Tokyo Metropolitan University
The Graduate School of Science
The Department of physics

Universal nature of near-threshold exotic hadrons
with compositeness

BEMEZHW-BIELFED
IXYVFv I RuroEwitE

Tomona Kinugawa

W KA



Abstract

Hadrons are particles composed of quarks and gluons interacting through the strong force. Most
hadrons are classified into quark-antiquark pairs called mesons and three-quark states called baryons.
In addition to these ordinary hadrons, states containing more than three quarks are called exotic
hadrons. The number of experimental reports of exotic hadrons has been increasing year by year.
Nevertheless, the proportion of exotic hadrons among all hadrons remains small. The fundamental
theory of the strong interaction (quantum chromodynamics, QCD) does not explain the rarity of exotic
hadrons. Moreover, the internal structure of exotic hadrons is not well established. Thus, the study
of exotic hadrons is regarded as an important subject for understanding the low-energy phenomena in
QCD. In recent hadron physics, exotic hadrons have been actively studied from both theoretical and
experimental perspectives.

Exotic hadrons are mostly observed near the threshold energy above which the scattering of two
hadrons occurs. Therefore, the internal structure of exotic hadrons should be studied with the con-
sideration of the near-threshold nature. As a starting point to investigate the internal structure of
the near-threshold exotic hadrons, an analogy with nuclear physics is useful. In nuclear physics, it is
empirically known that the clustering phenomena emerge near the threshold of alpha particles (*He
nuclei), where nuclei consist of alpha particles as subunits rather than being constructed from pro-
tons and neutrons directly. This fact, known as the threshold rule, is regarded as a consequence of
the low-energy universality which governs the near-threshold phenomena. By applying the threshold
rule to hadron systems, it is naively expected that the near-threshold exotic hadrons have a hadronic
molecular structure which consists of hadrons as subunits rather than directly consists of quarks.

The internal structure of exotic hadrons is expressed as a superposition of various possible compo-
nents. The fraction of the hadronic molecular component is characterized by the quantitative measure
called the compositeness. It is theoretically shown that the compositeness is unity (i.e., the state is a
completely hadronic molecule) when the bound state exists exactly at the threshold, as a consequence
of the low-energy universality. This suggests that the near-threshold states with a finite binding energy
are dominated by the hadronic molecular component, which is in line with the threshold rule. However,
the situation is not so straightforward, because a non-molecular component can always be mixed in,
even for a shallow bound state. Thus, it is not theoretically clear why the threshold rule holds empiri-
cally. In other words, the theoretical basis of the threshold rule is not fully established. Furthermore,
it is not clear how the threshold rule is affected by the decay and coupled channel contributions which
are the peculiar features in hadron systems.

In this thesis, we aim to study the internal structure of the near-threshold states from the perspec-
tive of the low-energy universality. For this purpose, we introduce the effective field theory models
to calculate the compositeness of the near-threshold states. We first examine the foundation of the
threshold rule, by computing the probability of realizing a shallow non-composite bound state. We
then quantitatively study the effect of decay width and channel coupling on the compositeness of
the near-threshold states. We apply the present formulation to the renowned near-threshold exotic
hadrons, 7,.(3875)" and X (3872) to investigate their nature.
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Chapter 1

Introduction

In this chapter, we present the background and aim of this thesis as an introduction. We first show
an overview of hadrons and exotic hadrons in Section 1.1. Motivated by the recent observations of
exotic hadrons, the study of the internal structure of exotic hadrons attracts significant interest. To
characterize the internal structure of hadrons, we introduce a useful concept, called the compositeness
(Section 1.2). A lot of exotic hadrons are observed in the near-threshold region, where the composite-
ness is model-independently determined as a consequence of the low-energy universality. We overview
the low-energy universality in Section 1.3. Against this background, we finally describe the aim of this

thesis in Section 1.4. In this thesis, we use the natural unit where i = c = 1.

1.1 Exotic hadrons

Ordinary mesons and baryons

Elementary particles constitute the fundamental building blocks of matter in nature. Among them,
quarks and gluons are governed by the strong interaction. The fundamental theory of the strong
interaction is quantum chromodynamics (QCD). At low-energy scales, there arises difficulty in QCD
because the perturbative methods do not work due to the strong coupling constant. One of the striking
phenomena in low-energy QCD is color confinement. As a consequence of the confinement, the observed
degrees of freedom are hadrons, not quarks and gluons. To elucidate low-energy phenomena in QCD,
we focus on the study of hadrons.

Hadrons consist of quarks g and gluons g, except for top quarks t.! Specifically, all hadrons can be
described as combinations of up u, down d, charm ¢, strange s, and bottom b quarks, together with
gluons. In general, hadrons are classified into two categories, mesons and baryons. Mesons (baryons)
typically consist of a pair of a quark and an anti-quark ¢g (three quarks ¢qqq). For example, the proton
p ~ uud and neutron n ~ udd are classified as baryons, while pions (e.g., 7 ~ ud) are categorized as
mesons.

Let us demonstrate how the mesons are described as of ¢¢ using the nonrelativistic constituent
quark model. The ground states are considered to have no angular momentum between ¢ and q.
Because the spin-parity J¥ of quarks (anti-quarks) is 1/2% (1/27), the ground state mesons have

1Top quark t decays through the weak interaction before the hadronization.
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J¥ =0~ (pseudoscalar) or 1~ (vector). We can classify the combination of the u, d, s quarks by flavor
SU(3) symmetry under the exchange of these quarks. By combining ¢ (3) representation and g (3),

we obtain
3R3=108. (1.1)

Thus, the mesons belong to either the singlet 1 or octet 8 representations. The ground state J© = 0~
octet mesons correspond to K°, K, 7=, 7% 7+, ng, K~, and K°. On the other hand, K*°, K**, p—,
%, pT, W0, ¢, K*~, and K*° forms the ground state J© = 1~ nonet mesons. We note that the mass
difference between s quark and u,d quarks induces SU(3) symmetry breaking. As a consequence, the
mass splitting occurs among the octet mesons. Furthermore, symmetry breaking causes the mixing of
ng state with the pseudoscalar singlet meson 1), leading to the physical n and n’ mesons. Similarly, in
the vector mesons, physical ¢ and w mesons are realized by the ideal mixing.

In the same way, the baryons gqq have the spin-parity J = 1/2% or J = 3/2% in the ground
state. With flavor SU(3) symmetry, baryons are classified into the singlet, octet, and decuplet:

30393=10808a10. (1.2)

Among all possible combinations of spin parity and flavor, only 1/2% and 8, or 3/2% and 10 are allowed
so that the spin-flavor wavefunction is totally symmetric under the exchanges of quarks. Therefore,
the ground state baryons are classified into JP = 1/2% octet (n, p, =, X%, A, ¥F, ==, 2%) and
JP =3/2% decuplet states (A, A0, At ATy w0yt =xm =200,

For later discussion, we introduce the heavy-light mesons in the charm sector which contain one
¢ quark. As before, the spin-parity of the ground state mesons is 0~ and 1~. The u,d quarks and
¢ quarks belong to the 2 and 1 representations of isospin SU(2) symmetry, respectively. Therefore,
the ground state heavy-light mesons are classified into (J¥,flavor) = (07,2) and (17, 2) states. The

quark contents of the pseudoscalar mesons are:

D° ~ ca, (1.3)

Dt~ cd, (1.4)
and their anti-particles are:

D° ~ cu, (1.5)

D™ ~cd. (1.6)

The vector mesons are denoted with a superscript *, with the same quark contents but with spin 1
(e.g. D0 ~ cu).

It is usual to collectively denote the states belonging to the same isospin multiplet. For example,
the proton p and neutron n are collectively expressed by the nucleon N:

N = (i) . (1.7)

In the same way, we use D and D for the heavy-light mesons

D= <D2> , D= <DO> , (1.8)
D D
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K4 _ 0
o= (00) - (07) 9)

With the isospin notation, for instance, DD stands for DTD°, DTD~, DYD°, or D°D~.

In this way, the quark model with ¢q and qqq predicts the quantum number of the ground state
hadrons. These quantum numbers are consistent with those observed in the hadron spectra [1]. In
addition to the ground states, the excited hadrons are described as the combination of the constituent
quarks with finite angular momenta, which qualitatively reproduces the experimental data of excited
hadrons [2, 3, 4]. Constituent quark models have been successfully applied to a wide range of hadrons,
reproducing their properties in most cases. Therefore, it is broadly accepted that the internal structure

of the ordinary hadrons is ¢g or qqq.

Classification of exotic hadrons

In QCD, quarks carry the color charge, but hadrons are realized as color singlet states. Color singlet
states are constructed not only with ¢g or ggq but also with more than three quarks, such as ¢gqq,
qqqqq, and qqqqqq. States other than mesons (¢¢) and baryons (gqq) are classified as exotic hadrons,
as they differ from ordinary hadrons (mesons and baryons) [5, 6, 7].

In practice, the identification of exotic hadrons is performed by various criteria. Here we consider
three exotics; (i) the quantum-number exotics (genuine exotics), (ii) the quarkonium-associated exotics,
and (iil) the quark-model exotics [8]. In the following, we will show the details of these categories.

If the quantum number of a given hadron cannot be reached by the combination of ¢g or qqq,
such hadron is identified as (i) the quantum-number exotic. The quantum number exotics are further
categorized into the flavor exotics and the JFC exotics. As an example of flavor exotics, let us show
the case of T..(3875)", which is observed as the charm C = 2 state (i.e., containing two ¢ quarks).
To realize a color singlet hadron, we need two anti-quarks in this case, and T..(3875)" should contain
at least four quarks ccqq (q is different from ¢ to have C' = 2). In other words, T,.(3875)" has two
quark anti-quark pairs different from the mesons with one ¢q pair. In general, the hadrons with exotic
flavor quantum numbers, such as T,.(3875)" with C' = 2, are called the flavor exotics. As of 2024,
only five flavor exotic hadrons have been observed, T%,,(2870)°, T%,,(2900)°, T7%,(2900), T..(3875)F,
Tys(5568) " [1].

In a similar way to the flavor exotics, JC exotic states are identified based on the combination of
the spin J, parity P, and charge conjugation C. Because of the rotation and parity symmetry of QCD,
the spin J and parity P serve as conserved quantum numbers. The charge conjugation C' = + is also
defined, if the state transforms into itself under the charge conjugation which changes ¢ with g. Under
this transformation, only the mesons consisting of the same flavor remain unchanged up to sign, such as
|ce) ~ |ec), while that of mesons with a different flavor and that of baryons do not transform into their
antiparticles (e.g., |ud) # |ud) and |qqq) # |GGq)). To obtain the relation among charge conjugation C,
spin of the quark pair S, and angular momentum between quarks L, let us consider the replacement
of ¢ with g. In this case, the sign of the total wavefunction corresponds to the product of these of
the spatial wavefunction, the spin wavefunction, and the charge conjugate C. The sign of the spatial
wavefunction changes as (—1)% because the wavefunction is antisymmetric for odd numbers of L. The
spin wavefunction also changes as (—1)T! by recalling that the spin wavefunction is antisymmetric

with S = 0. Because ¢ and ¢ are fermions, the total wavefunction should be antisymmetric with the
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replacement, namely, the sign of the total wavefunction is —1:
—1=Cx (=1)F x (=1)*5. (1.10)
From this relation, we find that
C = (-1)*5. (1.11)

By making a combination of a quark ¢ (J© = 1/2%) and an anti-quark g (J* = 1/27) with L > 0, the
possible JP¢ of ¢ mesons are found to be JP¢ = 0=+, 1=, 1t—, 0T+, 1++ 2t+ 2=+ 1-— 2-— 3= .
JPC

Thus, the following states cannot be realized by qq but require qqqq, qGqqqq, etc.:

JPC =070, 171, ... (1.12)

Only three JP¢ exotic states are observed so far, 71(1400) (JF¢ = 177F), 71(1600) (JF¢ = 1=7),
and n'(1855) (JFC = 17F) [1]. We emphasize that the quantum number exotics have more than
four quarks already at the level of their minimal quark content, as shown above. This is a qualitative
difference from other exotic hadrons (ii) and (iii).

On the other hand, some states are considered exotic, even though their minimal quark content
is ¢ or qqq. These states are identified as exotic based on the hidden heavy quark pairs [(ii) the
quarkonium-associated exotics] and the quark models [(iii) quark-model exotics].

