, # 0 (range correction): &, = |r,/R| Uncertainty from r,

r, < 0O (effective range model)

+0:&.. =R /R. Uncertainty from R;
=1

1nt

- X

exact —

We search for the region of r, and R,

in which validity condition are satisfied.
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Precision of X

r,/a, [dimensionless]
1 1 1

Precision of X estimated by the weak-binding relations ?

Uncertainty band E

E=X,-X, X,=min{X,1}, X, =max{X,0},
-~ We require E < 0.5 for meaningful estimation

Uncertainty band E in R. . /a, - r,/a, plane

1nt
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Another numerical calculation

Resonance model (X, ¢ < 1)

g5

2,
8 88
{(—Kz—l/o)(l_%A + y0> —88}

Xl =1+ 167k

exact —

—1 Applicable region of the weak-binding relations

2
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m E — ) 0) |
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y = — —_——
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~ j §
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