If the state has the heavy c¢ or bb pairs in addition to the meson ¢§ or baryon qqq structures
with the light quarks, they are regarded as (ii) the quarkonium-associated exotics. At the level of the
minimal quark content, such states have the same structure as the mesons or baryons considering the
annihilation of ¢¢ or bb. However, it is known that the heavy-quark pair is hardly created in the decay
process from the OZI rule [9, 10, 11, 12]. Thus, if the hadrons observed in the decay process containing
€ or bb pairs in addition to the ¢q or gqq with light quarks, the heavy-quark pair is intrinsically
contained in the quark content of hadrons. For example, P.;(4312)7 is observed as the state decaying
into J/v¥p whose quark content is ccuud [13, 14]. By annihilating the c¢ pair, the minimal quark
content of P.;(4312)" is uud, the same as ordinary baryons. However, from OZI rule, P.;(4312)" is
considered as a pentaquark state including cc.

In addition to (i) the quantum number and (ii) the presence of ¢ or bb pair, the constituent
quark models are sometimes used as criteria to identify the exotic hadrons. As discussed above, the
constituent quark models with ¢g and qqq have largely succeeded in explaining the spectrum of a
majority of hadrons. However, there are several exceptions that do not fit well within the quark-model
framework. These exceptions are expected to have a different internal structure from ¢g or gqq, and are
considered the exotic hadrons. For example, in the C' = 0 sector, a lot of charmonium states including
cc are predicted by the quark-model calculations. However, these predictions agree well only with the
states below the DD threshold (Fig. 1.1) [5]. From this viewpoint, the states above the DD threshold
are considered as candidates of exotic hadrons (XY Z mesons) [15, 5, 7].

The quantum-number exotics (i) are qualitatively different from other categories (ii) and (iii) be-
cause they are defined by the model-independent criterion, conserved quantum numbers. This is why
the quantum-number exotics are also called the “genuine” exotic. Although (ii) and (iii) are not
genuine exotics in this sense, they are regarded to be helpful to understand the nature of genuine ex-
otic hadrons. Thus, quarkonium-associated exotics (ii) and quark model exotics (iii) are also actively
studied in addition to quantum-number exotics (i).

In summary, exotic hadrons are identified by following viewpoints;
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Figure 1.1: The spectrum of the observed hadrons in the charm sector, adapted from Ref. [5].

(i) quantum-number exotic (genuine exotic): the state whose minimal quark content is not ¢g or

qqq. These exotic states are further categorized as;

— flavor exotics: the states whose quark contents are not ¢g or ¢qq in terms of the flavor [e.g.
T..(3875)%]
— JPC exotics: the states whose combination of spin .J, parity P, and charge conjugation C

cannot be realized by ¢ [e.g. 7*(1400) [1]],

(ii) quarkonium-associated exotics: the states which are considered to practically include the hidden
c¢ or bb pairs [e.g. Z.(3900), P.z(4312)* [1]];

(iii) quark model exotics: the state with the minimal quark content ¢g or ggq, but whose nature does
not agree with the results from the ¢g or gqq picture by the standard quark models [e.g. XY Z

mesons|.

We note that these categories are not mutually exclusive. For example, Z mesons are considered as
exotics not only from the viewpoint of (ii) the quarkonium-associated exotics but also (iii) the quark

model exotics.

Internal structure of exotic hadrons

In this way, exotic hadrons contain more quarks than ordinary hadrons. This suggests that exotic
hadrons can have complex internal structures. Let us now consider the possible internal structure of
exotic hadrons composed of ¢Gqq or qqqqq.

The most straightforward example is the so-called multi-quark states which are compact states of
more than three quarks. In this case, the strong interaction acts to attract all quarks through the
gluons. Therefore, the size of multiquark states is expected to be ~ 1 fm, which is roughly estimated

from the typical length scale of the strong interaction.
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On the other hand, it is possible to make the combinations of two mesons (¢¢ and ¢g) or one
baryon and one meson (gqq and ¢q) from ¢Gqq or qqqqq, respectively. In this case, the quarks form
compact mesons or baryons as the subunits at first, and then these subunits interact through the
strong interaction. These states are known as the hadronic molecular state. The typical example is
the deuteron, where the subunits p and n are bound with the nuclear force through the 7 exchange.
From the analogy of the nuclear force, the attraction between the subunits is considered to occur
through the meson exchange. Therefore, the size of the hadronic molecule is estimated as larger than
the typical length scale of the strong interaction 2 1 fm. In fact, the radius of the wavefunction of the
deuteron is 4.32 fm, which is larger than the typical length scale of the strong interaction.?

In actual cases, it is natural that the internal structure of hadrons is described not as a pure
multiquark state or hadronic molecule, but as a superposition of these components. In general, for a
given hadron, all possible components having the same quantum numbers mix in. For example, the
deuteron wavefunction does not purely contain the s-wave pn molecular component, but the small
d-wave component exists (~ 5 %) [16]. To establish the internal structure of hadrons, we need to
extract the fraction of these components. However, the conserved quantum numbers cannot be used
to distinguish the multiquarks and the hadronic molecules. Therefore, some quantities should be
introduced to classify the hadron structure. This is the motivation to employ the compositeness to
characterize the internal structure of exotic hadrons.

As a characteristic phenomenon in hadron physics, the mixing associated with the ¢g creation
occurs. Let us consider this mixing from the viewpoint of the baryon number B, defined as the
conservation quantity from U(1) symmetry in QCD [17]. Using the baryon number, the meson (baryon)
is defined as the state with B = 0 (B = 1). Because the baryon number of ¢g pair is zero, ¢gqqg also
has B = 0 and is regarded as a meson. Therefore, wavefunction of a meson is given by |meson) =
|g@) + |¢G@qq) + .... Similarly, a baryon with B =1 is expressed by |baryon) = |qqq) + |g9qqqq) + ...

The picture with the ¢g creation can reproduce the spectra of excited hadrons, which allows the
hadrons to have an exotic structure with more than four quarks. Furthermore, the spectra can be
described also with the internal excitation of quarks. In this case, the excited hadrons is considered by
the constituent quark models with the finite angular momentum between quarks. In this way, various
possible components can contribute to the internal structure of hadrons (Fig. 1.2).

Because we cannot extract bare quarks due to the quark confinement, the asymptotic degrees of
freedom are hadrons. This means that the internal structure of exotic hadrons cannot be observed
in terms of the degrees of freedom of quarks. This feature of the strong interaction complicates the
investigation of the internal structure of exotic hadrons. In this way, the study of the internal structure

of exotic hadrons is challenging but important for gaining insight into low-energy phenomena in QCD.

Example of exotic hadrons

Before discussing the hadron wavefunction, here we show several examples of the exotic hadrons. The
total number of observed hadrons has been getting larger every year. According to the Particle Data
Group (PDG) [1], 227 kinds of mesons and 188 kinds of baryons have been found so far, and 10 mesons
and 11 baryons have been newly discovered since 2022. In Fig. 1.3 and 1.4, we show the summary

of observed hadrons so far. The shaded hadrons have been newly observed in the past two years,

2In addition to multi-quark and hadronic molecule, the gluonic hybrid state and glueball with the constituent gluon

can be realized as the internal structure of exotic hadrons.
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Figure 1.2: The schematic illustration of the possible internal structure of excited baryons.

and the enclosed hadrons by solid and dotted lines are the quantum-number exotics and JX¢ exotics,
respectively. As shown in these tables, the number of exotic hadrons is still smaller than that of
ordinary hadrons but also increasing year by year. In the last two years, three kinds of quantum-
number exotics [ (1855), T, (2870)" and T..(3875)"] have been newly discovered in addition to the
five exotic hadrons observed by 2022. In addition to these quantum-number exotic hadrons, there are
various observations of the quarkonium-associated and quark-model exotic hadrons, whose number
also increases every year. It is considered that the study of these hadrons leads to the understanding
of the quantum-number exotic hadrons.

Let us show some examples of exotic hadrons. Even before the establishment of the concept of the
exotic hadrons, the candidate of the exotic hadron A(1405) has already been observed [18, 19, 20, 8, 21].
A(1405) is not a quantum-number exotic state with the minimal quark content uds. However, it is
regarded as the quark model exotic [category (iii)] due to the following reasons. In Ref. [3], the mass
of A(1405) is calculated using the constituent quark model by taking into account the excitations of
quarks.® That work shows that the calculated spectrum of A(1405) does not agree with the experimental
data, while the model works well for other hadrons (Fig. 1.5). Furthermore, it is also shown that
A(1405) is lighter than the first excited states of nuclei [N(1535)] which consists only of the light
quarks v and d. These results suggest that the ggg picture is not suitable to reproduce A(1405).
Therefore, A(1405) is regarded as having an exotic structure.

Not only in the strange sector, the candidates of the exotic hadron have also been discovered in
the charm sector with heavy ¢ quarks, as shown above. As a representative XY Z mesons, we focus on

X (3872).% X (3872) is the first observed XY Z mesons discovered in 2003 by the Belle experiment [22].

3A(1405) cannot be produced only by the ground state three quarks with 1/2%, because of its negative parity
JP =1/2".

4In PDG, X (3872) is named as x.1(3872). However, we use X (3872) due to a conventional reason. Similarly, almost
all of the XY Z mesons are nowadays not named as X, Y, or Z in PDG, but we still call them XY Z mesons. Originally,
“X” is assigned to the neutral states, and “Z” to charged states [7]. “Y” corresponds to the states produced by the



14 CHAPTER 1. INTRODUCTION

LIGHT UNFLAVORED STRANGE CHARMED, STRANGE cT continued
(S=C=B=0) (S=+1,C=B=0) continued I(JP) 16(JPC)

G( PC G( jPC P - ——

15(J7%) °(J7%) IJ7) Dy(2590)F  0(07) e )(4230) 0 (1 )

Xco(4500) 0F(0FT)
ew(782)  07(177)| n(1760)  0T(0 ™ )| e k*(892) 1/2(17) BOTTOM X(4630) 0t (27T)

o/(958) 0T~ )| #/1770) 0t ) | eky(r270)  1/2017) (B=+1) *(4660) 0 (17 )
e (980)  0T(0FF) | ex(1800) 170 ) | o K;(1400) 1/2(1%) |  B* 1/2007) | xc(4685) 0T (1T 1)
e3(980) 170ty | pH1810) 0T T) | ekr(1410)  1/2(17) | *B° 1/2007) | xco(4700) 0F(0F )
e $(1020)  07(17 )| X(18) 070~ ") |eky(1430)  1/2(0F) |  B*/B° ADMIXTURE
o h(1170)  07(17 7)| e 93(1850) 0~ (3 ) | e k3(1430)  1/2(2+) | ® B/BY/BY/b-baryon bb

o p(770) 1P~ 7) | x(1750)  ?77(17 ) | e K(700) 1/2(0F

o 17(07) ep(1700) 11T 7)) | e K* 1/2(07) | o D%, (2700)F  0(17) | ® xc1(4274) otat™)
o0 17(0 7 F) | eax(1700) 17 (2T 1) | e KO 1/2(07) | Dz (2860)* 0(17) X(4350) 0t (27T)
o 00~ )| a(710) 17 (0 F)| ek 1/2(07) | o Dry(2860)F 0(37) | *¥(4360) 07 (17 7)
ef(500)  0T(0TT)|ef(1710) 0F(OTTH)|ek? 1/2(07) Di,(304o)i o(??) e(4415)  0T(17 )
0™)
1

o by(1235)  1T(1T ) |27(1855) 0L | k(1460 1/2(07) | APMIXTURE en(15)  0F(0™T)
ez 1) [V S sy ae) | L Ve CKMMe | L Ts) 0

?) o B* 1/2(1—) bd XbO(]-P) 0 (0 )
£i(1285) 0T p1900) 1T )| ap(ie50)  12017) |emy(s721)  120t) | SXm@P) 0T

o 7](1295) 0+(0 - +) 7(2(1910) 0+(2 + +) ° K*(1680) 1/2 - Bj(5732) 7(77) d hb(lp) g;g; _t ;;

)
)
em(1300) 17(0 )| a(1950) 1700 )| ¢ Kk (1770 1/202-) | o BE(5747 1/9(2+y | @ x02(1P)
e 3(1320) 1721 1) [ eh(1950) of(TT) |, Kzg((1780)) 1?2 ; o) et
e /(1370)  0T(0" 1) leay(1970) 174t )|, K, (1820) 1/2(27)
p3(1990) 1H(3 7 7) K (1830) 1/2

Bs840)  1/2(27) | M) ot~

e By(5970)  1/2(?%) : 12((215[))) 8:8 - :;

(
(
(
(
(
(
(
(
(
(
(
(
e H(1270) 0F(@2T1) | em(1880) 172~ 1) K(1630) ]_/QE
(
(
(
(
(
(
(
(
(
(
(
(
(

o n(1405) 0T )| m(2008) 172 ) | ke +1 | BOTTOM, STRANGE | ®xe0(2P) 0T (0+ )
o h(1415) 0~ (1F )| eh(2010) o2t |, ﬁi’gzggg 1% +; (B=+1.5=F1) exm(2P) 0t
o f(1420)  0T(1TH) | efp(2020) 0F(F )|, KE(2045) Loty |+ B 00-) |em2P) o0 (1t
ew(1420)  0=(1~ )| e f(2050) o0t(at ) K4(2250) 1a2-) | * B o) |exe2P) of(th)
f(1430) 0+(2 + +) m(2100) 17(27 +) K2(2320) 1/2 3—0—) . 351(5830)0 0(1+) * 7(35) 0-(1 )
ea(1450) 170+t H)| fw00) ot(tH) K3*(2380) 1a(5-) | * Ba(5840)° o2ty | *xm(3P) of@ath
ep(1450)  1T(17 )| p21s0) ot B0 Unta—y | Bis850) 227y | exeP) 07T
en(1475) 0T~ )| pr150) 1t@ ) 4(2500) 4 27 ) BSJ(6063)0 0(?%) eT(4S) 0 (177)
e (1500) 0T T 1) |eg(2170) 0—(1 7 ) K(3100) ) 35'7(6114)0 0('7?) 7(10753) ?°(17 )
f(1510)  0T(1T ) [ f(2200) ot(0tT) CHARMED v ' * T(10860) 0~(17 )
o f5(1525) 0T (2T +) [ (22200 ottt (C=+1) BOTTOM, CHARMED T(11020) 0~ (1~ )
o ©(1565) 0+(2++) 0r4++) o D* 1/2(07) (B=c==1 OTHER
p(1570)  1T(1 7 7) | w(2220) 0 (17 )| 4pO 1/2(07) | * BE 0(07) = e
L1598 0m(t o) | (225 0RO ) | wprqaoon 17217 | < Be2)E 007) | )
fem(1600) 1T(10 T pa(2250) 13|, 2010)F  1/2(17) - T (2900) "1 )
< a1(1640) IV 0 5(2300) 0T T ) |4 priason)  1/2(0M) “ o) Tg2o00) 107
h1es0) 0t ) [ 4(300) oY@t )| ploane) 10t T(3875) ¥(7)

(
(
D¥( (
D¥( (
; Dy (

( ( +i— + . (]
emp(1645) 02~ )| £H(2330) ot(ott)|, 0 +3 | ®nc(18) 0707 ) [ e Tz (3900) 17(1
ew(1650) 0 (1~ )| efh(2340) ot(2t _gl*(éﬁg)) %E;; o J/P(1S)  07(17 7)) |  Ters1(4000) 1/2(17+)
0ws(1670) 0-(3~ )| ps(2350) 1F(5 ) D;(2550)0 120y | * X @) 0F(0F ) | o Tee(a020) 17217
em(1670) 1-(2— )| x(@370) 277 (2600  1/2( exa(lP) 0T TT)| Te(4050)" 17(2°F)
e $(1680) 0-(1~ )| f(2470) o0F(0+ ) Dl( (
ep3(1690) 1T(3~ )| £(2510) of(eT ) ( (
( (
(
(

1) —(1+— {4055+ 1+(27—

2 eniP) 0 (1 Tee(4085)+ 1+(277)

2640) " 1/2(27) -xcg(ul) 0+E2 ++; Tee(4100)* 17(27)

DT PR en2s) 00 )| Tea(a200) 1)

* D3 2750)0 1/2 3,) * (2S) 0~(1~ )| Temi(4220)*1/2(17F)
Di(2760)"  1/2(17) | § yy3770)  0—(1— ~) | Tewo(4240)* 11(0~ )
D(3000)°  1/2(%) | g yp(3823) 0 (2~ )| Tee(4250)t 1-(27)

CHARMED, STRANGE | *¥3(3842) 07 (3™ 7) | e Tem(4430) 171 F —

(C= £1, §= +1) Xco(3860) 0F(0F ) [| Ths(5568)" 1(77)

T — e xc1(3872) 0Tt )| Tecee(6900)° 07 (2°7)
L] DS 0(0 + + + + + —
o D"t 01— ® xc0(3915) 0T(0T ™) | & Typ(10610) 17(17 )

s e x2(3930) 0T (2t 1) | e T3 (10650)11F(1F )

X(3940) ?-7(???) Further States
e1(4040) 0(177)
o Xc1(4140) 0F(1HH)
e y(4160) 0~ (17 )

X(a160)  ?7(277)

o Dg1(2460)F o1t
o Dg1(2536)F o1t

)
)
e D,(2317)%  0(0T)
)
)
e Di,(2573)  0(2T)

Figure 1.3: The list of observed mesons and their quantum numbers adapted from PDG [1]. The

shaded mesons are newly discovered states in the past two years. The hadrons enclosed by the solid

JPC

(dotted) lines are the quantum-number exotic hadrons ( exotic hadrons). The particle with e is

well established by the experiments.
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Figure 1.4: The list of observed baryons and their quantum numbers adapted from PDG [1]. The
shaded baryons are newly discovered states in the past two years. The number of * represents the
degree of the evidence of existence of the particle. * evidence of existence is poor; *x evidence of
existence is only fair; #*xx evidence ranges from very likely to certain, but further confirmation is
desirable, and/or some properties are not well determined; **+* existence is certain and properties are

well known.
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Figure 1.5: The mass of the negative parity baryons obtained from the constituent quark model (shaded
square) and experiment (hatched square). The surrounded region shows the result of A(1405). The
original figure is adapted from Ref. [3], but some explanations are added.

The experiment observed the decay process of B* — K*nt1~J/v, and found the charmonium-
like state X (3872) which decays to 777w~ J/1 (left panel in Fig. 1.6). Because the quark content of
7t r=J/ is ud + ad + c¢, X (3872) is not a quantum-number exotic state. However, it is considered as
quark model exotic due to the lack of the corresponding prediction by the quark model [4]. After the
first observation of X (3872), more detailed features of X (3872) were observed such as the spin parity
JPC = 1*+ [23] and isospin I = 1 [24]. In the recent experiments, the mass and width of X (3872)
was precisely observed in the BT — K+txT 7~ .J/4 decay process [25]. One of the significant feature of
X (3872) is its small binding energy B = 0.04 MeV with respect to the D°D*? threshold [1]. Based on
the threshold rule discussed below, X (3872) is considered to be the hadronic molecule-dominant state.
At the same time, the experiment suggests that the ¢¢ core plays an important role to the X (3872)
structure [26, 27, 28]. Therefore, the internal structure of X (3872) is now considered as the mixture
of the molecular state and c¢ state.

In C' = 2 sector with two ¢ quarks, the LHCb collaboration has reported the existence of the genuine
tetra-quark exotic state T,..(3875)" in 2021 [30, 29]. They observed the D°D°r* mass distribution
produced by the pp collision, and found the narrow peak just below the D°D** threshold (right
panel of Fig. 1.6). This means that 7..(3875)" decays into the D°D%n+ ~ ciictiud, and therefore
T..(3875)% is concluded as the flavor exotic state with the minimal quark contents cciid. Motivated by
the first observation by LHCb, many experimental groups are now performing additional experiments
on T,.(3875)". Before the first experimental report, the existence of the cctid state has already been
extensively studied [31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52,

initial state radiation, where the Y mesons have the common quantum number to the photon J¥¢ =1~ [5].
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Figure 1.6: (Left) The spectrum of X (3872) in 77~ J/t¢ mass distribution. The peak near the 0.80
GeV corresponds to the signal of X (3872) (another large peak corresponds to 9’). The original result
is adopted from Ref. [22], but some explanations are added. (Right) The spectrum of T,.(3875)" in
the DD+ mass distribution, adapted from Ref. [29]. The peak below the D°D** threshold (green
dashed line) corresponds to the signal of T,.(3875)".

53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63]. After the observation, a lot of studies of T..(3875)% has
been continued not only as the multiquark states but also as the viewpoint of the hadronic molecular
picture [64, 65, 66, 67, 68, 69, 70].

In the last part of this thesis, we focus on the internal structure of X (3872) and T..(3875)", by
focusing on their similarities and differences. Both T.(3875)" and X (3872) are the near-threshold state
of DD*, and their binding energies are prominently small among the near-threshold exotic hadrons.®
Furthermore, as seen above, both of them have the decay width and coupling to the isospin partner
channel. Tt is also interesting to note that the X(3872) is the oldest exotic hadrons in the charm
sector, in contrast to the very newly observed T..(3875)". In addition to these similarities, we also
find some differences between the two systems by comparing both systems. We see the decay width
of T,.(3875)" is relatively smaller than that of X (3872), and the threshold energy difference Aw of

X (3872) is relatively larger than that of T,.(3875)T. We summarize the system in Fig. 1.7.

1.2 Compositeness

In the above discussion, we see that the internal structure of exotic hadrons is written as a superposition
of the various possible components, such as the hadronic molecule and the multiquark. Because these

components cannot be distinguished using quantum numbers, as mentioned above, we need another

5Tn fact, the binding energy of A(1405) is of the order of 10 MeV, which is considered as the usual energy scale of the
near-threshold hadrons.
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Figure 1.7: The schematic illustration of the system of T,.(3875)" (left) and X (8372) (right). The B
is the binding energy, I" is the decay width, and Aw is the threshold energy difference between the
threshold channel and the nearest coupled channel. This figure is adapted from Ref. [71].

quantity to characterize the internal structure of exotic hadrons. In this thesis, we introduce the
measure called the compositeness, to study the fraction of the hadronic molecular component [72, 17,
73, T4].

While the formal definition of the compositeness will be given in Chapter 5, here let us briefly
introduce the notion of the compositeness. The compositeness X is schematically represented as the

square of the coefficient of the molecular component |molecular) in the bound state |B):
|B) = VX |molecular) + vZ [non molecular) . (1.13)

Here we denote the components other than molecular as [non molecular). For example, a multi-quark
component is included in the non-molecular components. The fraction Z = 1 — X is called the
elementarity or elementariness. From Eq. (1.13), we see the compositeness is the probability of finding

the molecular component |molecular) in the bound state | B):
X = | (B|molecular) |?. (1.14)

By calculating the compositeness, we can quantitatively investigate the internal structure of bound
states, determining whether they are molecule-dominant states with X > 50% or non-molecule-
dominant states with X < 50%.

Historically, the compositeness has been introduced in the works by S. Weinberg [75, 76, 72]. By
estimating the compositeness model independently, he shows the deuteron is a composite state of p
and n. After four decades, the notion of the compositeness has been applied to consider the internal

structure of exotic hadrons (see also Sections 5.1 and 5.8).
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The compositeness of the weakly bound states can be estimated only from the observables. In
principle, the compositeness is a model-dependent quantity. However, when the binding energy is much
smaller than the typical energy scale of the system, the compositeness X is model-independently related
to the observables. This relation is called the weak-binding relation [72]. This model-independent

nature of the weak-binding relation is associated with the low-energy universality discussed below.

1.3 Low-energy universality

As discussed above, many exotic hadrons are observed near the threshold, such as T..(3875)" and
X (3872). Therefore, to understand the nature of exotic hadrons, it is necessary to focus on the near-
threshold states. In the near-threshold energy region, it is known that the low-energy universality
holds [77, 78, 79, 80, 81, 82, 83], and phenomena follow the common laws irrespective of the micro-
scopic details of the system. The mechanism of the universality is associated with the divergence of
the scattering length. The scattering length is the physical observable characterizing the low-energy
scatterings in the system (see Section 2.3.3). If the binding energy B decreases, the scattering length
becomes larger. In the s-wave scattering, the scattering length diverges, and other scales become
negligible in the B = 0 limit. In this case, all physical quantities are scale invariant.

Let us consider the realization of the universality with the following example. By comparing
hadron and atomic systems, they have different typical energy scales, which can be estimated from
the interaction in the system. For instance, the typical scale of hadrons (atoms) is estimated by the
strong interaction ~ 1 fm = 107" m (the Coulomb interaction ~ 1 A= 10~'° m). Even with this
difference, however, the physical quantities in both systems can be estimated by the same equation as
shown in the following. Here we consider the deuteron and *He dimer as the shallow bound states near
the threshold.® As a consequence of the low-energy universality, the binding energy B of the shallow
bound state is written only by the scattering length ag:

1

~—. 1.15
T (1.15)

By substituting the scattering length of the deuteron (ag = 1.75 fm) [84] and that of *He dimer
[ap = 189 Bohr radius (B.R.)] [85] to Eq. (1.15), the binding energy is estimated as [80, 77]

Bgstimated — 1 41 [MeV]  (deuteron), (1.16)
pestimated _ 1 91 [MK]  (*He dimer). (1.17)

where unit mK means the millikelvin. For comparison, we also show the observed binding energy:

BgPserved — 299 [MeV]  (deuteron), (1.18)
Bebserved — 130 [mK]  (“He dimer), (1.19)

The ratios Rp of the estimated binding energies Bestimated o the observed ones B°P**ved are obtained

as follows

|Bobserved _ Bestimated|

Rp = (1.20)

Bobserved ’

64He dimer is the shallow bound state of the two-body “He atom by the van der Waals force.
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Rpq=0.36 (deuteron), (1.21)
Rpape = 0.07  (*He dimer), (1.22)

Equations (1.21) and (1.22) show that the deviation between the observed and estimated binding
energies is small. This indicates that the binding energy of shallow bound states can be roughly
estimated using Eq. (1.15), while the deuteron and *He dimer have very different scales such as ~
MeV and ~ mK. In this way, the realization of the universality is demonstrated. We note that Brati
of the deuteron is not negligible when compared to that of *He dimer case. As shown below, this
suggests the necessity of the range correction to the deuteron, where the contribution of higher-order
terms is important.

We then apply the idea of the low-energy universality to discuss the nature of near-threshold
hadrons by focusing on the radius of the wavefunction. When a bound state exists near the threshold
to the extent that universality holds, the radius of the wavefunction R also becomes large with the

scattering length ag:

1
V2uB

In this sense, the size of the shallow bound state is naively expected to be large. Intuitively, this fact

~ ag. (1.23)

seems to suggest that the shallow bound state is the hadronic molecular state, whose size is larger
than the typical scale of hadrons.

In fact, this expectation is empirically supported by the a-clustering phenomena in nuclear physics.
It is known that in the energy region near the threshold of a particles (the “He nuclei), the molecular-
like structure of a particles is observed as the clustering phenomenon. In the clustering phenomena,
the nucleons first form « particle as a subunit, and then these subunits compose the molecular-like
nuclei, in contrast to the ordinary nuclei directly composed of nucleons. For example, the ®Be nucleus
exists near the two-a threshold, and it is known as the tw0-a composite state [86, 87]. Another well-
known example is the excited state of the '2C nucleus near the three-a threshold, called the Hoyle
state. The Hoyle state is the weakly bound state of three a particles, while the 2C ground state is
the tightly bound state of twelve nucleons [88]. Based on the various observations of the clustering

phenomena, it is expected that

molecular-like structure is formed in a near-threshold state as a consequence of the clus-

tering phenomena.

This idea is called the threshold rule [89, 90], and empirically confirmed by the above examples in
nuclear physics. As an analogy to the clustering phenomena in nuclear physics, the hadronic molecules
can be formed by the clustering of quarks. It is known that the clustering phenomena are widely

observed across the hierarchy of matters, from hadrons to molecules (Fig. 1.8).

1.4 Aim of this thesis

As outlined so far, the establishment of the internal structure of the exotic hadrons such as T,.(3875)"
and X (3872) attracts much interest. The structure of exotic hadrons can be characterized using the

compositeness, the fraction of the hadronic molecular component in the wavefunction. Because most
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Figure 1.8: The illustration of the hierarchical structure of the matter in nature and the clustering

phenomena.

of the exotic hadrons are observed in the near-threshold energy region, the low-energy universality is

helpful in understanding the nature of exotic hadrons.

Against this background, we will discuss the universal nature of the near-threshold bound states
using the compositeness. To study the internal structure of shallow bound states, let us start by
recalling the threshold rule in nuclear physics, which states that the molecular-like structure appears
in the near-threshold energy region. By applying the threshold rule to hadron systems, the near-
threshold exotic hadrons are naively expected to have a hadronic molecular structure. In the context
of the compositeness X, shallow bound states are expected to have X ~ 1. However, the threshold rule
is empirical and not established in a theoretical manner. In fact, Refs. [91, 92] show that in the energy
region other than on the threshold, it is possible to have the arbitrary value of the compositeness
within 0 < X < 1, even if the binding energy is small. In other words, the non-composite shallow
bound states can always be realized, contrary to the expectation from the threshold rule. There arises
a question: why does the threshold rule appear to align with the observations in nuclear physics?
In this context, we aim to establish the theoretical foundation of the threshold rule and provide a
theoretical justification for considering shallow bound states as having a molecular-like structure, in
analogy with nuclear physics.

As an initial step, we consider the compositeness of shallow bound states in the simplest case,
the single-channel system, from the viewpoint of the low-energy universality. We then move on to

more realistic situations, by recalling that exotic hadrons have the decay and couplings to other
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channels. References [93, 94] indicate that the compositeness of the shallow bound states is affected
by contributions of decay and higher coupled channels. In light of this, we qualitatively investigate the
contributions of decay and channel couplings to the compositeness of near-threshold states. Finally,
we apply this framework to the representative near-threshold exotic hadrons, T,.(3875)" and X (3872).
We calculate the compositeness of these exotic hadrons and discuss the internal structure. In summary,

the following four topics are discussed in this thesis;
(a) the universal nature of shallow bound states in a single-channel system using the compositeness;
(b) how the compositeness is affected by the presence of the decay;
(¢) how the compositeness is affected by the presence of the channel coupling; and
(d) the internal structure of 7,.(3875)" and X (3872).

This thesis is organized as follows. In the next Chapter 2, we introduce the scattering theory and
the definition of resonances. We then present the Feshbach method to describe coupled channel systems
in Chapter 3 [74]. To discuss the universal nature of near-threshold states, we introduce the effective
field theory models (Chapter 4) [95, 71, 74]. In Chapter 5, using the above formulations, we define the
compositeness of bound states and resonances together with the useful expressions [95, 96, 74]. The
evaluations of the compositeness of hadrons in previous works are summarized [74].

As the main topic of this thesis, we study the internal structure of the near-threshold states in
Chapter 6 [71]. In the first Section 6.1, we discuss the threshold rule from the viewpoint of the low-
energy universality in relation to the problem (a) discussed above. Here we employ the effecrive field
theory model in Section 4.1 and the expression of the compositeness of bound states in Section 5.3. In
the next Sections 6.3 and 6.4, we examine the contributions of the decay and channel coupling to the
compositeness of shallow bound states to address the issues (b) and (c) using the model developed in
Section 4.2. As an application of these formulations, in Section 6.5, we discuss the internal structure of
the exotic hadrons T,.(3875)" and X (3872) [topic (d)] [96]. The last chapter is devoted to a summary.
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Chapter 2
Scattering theory and resonances

Here we introduce the basic concepts to consider exotic hadron systems. Historically, hadron in-
teractions have been studied through scattering experiments. Therefore, the scattering theory has
been used to extract hadron interaction from the experimental observables. Here we formulate the
non-relativistic two-body scattering theory. In Section 2.1, we first summarize the eigenstates of the
Hamiltonian. The ¢-matrix and scattering amplitude are used to describe the scattering process. The
definition and useful expressions of the ¢-matrix and scattering amplitude are given in Section 2.2
and Section 2.3. Furthermore, most exotic hadrons are unstable states which decay into the ground
state hadrons through  the strong interaction, as mentioned in the introduction. Unstable states are
called resonances in the scattering theory. In the Schrodinger equation, resonances are described as
the generalized discrete eigenstates of the Hamiltonian. Through the classification of the eigenstates
of the Hamiltonian, we summarize the properties of resonances in Section 2.4. The unstable nature
of resonances prevents us from normalizing their wavefunctions. Thus, we introduce the generalized

eigenvector (the Gamow vector) to define meaningful expectation values in Section 2.5.

2.1 Hamiltonian and eigenstates

We discuss the non-relativistic, two-body, and single-channel s-wave scatterings with short-range po-
tential. In this formulation, we consider the particles without the internal degrees of freedom such
as the spin and isospin. We introduce the stationary scattering states (Section 2.1.1) and eigenstates
of the free Hamiltonian (Section 2.1.2), which are used to define the compositeness in later sections.
The relation between the scattering eigenstates is shown as the Lippmann-Schwinger equation in Sec-
tion 2.1.3.

2.1.1 Asymptotic eigenstates

We formulate the non-relativistic two-body scatterings based on the Hamiltonian which satisfies the

following time-dependent Schrodinger equation:

z‘%w(t,r) = Hy(t,r). (2.1)
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If the Hamiltonian does not explicitly depend on time, the system can be described by the time-

independent scattering problem. In this case, the wavefunction can be factorized as
e(t, ) = () ¥(r). (2.2)
The time-dependent part ¢(t) is obtained from Eq. (2.1) as
p(t) = Ce "B, (2.3)
with a constant C' and the eigenenergy Ej, which is given by the time-independent Schrodinger equation:
HU(r) = E,U(r). (2.4)

In the following, we focus on the coordinate space wavefunction ¥(r).
We denote the state vector as |¥) such that (r|¥) = ¥(r). Using the state vector, the Schrédinger

equation is written as
H|U) = E), |0). (2.5)

For a short-range potential, the asymptotic (stationary) scattering states |p, ) exist in the Hilbert
space, with the eigenmomentum p being a continuous valiable!. Here we assume that the system also
has one bound state |B). In this setup, Eq. (2.5) reads

Hlp,+)=Ey|p. %), E,=:-, (2.6)
H|B)=-B|B), (2.7)

where p is the reduced mass of the system and B > 0 is the binding energy of | B).

The bound state can be normalized as
(BIB) = 1, (2.8)

because its wavefunction (r|B) vanishes at large distance r — oo. For the normalization of the

interacting scattering states, we use the following condition?

Because |p, ) and |B) are the eigenstates of the same Hamiltonian H with different eigenvalues, they

are orthogonal:
(Blp,£) = 0. (2.10)
We assume the validity of the following completeness relation [97]:

1= / dp Ip, %) (p. | +|B) (B]. (2.11)

IThe interacting scattering state asymptotically behaves as the free scattering state at the large distance [97].
2We use this normalization in quantum mechanics in Chapters 2 and 3, while we adopt a different normalization in

the field theory framework in Chapter 4. See Section 2.3.2 for the summary of differences.
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2.1.2 Free eigenstates

For later discussions, we decompose the full Hamiltonian H intro the free Hamiltonian ﬂo and inter-

action V:
H=Hy+V. (2.12)

The explicit forms of Hy and V can be chosen depending on the specific context under consideration.

As a simple example, we consider the following free Hamiltonian:

N V2
o
Here |p) are the free scattering states with the eigenenergy E,, which are normalized as

(p'lp) = o(p’ — p). (2.14)

The completeness relation in this case is given only with the free scattering states:

1= [ dplp) (. (2.15)
The solution of Eq. (2.13) in the coordinate space (r|p) is the plane wave
(r|p) ~ P, (2.16)

While the free scattering states (r|p) have the same eigenenergy FE, with interacting scattering states
(r|p, £), their wavefunctions are different from each other because the latter contains the effect of the
interaction.

Here we emphasize that the decomposition of the full Hamiltonian into Hy and V is not unique.
As a decomposition suitable for introducing the compositeness, we consider a different case where free
Hamiltonian H, has not only the scattering eigenstates |p) but also a discrete eigenstate |¢) with the

eigenenergy vg. Namely, this Hamiltonian leads to the Schrédinger equations

Ho |p) = E, |p), (2.17)
Ao l6) = v01). (2.18)
The discrete state |¢) is sometimes called the bare state, in analogy with the quantum field theory.

This setup essentially corresponds to the coupled-channel system, as shown in the Feshbach method

in Chapter 3. The completeness relation in this case is given by

1= [ &plp) (o] +16) (0] (219)

The free scattering states and the discrete bare state are also orthogonal with each other and normalized
as

(¢lp) =0, (2.20)

(p'lp) =P - p), (2.21)

(¢lg) = 1. (2.22)

In general, Hy and V can be chosen arbitrarily without modifying the full Hamiltonian H [98, 75]. Tt
is shown that the formulation with Hy in Eq. (2.13) can be converted to another formulation with H,

in Egs. (2.17) and (2.18) by adjusting the interaction V appropriately.
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2.1.3 Lippmann-Schwinger equation for eigenstates

Let us consider the relation between the scattering eigenstates of the full Hamiltonian |p, +) and those
of the free Hamiltonian |p). This relation called the Lippmann-Schwinger equation (L-S equation),
can be derived from the Schrédinger equation (2.6). Using Eq. (2.12), the Schrédinger equation (2.6)
can be written by Hy and V:

Vip, %) = (E, — Ho) Ip, %) . (2.23)
The Schrodinger equation for the free Hamiltonian Hy (2.13) leads
—(E, — Hy) |p) = 0. (2.24)
Combining these two, we then obtain
Vlp, %) = (B, — Ho)(lp, ) — |p)). (2.25)

Here we define the free Green’s operator as

Go(z) = (= — Ho) ™", (2.26)
which satisfies
A 1
Gole) ) = = ). (2.27)
Using Gy, Eq. (2.25) can be written as
p, %) = |p) + Go(E,)V |p, £) . (2.28)

This is called the L-S equation for the wavefunction. We note that Eq. (2.28) with operators does not
depend on the explicit form of ]EIO, while its coordinate representation can be different depending on

the completeness relation.

2.2 Expressions of t-matrix

The stationary scatterings are formulated using the T-operator and Green’s operator, which will be
introduced in this section. Here we present the definition of T-operator and ¢t-matrix, the matrix
element of the T-operator (Section 2.2.1). Then we show several equations for the ¢-matrix with free
and full Hamiltonians (Section 2.2.2 and 2.2.3).

2.2.1 T-operator and t-matrix

The T-operator is defined for an arbitrary energy z as [97]
T(z) =V +VG(2)V. (2.29)
Here V is the interaction defined in Eq. (2.12). G(z) is the full Green’s operator:

G(z)=(z—H)™!, (2.30)
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which corresponds to the propagator with the full Hamiltonian. This definition shows that when G (2)
diverges, T (2) also diverges. Namely, é(z) and T(z) have poles at the same energy z. Here we define
the free Green’s operator G°(z) [97]

G°(z) = (= = Ho) ", (2.31)

which is the propagator with the free Hamiltonian. It is shown that these operators are related to each
other as follows [97]:

G(z)V =G(2)T(2). (2.32)

Substituting Eq. (2.32) into the definition (2.29), T-operator is shown to satisfy the relation with
GO

T(z) =V 4+ VG (2)T(2). (2.33)

This is called the L-S equation for the T-operator. By substituting T(z) in the left-hand side into that
in the right-hand side iteratively, we find the T-operator is expressed by an infinite sum of V and G°

T=V+VGV+VGVGEV + .. (2.34)
This expansion shows that the T-operator represents the sum of the multiple scatterings (the Born
series).

To discuss the scattering problem, it is convenient to consider the t-matrix. The off-shell t-matrix

is defined as the matrix element of T(z) with the initial momentum p and final momentum p':
t(zpp') = P|1(2)lp) (2.35)

where the matrix element is taken by the free scattering states in Eq. (2.17). The energy z and
momenta p, p’ can be chosen arbitrary in the off-shell ¢-matrix. On the other hand, to describe
physical scatterings, the energy should be conserved |p| = [p/|, and the magnitude of momentum
should satisfy |p| = +/2pz (the on-shell condition) with a real and positive energy z = E,. By
imposing these conditions, we obtain the on-shell t-matrix t(Ep):

HE,) = WIT(E, +10%)lp)| . (2.36)

Note that the on-shell -matrix does not depend on the scattering angle cos @ = p’-p/|p|? in the s-wave
case that we consider in this thesis.

In the following, we derive the two expressions of the on-shell t-matrix for later discussion;

e the L-S equation for ¢-matrix which is derived from Eq. (2.33) using the completeness relation

of the eigenstates of the free Hamiltonian (2.15); and

e the Low-equation which is derived from Eq. (2.29) using the completeness relation of the eigen-
states of the full Hamiltonian (2.11).
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2.2.2 Lippmann-Schwinger equation for t-matrix

Here we derive the L-S equation for the on-shell ¢-matrix. By calculating the matrix element of the

L-S equation for the T-operator (2.33), the equation for the off-shell ¢-matrix is obtained as

(p|Vlg)

tzip.p) = oIV Ip) + [ dg P
q

t(z:q,p), (2.37)

where we use the completeness relation (2.15). In general, the L-S equation is an integral equation for
t(Z;p,p’) due to the second term. When the free Hamiltonian Hy and the interaction V are given, we
can calculate the t-matrix using Eq. (2.37).

It is known that when the interaction is separable, the L-S equation can be reduced to the algebraic
equation, which is tractable to solve. If the matrix element of V can be factorized as the product of

functions of p and p’, the interaction is called separable:
(p|VIp') = VF(p)F(p), (2.38)
where F'(p) is the form factor normalized at the on-shell momentum as
F(p)\p: S, = 1. (2.39)

When the interaction V' is separable, it is shown from Eq. (2.29) that the ¢-matrix becomes also

separable with the same form factors:

t(z;p,p") = 7(2)F(p)F(p'), (2.40)

where we denote the energy-dependent part as 7(z). By substituting this expression into the L-S
equation (2.37), we find that 7(2) satisfies the following algebraic equation:

7(2) =V + VG (2)7(2), (2.41)

with the Green’s function G°(z) defined as

GO(z) = / dq%‘ (2.42)

In this way, we obtain the explicit form of the off-shell {-matrix for the separable potential. Imposing

the on-shell condition, we obtain
t(Ey) = T(E)|F(p)]* = 7(Ep). (2.43)
Therefore, the L-S equation for the on-shell t-matrix with the separable potential is derived as
t(E,) =V + VG E)HE,). (2.44)
This leads to the on-shell t-matrix t(E,) as the following closesd form:
HE) =V =GB (2.45)

The L-S equation (2.45) cannot be directly applied to the system with a discrete bare state |¢) (2.19)
introduced in Sec. 2.1, because Eq. (2.45) is derived based on the completeness relation (2.15). The
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systems with |¢) can be reduced to the systems only with |p) where the L-S equation is applicable, by
embedding the contribution of |¢) into the interaction V' (the channel elimination). In this case, the
interaction V is replaced by the effective interaction Veg(E,) with the implicit contribution from |¢),
and the L-S equation becomes:

t(Ey) = Ve (Ep) — G°(E,)] ™, (2.46)

€

if the effective interaction is separable. In general, Vg has an energy dependence due to the channel
elimination. The detailed derivation of V.g is shown in Chapters 3 and 4.

With the L-S equation, we obtain the on-shell t-matrix from the free Hamiltonian H, and interaction
V. The eigenenergy of the full Hamiltonian is extracted from the pole of the on-shell t-matrix in this
case. In the later discussion, we will mainly use the L-S equation (2.46) to calculate the scattering

amplitude and compositeness.

2.2.3 Low equation

We also derive the integral equation for ¢-matrix, called the Low equation [99], by using the complete-
ness relation (2.11). By calculating the matrix element of 7(z) (2.29) in terms of |p), we obtain the

following relation
t(zp.p) = (@|VIp) + <p’\V@(Z)V|p>
— /|VIp) + (0| V' |B) (B )+ [ da @1V la ) (a.

(p'| V|B) <B|V|p> +/dq (P'| Vg, %) (q,£|V|p)
2+ B z— Ey '

)

(2.47)

= (p'|VIp) +

From this equation, the integral equation for the ¢-matrix is obtained by rewriting the third term:

eipa!) = Vg + LV IV ) [ (5,10 ) a LB F0)D) 4,
i + PR Bl [ aq Mt z'o+;p';q_>t§q FOTaR)
where we use the relation between the asymptotic and free scattering states [97]:
Vip,+) = T(E, £i0%) |p). (2.50)
The sign is determined to be 4+ when the initial state is the interacting scattering states:
PT(E, +i07)lp) = @' [VIp,+),  @|T(E, +i07)[p) = (¢, ~|V|p). (2.51)

One of the solutions of Eq. (2.49) is obtained as the on-shell t-matrix which satisfies the following
equation [72, 17]:

HE,) = |V Ip) + '%Vj@' aryE [, E@E“jz'm (2.52)

This is called the Low equation.
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The Low equation is utilized to derive the weak-binding relation for the compositeness in Weinberg’s
pioneering work [72] and related papers such as Refs. [17, 100]. In the s-wave scatterings, the transition

from the bound state to the scattering states (p|V |B) is written as
(p|V|B) = g F(E,), (2.53)

where F(E,) is the form factor which is normalized as F'(0) = 1 and gy is the coupling constant of
the bound state pole at the threshold E, = 0. The form factor should vanish at large E, for the

finite-range interaction. The Low-equation is then given by
% gth|F( / Y Eq|t(Ey)|?
t(E,) = (p|V 474/2 dE, ————————. 2.54
(Ep) = (Pl Vp) + E+B +7T K " E, — E,+i0% (2:54)

Note that the Low equation explicitly contains the binding energy B, in contrast to the L-S equation.
Therefore, the Low equation is useful when the binding energy is given. For example, the residue of

the t-matrix at the bound state pole g2 can be calculated from Eq. (2.54):

g* = EEIEB(E + B)t(E) (2.55)
= gl F(=B)[. (2.56)

We will use these relations to derive the expressions of the compositeness in Chapter 5.

2.3 Scattering amplitude

In this section, we first define the scattering amplitude (Section 2.3.1) and show the relation between
the on-shell t-matrix and the scattering amplitude (Section 2.3.2). In Section 2.3.3, we then introduce

the effective range expansion and the optical theorem.

2.3.1 Definition of scattering ampllitude

In general, the scattering amplitude f(E,,6) depends on the energy E, and scattering angle 6. The
scattering amplitude can be extracted from the asymptotic scattering wavefunction at large distance
r — oo [97]:

elpT

(rlp,+) = (2m) 72 |7+ f(Ey0) | (r = 00). (257)

The first (second) term represents the incoming plane wave (outgoing spherical wave), and f(E,,0)
controls E, and ¢ dependence of the outgoing waves. Therefore, the information of the scattering is
contained in the scattering amplitude.

The scattering amplitude is expanded using the Legendre polynomial P, (partial-wave expan-
sion) [97]

oo

= (2l + 1) fi(E)P(cos ), (2.58)
1=0
where [ is the angular momentum. In this expansion, f;(FE) is called the partial-wave amplitude. In
this thesis, we focus on the s-wave scattering near the threshold, where the contribution from higher

partial waves can be neglected. We simply denote the s-wave amplitude fo(E) as f(E) in the following.
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2.3.2 Relation between on-shell -matrix and scattering amplitude
It is known that the on-shell t-matrix ¢(k) is related to the scattering amplitude f(E) by the following
relation [97]:

f(E) = —pu(2n)*t(E) (quantum mechanics). (2.59)

The coefficient —u(27)2 is chosen to be consistent with the convention of the normalization of the
continuum states (2.21). We may adopt a different convention, for example, the normalization which

is often used in the non-relativistic quantum field theory

(' |p)|pr = 27)°(p' — p) (field theory). (2.60)

The continuum states in Eq. (2.60) (|p) |rr) is related with those in Eq. (2.21) (|p) |qum) as

P) e = (2m)%2 [P)lqur - (2.61)
Because the t-matrix (2.36) is defined by the matrix element with |p), the relation between f(F) and
t(E) in this convention becomes different from Eq. (2.59) by a (27)3 factor:

F(E) = —%t(E) (field theory). (2.62)

In the same way, the Green’s function G°(z) is given by

2
GO(z) = / (f;gz_'gi"ﬁ -+ (field theory). (2.63)

We use Eq. (2.21) in this chapter and Chapter 3 where we work in the framework of the quantum
mechanics, and Eqgs. (2.60) and (2.62) in Chapter 4 and 6 where the effective field theory is utilized.
We note that while the choice of the convention modifies the relations containing |p) such as the

completeness relation (2.15), the observables and compositeness remain unchanged [74].

2.3.3 Effective range expansion and optical theorem

In general, the denominator of the s-wave scattering amplitude can be expressed by the phase shift ¢:

1
= — 2.64
1) = (2.64)
It is known that pcot d can be expanded in powers of p?:
1 7e 4 4 17t
fp) ==t 5+ 0 —ip| (2.65)

This expansion of the denominator of f(p) is called the effective range expansion (ERE).® Here the

coefficients ag and r. are called the scattering length and effective range, respectively. The ERE (2.65)

3The expansion (2.65) is the expression for the s-wave with the angular momentum ! = 0. For arbitrary I, the effective
range expansion is given by

p2l

_a% + ILp2 + O(p*) — ip2it! ’

filp) =



32 CHAPTER 2. SCATTERING THEORY AND RESONANCES

provides the general form of the scattering amplitude in the low-energy region, and ag and r. charac-
terize that behavior. We note that the sign convention of a¢ can be different from that in Eq. (2.65).
For example, in hadron physics, a definition with the opposite sign ag = f(0) is also used. In this
thesis, we adopt the definition in Eq. (2.65), namely, ag = — f(0).

It is known that the imaginary part of the scattering amplitude f(F) is related to the s-wave cross
section o(E) (the optical theorem for partial waves) [97]:

L
4

Im f(B) = 1~
o(E) = 4n|f(E)|?, (2.67)

o(E), (2.66)

which is derived from the unitarity of the s-matrix. By writing Egs. (2.66) and (2.67) with f(E) and
f*(E), it is shown that

Im ——— = —p. (2.68)

Thus, the —ip term in the denominator of the scattering amplitude (2.64) is required by the unitarity
through Eq (2.68).

2.4 Discrete eigenstates of Hamiltonian

From now on, we discuss the eigenstates of the Hamiltonian. In Section 2.1, only the bound state
is considered as the discrete eigenstate of the Hamiltonian, for simplicity. However, in addition to
the bound states, there are also eigenstates classified into the virtual states and resonances, according
to their eigenenergy. As a preparation to show the properties of these eigenstates, we first consider
how to obtain the bound state solution from the asymptotic wavefunction in Section 2.4.1. We then
summarize the classification of the eigenstates in Section 2.4.2. We finally present the typical behavior

of wavefunctions of different eigenstates and discuss their properties in Section 2.4.3.

2.4.1 outgoing boundary condition

For the classification of the eigenstates, let us first consider the boundary condition for the bound
states using the general solution of the Schrédinger equation. In the r — oo limit, the potential is
assumed to vanish, and the solution corresponds to the superposition of plane waves. Because the
eigenenergy of the scattering states is real and positive £ > 0, the eigenmomentum of the scattering
states p = v/2uF is also real and positive. Using the eigenmomentum, the asymptotic behavior of the

scattering state is written as
u(r) = A= (p)e”P" + AT (p)e™P",  (r — o0), (2.69)
where u(r) is defined as the s-wave component of the radial wavefunction w;(r) with I = 0:

o) = "Dyl 6,.0). (2.70)

As seen in Eq. (2.69), the wavefunction of the scattering states is written as a linear combination of

the incoming wave e~ ?" and outgoing wave et*P".
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We then consider expressing a bound state wavefunction by starting from the general solution (2.69).
As is known, bound states have a negative binding energy £ = —B < 0. If we define real and positive
Kk = v/2uB, the asymptotic behavior of u(r) is written as

u(r) — A7 (ik)e™ + AT (ik)e™™  (r — 00). (2.71)

To obtain the bound state solution, we impose the boundary condition A~ (ix) = 0 so that the diverging

+57T vanishes.

component e

By comparing Egs. (2.69) and (2.71), we find that Eq. (2.71) corresponds to Eq. (2.69) with the
complex eigenmomentum p = ix. This indicates that Eq. (2.71) can also be regarded as Eq. (2.69) with
the analytic continuation of the momentum p in the complex plane p € C which is originally defined

as a real quantity. Here we focus on the discrete eigenstates obtained by imposing the condition
A= (p) =0, (2.72)

to Eq. (2.69) with a complex p as in the bound state cases [101]. This condition is called the outgo-
ing boundary condition, with which only the outgoing wave e*?" remains. The outgoing boundary

condition is equivalently expressed by the Siegert boundary condition [102, 103, 101]:

du(r)
dr

=ipu(r). (r — o00). (2.73)

The coefficient of the incoming wave A~ (p) is proportional to the Jost function [97]. It can be shown
that the scattering amplitude f(p) is related to A~ (p) as

(2.74)

From this relation, we find that the pole position of the scattering amplitude in the complex momentum

plane corresponds to the eigenmomentum of the Hamiltonian.

2.4.2 Classification of eigenstates

Let us classify generalized eigenstates of Hamiltonian obtained from the outgoing boundary condition.
In the discussion above, we see that bound states have pure imaginary eigenmomenta p = ix in
the complex momentum plane. Discrete eigenstates with a general eigenmomentum p = |p|e’’r are

classified into
e bound states: positive-pure-imaginary eigenmomentum p = ix (6, = 7/2);

e virtual (anti-bound) states: negative-pure-imaginary eigenmomentum p = —iky with ky > 0
(0 = 37/2);

e resonances: complex eigenmomentum in the 77w/4 < 8, < 27 region; and
e anti-resonances: complex eigenmomentum in the 7 < 8, < 57/4 region.

In Fig 2.1, we show the classification of the eigenstates in the complex momentum plane. The states
in 37/2 < 6, < Tw/4 are called virtual states with width or resonance below the threshold, and
5m/4 < 6, < 3m/2 are the conjugate states of them.
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Figure 2.1: The classification of their eigenstates by the eigenmomentum (poles of the scattering
amplitude) in the complex momentum p plane.
The eigenstates are also classified by the eigenenergy E = p?/(2u). The eigenmomentum p = |p|e®’»
is related to the eigenenergy E = |E|e?® as
_ 22i0,
|Bleite = LT (2.75)
2p
From this relation, we find 20, = 6g. Therefore, the argument of the momentum in the 0 < 6, < 27
region corresponds to that of the energy in the 0 < 6 < 4w region. This means that to express the
whole complex momentum plane, we need two Riemann sheets for the complex energy plane. The
energy plane with 0 < 0 < 27 (27 < O < 47) is called the first (second) Riemann sheet, which
corresponds to the upper (lower) half of the momentum p plane. From this relation, we now show the
classification of the eigenstates in terms of the complex eigenenergy E = |E|e?’®. Here we denote the

argument of the first and second Riemann sheets 6% = 0 and 0L = 0 — 27, respectively.

e Bound states: real and negative eigenenergy F = —B = —x?/(2u) < 0 (L, = 7) in the first

Riemann sheet;

e virtual (anti-bound) states: real and negative eigenenergy E = —Ey = —k?,/(2u) < 0 (05 = 7)
in the second Riemann sheet;

e resonances: complex eigenenergy in the 37/2 < 1 < 27 region of the second Riemann sheet;
e anti-resonances: complex eigenenergy in the 0 < 5/ < 7/2 region of the second Riemann sheet;

In this way, only the bound states exist in the first Riemann sheet. We show the classification of the
eigenstates in Fig. 2.2. We note that on the positive real axis Re F > 0, A~ (p) is discontinuous.
The branch cut associated with this discontinuity is called the unitary cut. Because the t-matrix and
scattering amplitude have the same analytic properties with A~ (p) as shown in Eq. (2.74), they also
have the unitarity cut on the positive real axis.

Here we emphasize that the position of the eigenmoomentum is restricted to the region on the
imaginary axis or the lower half of the momentum plane. This region corresponds to the negative
real axis in the first Riemann sheet or the second Riemann sheet in the energy plane. This relation

is understood by the square integrability of the wavefunction. By imposing the outgoing boundary
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Figure 2.2: The classification of the eigenstates by their eigenenergy (poles of the scattering amplitude)
in the complex energy E plane. The left (right) panel shows the first (second) Riemann sheet which
corresponds to the upper (lower) half of the p plane. The wiggly lines stand for the unitarity cut.

condition to Eq. (2.69), we see the wavefunction u(r) behaves at large distance as
u(r) — AT (p)e’Meptitmer — A% (p)eit Repr=tmpr (5 o0), (2.76)

In the upper half of the momentum plane Im p > 0, the 7 integration of |u(r)|?> converges thanks to

—Impr This means that the wavefunction is square integrable in the upper half

the dumping term e
of the momentum plane (first Riemann sheet of the energy plane). The Hamiltonian is Hermitian
with the square-integrable functions, and the eigenvalue, in this case, must be real. Therefore, the
eigenstates are not allowed to exist in the upper half of the momentum plane, except for the imaginary
axis. On the other hand, in the lower half of the momentum plane with Im p < 0 (second Riemann
sheet of the energy plane), the integration of |u(r)|? diverges due to the factor e~ 1™mP7 = etlImplr,
Therefore, the Hamiltonian becomes non-Hermitian with non-integrable functions, and it is possible
to have a complex eigenvalue. Because unstable resonances have a complex eigenenergy as shown
below, we classify the poles in the lower half of the momentum plane into resonances. At the same
time, this non-Hermitian nature of Hamiltonian induces some difficulties; Eq. (2.76) indicates that the
wavefunction of the states in the lower half of the momentum plane diverges at a large distance, which
is explicitly demonstrated in the next subsection. In this sense, the virtual states, resonances, and
anti-resonances should be regarded as the generalized discrete eigenstates of the Hamiltonian, because

they have a qualitatively different nature from bound states.

2.4.3 Wavefunction of discrete eigenstates

Here we show the difference among bound states, virtual states, and resonances from the viewpoint of
the wavefunction. For demonstration, we adopt the rectangular potential to calculate the wavefuction

setting p = 1, all the quantities are measured in powers of length.

Bound states

When two particles are bound together to form a stable composite state by the attractive interaction,
such state is called the bound state |B). From Eq. (2.69), the asymptotic behavior of the wavefunction
of discrete eigenstates is proportional to e under the outgoing boundary condition (2.72). Because

the eigenmomentum of the bound state is p = ix with k > 0, the asymptotic form of the wavefunction
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Figure 2.3: The wavefunction of the bound state with the binding energy B = 6.8 [length—2] in the
attractive square well potential. The width of the well is 1 [length], and the depth is 10 [length~2].

of the bound state is written as
1 u(r) 1 e "
_>
Var T 4T T

where k = y/2uB with the binding energy B. As seen in Eq. (2.77), the bound state wavefunction
decreases exponentially at large distance (r — o0). We plot the absolute value square of the bound

(r|B) = (r = o), (2.77)

state wavefunction |u(r)|?® in Fig. 2.3. In fact, we see that |u(r)|> ~ 0 at large r. Thanks to this

property, the wavefunction of the bound state is square integrable:
(B|B) = /dr | (r|B)|*> = /dr lu(r)|? < oo. (2.78)

Therefore, the bound state wavefunction can be normalized as (B|B) = 1. We note that |u(r)|? is
localized in the interaction region (r < 1).
Virtual states

An attractive interaction does not always generate bound states. For example, if the attraction of the

square-well potential is not strong enough, we obtain a virtual state rather than a bound state. As

in the bound state case, the asymptotic form of the wavefunction of the virtual state at £ = —FEy is
governed by the virtual state eigenmomentum p = —iky:
e+nv7‘
(r|V) ~ (r — 00), (2.79)

where ky = /2uEy > 0. From this equation, |u(r)|? exponentially diverges at infinity. In Fig. 2.4,

we show the absolute value square of the virtual state wavefunction |u(r)[?. In fact, |u(r)|? increases



2.4. DISCRETE EIGENSTATES OF HAMILTONIAN 37

4.0x108

2.0%x108-

| u(r)|* length™']

0 ‘
0 1 2 3

r [length]

Figure 2.4: The wavefunction of the virtual state with the eigenenergy Ey = 6.4 [length=2] in the
attractive square well potential. The width of the well is 1 [length], and the depth is 0.02 [length—2].

with 7. In contrast to the bound states, the virtual states are not localized in the interaction region.
Instead, the virtual states can be regarded as the states localized at infinity, and they are also called

the anti-bound states. From Eq. (2.79), the norm of the virtual state diverges:
(VIV) = /dr [PV 2 = oo. (2.80)

Therefore, the wavefunction of the virtual state cannot be normalized.

Furthermore, it is known that the metric of the virtual states is negative [104]. For example, the

completeness relation of the system with only one virtual eigenstate is written as

1= [ & Ip.) (o = V) V], (2.81)

In the scattering amplitude, this nature is reflected as the negative residue of the virtual state pole.
The divergence of the virtual state norm (2.80) indicates that the expectation value of an operator
with the virtual states cannot be calculated. In this sense, the virtual states have a different nature

from the bound states and are regarded as generalized eigenstates.

When a virtual state exists near the threshold, it can affect the observables above the threshold.
For example, the attraction in the two-neutron system does not produce a bound state but a virtual
state near the threshold as indicated by the nn scattering length. This fact is important to understand
the nature of the nuclear force. Furthermore, the existence of the near-threshold virtual states in
coupled-channel scatterings is considered to affect the spectrum as the enhancement of the threshold
cusp [105].
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Resonances

A resonance is an unstable composite state of two particles while the bound state is stable. Unstable
resonances eventually decay into lower-energy scattering channels as time passes. Resonances appear
as the discrete eigenstates |R) in the same way with bound and virtual states but with a complex

eigenenergy Fg:

H|R) = Eg|R). (2.82)
The real part of Eg is regarded as the mass of the resonance M, and the imaginary part is related to
the decay width of the resonance I' > 0 as:

r
Ep =M ~ . (2.83)

Note that the imaginary part of ER is negative as shown in Fig. 2.2.
While the norm of stable bound states is constant in time, that of resonances depends on time t.

From Eq. (2.83), the time-dependent part of the resonance wavefunction (2.3) is written as
¢(t) ~ ef’iERt — efiﬂftf(F/Z)t. (284)
In this case, the square of the wavefunction decreases with I':
|p(8)]? o e (2.85)

This represents the exponential decay of unstable resonances and justifies the identification of I' as
the decay width. As seen in Eq. (2.76), the resonance wavefunction is not square integrable in r due
to the growing component with Impr < 0. We visualize this property by showing the square of the
wavefunction of a resonance in the repulsive square well potential [106, 107] (Fig. 2.5). We see that the
resonance wavefunction increases with r at a large distance, similar to virtual states. As a consequence,

the norm of the resonance diverges:
(RIR) = /dr (r|B) 2 = oo. (2.86)

Because of this non-square integrable nature, the wavefunction of the resonance cannot be normalized
in the standard nammer. However, there is a prescription to normalize the resonance wavefunction
by introducing the Gamow vector, as discussed in the next section. In the interaction region (r < 1),
|u(r)|? is found to be localized in Fig. 2.5. The localization of the resonance wavefunction shows
similarity with the bound state wavefunction.

The states with Ep = M+I'/2 (Repgr < 0) are called the anti-resonances. In contrast to resonances

with decay, the square of the wavefunction of the anti-resonance increases with time:
lp(t)|? o< e (2.87)

In this thesis, we do not consider anti-resonances.

2.5 Non-Hermitian Hamiltonian and Gamow vector

In this section, we introduce the Gamow vector to consider the expectation value of the resonances

| R) which is the eigenstate of a non-Hermitian Hamiltonian. When the Hamiltonian is non-Hermitian
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Figure 2.5: The wavefunction of the resonance with the eigenenergy Er = 14 — 1.9i [length~2] in the
square well potential with the repulsive square well potential. The width of the well is 1 [length], and
the height is 10 [length—2].

HT # H, it is shown that the Hermite conjugate state (R| = |R)™ is not a left eigenstate of H but
that of HT:

(H|R)" = (R| A" = (R| E},. (2.88)

Let us turn to the expectation value of resonances. It is clear that the standard expectation value
(R|H|R) / (R|R) has some problems because the inner product (R|R) should be finite and both (R
and |R) should be the eigenstates of H to give a sensible expectation value. These are not satisfied by
the resonances |R) as shown in Eqs. (2.86) and (2.88).

To solve this problem, we define the Gamow vector (]:2| as the left eigenstate of H having the same
eigenvalue Er of |R) [108, 109, 103, 110, 111, 106, 17, 112, 113]:

(R| H = (R| Ep. (2.89)

By introducing the Gamow vector <R\7 a sensible normalization and expectation value can be defined.
As shown in Eq. (2.86), the standard norm of resonances (R|R) diverges. However, if we define the
inner product of resonances as (fi\R), it is normalizable using the regularization procedure (Zel’dovich’
s method) [108]:

(BIR) = [ ar (Rir) (r|R) (2.90)

HMRH:/mMmemH<m. (2.91)

4For an infinite-dimensional space, dagger t represents the generalization of the Hermite conjugate in finite-

dimensional vector space.
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Let us show that the inner product with the Gamow vector is obtained by the complex square of the

wavefunction:
(RIR) = / dr [0 p(r)]2. (2.92)
From Eq. (2.82), the Schriodinger equation for |R) in the coordinate space is written as
H,Wg(r) = EgVg(r), (r|R)= Ug(r), (2.93)

where H, is the space coordinate representation of the Hamiltonian operator. In the same way, the

Schrédinger equation for |R) is derived from Eq. (2.89)

H, 0% (r) = EpUi(r), (Rlr)=T%(r). (2.94)

By comparing Egs. (2.93) with (2.94), the wavefunction of the left eigenstate \If’;:i(’l“) is equivalent to
that of W 5(r) up to a constant C:

(R|r) = C (r|R) = CUg(r). (2.95)

By absorbing the constant C' by the normalization, Eq. (2.90) can be rewritten as Eq. (2.92). It
should be noted that by normalizing (R|R) = 1, the phase of the wavefunction is uniquely determined
in contrast to the standard normalization. With this normalization, the expectation value can be

consistently defined:
(R|H|R) = ER € C. (2.96)

At the same time, the expectation value of any operator using the Gamow vector (]:2| becomes, in
general, complex for resonances. This feature induces the complex compositeness of resonances as
shown in Chapter 5.

For bound states, the Gamow vector |B) is equivalent to |B) up to a constant. In this case, the
Schrédinger equation with the left eigenstate (B| is written with M = —B and I' = 0 in Eq. (2.89):

(B|H =—B(B|. (2.97)
Taking Hermite conjugate to both sides of this equation, we obtain
H'|B) = —B*|B). (2.98)
Because the Hamiltonian is Hermitian for bound states and B is real, this reduces to
H|B) = -B|B). (2.99)

Comparing with the Schrédinger equation of |B) (2.7), we find that the relation between |B) and |B)
is

|B) = C'|B), (2.100)

with a constant C. Therefore, normalization with <B| provides the same expectation value with the
standard one with (B]:
(BIA|B) _ C*(BIH|B) _ (BIA|B)
(B|B) C*(B|B) (B|B)

(2.101)
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By focusing on the wavefunction, we find a difference in the remaining degrees of freedom with the

normalization conditions. From Eq. (2.92), the normalization with the Gamow vector (B| is
(B|B) =1 :/dr[\p(r)}?, (2.102)

which indicates that ¥(7) has to be real. On the other hand, the standard renormalization is defined

(B|B) =1= /dr|\11(r)\2, (2.103)

where the wavefunction can have an arbitrary phase. Thus, the normalization with the Gamow vector
imposes a stronger condition. In this way, the use of the Gamow vector provides the same expectation
value as the standard one for bound states, and it can be applied also to resonances. Therefore, the

expectation value with the Gamow vector can be regarded as a natural extension of the standard one.
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Chapter 3

Feshbach method

In this chapter, we consider one of the useful formulations to introduce the compositeness in quantum
mechanics. It is the Feshbach method [114, 115] that describes bound states in two-channel systems
with P and Q channels. In this framework, a bound state wavefunction is composed of the components
of P and Q channels. By performing the channel elimination, the two-channel problem can be reduced
to the single-channel problem with an effective Hamiltonian. With the Feshbach method, we can
describe the system introduced in Section 2.1.

The Feshbach method was originally introduced by H. Feshbach to discuss nuclear reactions around
1960 [114, 115]. Not only in nuclear physics but the same formulation has been widely applied also
in high-energy physics, atomic physics, solid-state physics and so on [116, 117, 118, 119, 120, 121].
In particular, in cold atom physics, the idea of the Feshbach method serves as the foundation of the
experiments to vary the strength of the interaction between two atoms through the adjustment of the
external magnetic field (the Feshbach resonance) [122, 118, 120, 80].

We start with the general formulation with the two-channel Hamiltonian and calculate the useful
relations of operators in Section 3.1. We then focus on the single resonance approach which describes
the couplings of the single discrete state coupled to the free scattering states in Section 3.2. This

approach is useful to introduce the compositeness in later chapters.

3.1 Formulation

In this section, the formulation of the Feshbach method is presented. We first introduce the coupled-
channel Hamiltonian and eigenstates in the first Section 3.1.1. Then the effective Hamiltonian is
derived by eliminating the Q channel in Section 3.1.2. In Section 3.1.3, we calculate the T-operators

for later discussion.

3.1.1 Hamiltonian with channel coupling

Here we consider the Schrodinger equation in a general two-channel problem with the Feshbach method.
Let us start with considering the Hamiltonian H and its eigenstate |¥) which follow the Schrodinger

equation:

H|¥) = B|W), (3.1)
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where F is the eigenenergy. The explicit form of the Hamiltonian and eigenvector will be given in later
sections, by specifying the model. We consider two spaces P and Q, and schematically denote their
basis as |Phase) and |Qpase). For example, if P (Q) space contains NF (NQ) continuum channels and

NP (NdQ) discrete states the basis vectors are collectively represented as

|Pbase>:{|pj>7‘¢i>|1§j§NcPvISZ.SNcllD}’ (3'2)
|Qbase) = {Ips)16:) INE +1<j < NE+ NENJ +1<i < Ny + N} (3.3)

P and Q basis are normalized and orthogonal with each other:

<Pbase|Pbase> = 17 34)
<QbasC|Qbasc> - ]-7 (35)
<Pbase|Qbase> = <Qbase‘Pbase> = 0. (36)
We define P and Q as the projection operators to the P and Q spaces, respectively:
P = |Pbase> <Pbase‘ ) (37)
Q = |Qbase> <Qbase| . (38)

With the example of Egs. (3.2) and (3.3), the projection operators are given by

p= Z}/dpj Ip;) (ps +Z;|¢i> (il (3.9)

NJ+NZ NE+NQ
Q= > [wEwl+ S o)l .10
J=NE+1 i=Nb+1

It is clear that P and Q satisfy the properities of the projection operators:

P2=P, (3.11)
Q% =0, (3.12)
PQ=QP=0. (3.13)

Using these operators, the completeness relation of the whole Hilbert space is also written as

1= P + Q - ‘Pbasc> <Pbasc| + ‘Qbasc> <Qbasc‘ . (314)

With this setup, a state vector |B) can be expanded with the bases in P and Q spaces:

|\I]> = <Pbasc‘\I]> ‘Pbasc> + <Qbasc|\Ij> |Qbasc> . (315)

We now consider the expression of the Hamiltonian H in terms of the P and Q spaces given in
Eq. (3.15). Acting P from left-hand-side to the Schrédinger equation (3.1) and using the completeness
relation (3.14), we obtain

PH(P+Q)|¥) = PE|D)
PH(P*+ Q) |W) = EP|T)
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PHP(P|¥)) + PHQ(Q|V)) = EP|V) (3.16)
A similar equation is also obtained by acting Q:
QHP(P|¥)) + QHQ(Q|T)) = EQ|¥) (3.17)

Equations (3.16) and (3.17) can be summarized in the matrix form:

Hpp Heo\ (IPY\ _ (1P 4 _ <pe
(ﬁQP ﬁ@@) <|Q>>_E<IQ>>’ Hooy = XHY (3.18)

where |P) and |Q) are the state vector projected onto the P and Q spaces defined as
|P) = P|¥) = (Phase| V) | Poase) » (3.19)
Q) = Q1Y) = (Qbasel V) |Qbase) - (3.20)

In this way, the Schroédinger equation is regarded as the two-channel problem based on P and Q

spaces. For later discussion, we decompose each element into the free Hamiltonian and the interaction

as follows
ﬁpp:ggp+‘7pp, (321)
Hpo = Vpg, (3.22)
Hqp = Vop, (3.23)
Hoq = Hog + Voo (3.24)

Usually, the off-diagonal components do not contain the free part. The explicit form of the free
Hamiltonians and the interactions are chosen depending on the system considered. As an example, we

will present the case in the single resonance approach in Section 3.2.

3.1.2 Effective Hamiltonian

To solve the two-component Schrédinger equation (3.18), we employ the prescription called the channel
elimination. From the two-component Hamiltonian (3.18), the matrix Schrédinger equation leads to
the set of equations for |P) and |Q):

Hep |P)+ Hro|Q) = BIP), (3.25)
Hop|P) + Hoq|Q) = E|Q) . (3.26)

Equation. (3.26) can be schematically solved for |Q) as
Q) = (E — Hoq) ' Hor |P). (3.27)
By substituting this into Eq. (3.25), we then obtain the Schrédinger equation only for the P channel:
[Hpp + Hpo(E — Hog) " Horl|P) = E|P), (3.28)

where the contribution of the Q channel is not explicitly present. In this way, the Schrodinger equation

for the single P channel can be derived by the Q channel elimination. The operator in the left-hand

side of Eq. (3.28) is called the effective Hamiltonian of the P channel [Hqg(F)]:

He{-f(E) :ﬁPP+ﬁPQ(E—.HQQ)_1ﬁQP. (3.29)
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Because no approximations were made in the derivation, the Schrodinger equation with Heﬁ‘<E) pro-
vides the equivalent result with that of two-component Hamiltonian (3.18) as long as the P space is

concerned:
He(E)|P) = E|P). (3.30)

Because Heg depends on the energy E, the eigenenergy of |P) should be obtained by self-consistently
solving this equation. As shown in the expression of the effective Hamiltonian (3.29), Heg(FE) has
the energy dependence even though the original Hamiltonian in Eq. (3.1). This energy dependence
originates from the second term in Eq. (3.29), which is induced by the channel elimination. With
the channel elimination, the contribution of the Q channel is effectively included in the second term,
where the Q space contribution in the matrix Hamiltonian in Eq. (3.18). When the Q) space contains
a lower energy channel than the P space, this term causes the non-Hermitian nature of the effective

Hamiltonian [123, 101].

3.1.3 T-operator

From now on, we assume that the P space consists of a single scattering channel in the Feshbach
method, while the Q channel remains unspecified. We recall that in Chapter 2, the scattering problem
in the single-channel system can be solved by decomposing the Hamiltonian into the free and interaction
parts. In the previous subsection, we showed that the coupled-channel problem can be reduced to
the single-channel problem with the effective Hamiltonian H.g by the channel elimination. In this
subsection, we introduce the T-operator as in Chapter 2, by decomposing f[eff into free and interaction

parts. We also derive the expression of the T-operator by the self-energy operator.

Effective interaction f/;{.f

To calculate the T-operator of P channel scatterings, we first decompose the effective Hamiltonian
Heg (3.29) into free and interaction parts. Because Hpp in the effective Hamiltonian contains the free
part ﬁ% p as shown in Eq. (3.21), the remaining part of H.g is regarded as the effective interaction

Veff(E):

Her(E) = Hpp + Vet (E), (3.31)
‘A/Cff(E) = VperVpQ(EfHQQ)ilVQP. (3.32)

We find that the interaction part depends on the energy, which is different from the single-channel
problem with Eq. (2.12). This energy dependence arises in the effective Hamiltonian, as a consequence
of the channel elimination, as discussed above. Furthermore, we see that the Q channel contribution is
contained only in the second term of Veﬁ‘(E), while the first term corresponds to the original interaction
in the P channel. In this sense, the effective interaction is further decomposed into the interaction
within the P channel and that induced by the P and Q channel contributions denoted as VPQ p(E):

‘A/eff(E) = Vpp + VPQP(E), (3.33)
Veor(E) = Hp(E — Hoq) ' Hop. (3.34)

This decomposition is useful to define the self-energy operator, which will be shown below.
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L-S equation with effective interaction Vef-f(Ep)

The Lippmann-Schwinger (L-S) equation for operators (see Section 2.2.2) can be used to calculate
the T-operator using the effective interaction Vig(E). By substituting Veg(E) (3.33) into the L-S

equation (2.46), the T-operator is written as

T(B) = {[Ver + Veer(B)] ™' = GH(E)} . (3:35)
Here we denote the free Green’s operator in the P channel as G%(z):
Gp(2) = (z— Hpp) ™" (3.36)

As shown in later sections, this expression of the T-operator is useful for a separable interaction,

because the t-matrix from Eq. (3.35) reduces to the algebraic equation.

T-operators with decomposition Tp +Tpgp

Here we show an alternative expression of the T-operator which was used in the original work by
H. Feshbach [114, 115]. In Eq. (3.33), the effective interaction can be decomposed into two parts,
Vpp without the Q channel contribution and VPQ p with the Q channel contribution. Based on this

viewpoint, we consider decomposing the T-operator into two parts, Tp and TPQ p:

T(E) = Tp(E) + Trqr(E), (3.37)
where Tp(E) corresponds to the T-operator only with the P channel contribution, and Tpgp(E)
expresses all the remaning contributions. It is shown that these operators are given by [115, 114, 116]

Tp(E) = [Vpp — CR(E)] ", (3.38)

Tpor(E) = TeVip[Vebp(E) — Gp(B)] Vi Te. (3.39)
Here Gp represents the full Green’s operator in the P space:
Gp(z) = (z— Hpp)~t. (3.40)

Note that Tpgp is not simply given by the Vpgp contribution [Vgé p(E)—Gp(E)]~", but also contains
the effect of Vpp. As shown below, the T-operator in Eq. (3.37) is used to derive the useful relation
to obtain the binding energy from the self energy.

Self-energy operator

When the system has a bound state, the binding energy is obtained as the pole of the on-shell ¢-
matrix as mentioned in Section 2.4. To calculate the binding energy in the later discussion, here we
derive the bound state condition (pole condition) in terms of the self-energy operator. It is shown
that the pole of Tpr (3.39) corresponds to the pole of the whole T-operator, while that of Tp (3.38)
does not [115, 114, 116]. Therefore, the bound state condition is given by the pole condition of
[VgéP(E) — Gp(E)]™! operator:

0=Vpsp(E) = Gp(E) = [Hpo(E — Hoq) ™' Hor] ™" — Gp(E)
= Hop(E — Hoq)Hpy — Gr(E)
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[E — Hoq — HorGr(E)HpolHpg
[E — Hoq — S(E) Hp. (3.41)
In the last line, we define the self-energy operator S

S(E) = HopGp(E)Hpg. (3.42)

Because the transition components ﬁQ pand H pq do not give a pole, the bound state condition for

operators is given by
E— Hgg —3(E)=0. (3.43)

The expectation value of Eq. (3.43) in terms of the Q channel state corresponds to the bound state

condition as shown in the later discussion.

3.2 Single resonance approach

In this section, we consider the system introduced in Section 2.1 with the Feshbach method. Such a
system is described by the model called the single resonance approach, where P space (Q space) is given
by the set of the free scattering states (as only one discrete bare state). We first introduce the Hamilto-
nian and eigenstates of the single resonance approach (Section 3.2.1). In the next Section 3.2.2, we then
calculate the on-shell ¢-matrix using the relation for operators derived in the previous Section 3.1.3,

and show that the single resonance approach is equivalent to the formulation in Section 2.1.

3.2.1 Hamiltonian and eigenstates

We start with defining the eigenstates of the free Hamiltonian in the P and Q spaces such that they

satisfy the following Schrédinger equations:

I:IIOJP |p> = EP |p> ) EP — 5 (344)
0o 18) =109) . (3.45)

Here E, is the eigenenergy written by the momentum p of the free scattering states |p) (P space)
and vp is the energy of the discrete bare state |¢) (Q space). Namely, we consider N =1, N¥ =0,
N2 =0, and N} = 1 in Eqgs. (3.2) and (3.3). This means that the single resonance approach is
equivalent to the formulation in Section 2.1 [see Eqs. (2.17) and (2.18)]. Using the following matrix

form of the free Hamiltonian H, 0,

- HY 0
Hy=|"FPF , (3.46)
0 H
QQ

the Schrédinger equations (3.44) and (3.45) are summarized as

A~ (P _ (B O (Ip)
H°<|¢>><o ) <|¢>>' (347
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In this case, the full Hamiltonian His given as
H=Hy+V, (3.48)

with the matrix form of the interaction V'

- (Vep V,
V=" TPe). (3.49)
Vor 0
Here we set Voo = 0 because the matrix element of Voo, (¢|Voo|d) = ¢ can be absorbed by the
redefinition of the bare energy v, = vy + ¢. The Schédinger equation of the full Hamiltonian is given
by
HYp +Vep  V,
pe YRR TPQ ) gy = B, |0, (3.50)
Vor  Hoq

with the two-component eigenstates:

([ dp(p|¥)|p)
"I’>< (610) [6) ) (351

In the formulation in Section 2.1, the Hamiltonian (3.48) can also be written as the following form:

o= [ ap |p>§;<p+|¢> v 9], (3.52)
V= / dpdp’ |p) (p|V1p) ('] + / dp |6) (61’ |p) (p| + / dp |p) (BIV16) (4] (3.53)

In the single resonance approach, the projection operators P and Q are written by

p= / dp |p) (9], (3.5)

Q= [¢) (¢]. (3.55)

From Eq. (??), the completeness relation is written as

1=P+Q= / dp|p) (] + 1) (4] (3.56)

Comparing Eq. (3.56) with the completeness relations in the previous formulation (2.19), we see that
the model space of the single resonance approach is equivalent to that in the system introduced in
Section 2.1. As shown in the completeness relation (3.56), only one discrete eigenstate is introduced
in the model space. This is why this model is called the single resonance approach. The system of
the single resonance approach is realized if Hpp has only one scattering channel, and ﬁQQ is the
confinement potential generating only one discrete state. In other words, the single resonance model is
an approximation for the system having more scattering or discrete channels, but the approximation
is justified if the additional channels exist sufficiently far away from the energy region considered.

By comparing the eigenstates in the single resonance approach (3.51) with the general ones (3.19),
and (3.20), we find that |Ppase) and |Qpase) in the single resonance approach can be schematically
expressed as follows:

|p1)
|Poase) = | [P2) |, (3.57)
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|Qbase) = |¢) - (3.58)

Here Eq. (3.57) represents the set of the infinite number of continuum eigenstates. In this case, the
eigenstate |U) is regarded as the superposition of the continuum scattering states and the discrete

state:
T) = (pa] V) [p1) + (p2] ) [p2) +--) + (6] T) |6)
- / dp (p[) p) + (6]T) |6) . (3.59)

As shown in Chapter 5, the single resonance approach is useful for introducing the compositeness of

the bound state in quantum mechanics.

3.2.2 On-shell t-matrix
t-matrix from L-S equation

Finally, we derive the on-shell ¢-matrix and self energy. When the effective interaction V.g is sep-
arable, the on-shell t-matrix is easily obtained from the expression of the T-operator from the L-S
equation (3.35) [see also the discussion around Eq. (2.41)]:

t(Ep) = {[Vep + Vpqr(E,)] ' — Gp(Ep)} 1, (3.60)
with the matrix elements of the interactions

Vep = (' [Vep|p) |5,=5, (3.61)

Vrar(By) = @1Vngr (By)ip) |5, 5, — L1 2alo @lVarlp)
P 0

(3.62)

and the regularized Green’s function in the momentum expression:

/d Z—E +zo+’ (3.63)

with the form factor F(q). Equation (3.62) indecates that Vpgp(E,) is always separable, while the
separability of Vpp depends on the interaction considered.
t-matrix from decomposed T-operator

Here we also show the expression of the on-shell ¢t-matrix using Eq. (3.37). By definition of the
t-operator (2.36), the on-shell t-matrix within the P channel ¢p is obtained from Eq. (3.38) as

te(Ey) = (/[Vif — GHE) P - (3.64)

If the interaction Vpp is separable, tp is obtained as the algebraic form:

1

tr(Ep) = 10 (3.65)
: VPFI’ - GOP(EP)
The matrix element of Tpgp(E) (3.39) [tpgr(E,)] is also defined as
trqpr(Ey) = <pI‘TPV];Pl'(V1;C§P — Gp) 'VppTplp) : (3.66)

E,=E,
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Using the relation between interacting (|p, %)) and free (|p)) scattering states (2.50), we find that
tpor(Ep) (3.66) is also expressed as a similar form with tp(E,) but with the full scattering states

|p, =) [116]:
teqr(z P, p) = (0, —|[Vigp(2) — Gr(2)] 'Ip,+) - (3.67)

If the interaction Vpp is separable, tpop(E,) in this complicated form reduces to an algebraic form:

1 _
tpor(Ep) = tp(Ep)Vpp v Viptp(Ep)

a(Ey) — Co(By)
 ViklVii - GUE)P
Vodo(By) — Gp(E,)’ (368)

where we use the completeness relation (3.56). In the second line, we use the expression of tp(E),) in
Eq. (3.65).

If the interaction Vpp is separable, the whole on-shell ¢-matrix ¢(E,) is obtained by summing up
tp(Ep) (3.65) and tpop(Ep) (3.68):

1 VerlVep — G (Ep))?

t(E”):V,;,i—G%(Ep) VPQP( ») — Gp(Ep)

(3.69)

This form of ¢(E,) is shown to be equivalent to t(E,) obtained from L-S equation (3.60):

(1+tpGY%)

1
t=tp+tpVpp -
o VPQP VpptrGy

—tp (1 n Vep(1+ iI:G%) )
VPQP — ViptrGp

Vear +Vep
Vogr = VeptrGh

(Vior + Vep)VerVegr
(Vg = VeptrGy)VerVear
_ Vpp+Vpgp
~ Veptp' — VeopGY,
_ Vpp + Vror
 Vep(Vep — G%) = VearGh
_ Vep + Vpopr
1= (Vep + Vegr)GY%

1

— . 3.70
(Vep + Vpgp)~t — G% (3.70)

—tp

:tP

In the first line, we use the relation (2.32) for the P channel:
VppGp = tpGY. (3.71)

This explains that the T-operator (3.37) is consistent with the expression in Eq. (3.34) by the L-S

equation are consistent with each other.
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Bound state condition with self energy

The bound state condition is obtained by taking the matrix element of Eq. (3.43) as
(¢|E — Hoq — 3(E)|¢) = E — vy — X(E) = 0. (3.72)

Here Y(E) = (¢|2(E)|¢) is called the self energy calculated as
S(E) = [ dadd’ Vor(a) (¢Gr(E)la) Viala), (3.73)

where we denote the transition form factors as Vop(p) = (p|Vop|d) and Ve (p) = (¢|Veg|p). Tt is
worth mentioning that the bound state condition (3.73) holds even if the interaction Vpp is not sepa-
rable. The bound state condition (3.72) shows that the eigenenergy E' is obtained as the modification
of the bear state energy 1y by the contribution of the self energy 3 with the finite couplings VPQ and
VQ p. This form of the bound state condition is useful to obtain the eignenergy without calculating

the whole part of the on-shell ¢-matrix.
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Chapter 4

Effective field theory

In this chapter, we introduce a model (the resonance model) based on the non-relativistic effective
field theory (EFT) which effectively describes phenomena in the sufficiently low-energy region. Here
we regard the energy as small when the momentum p is much smaller than the applicable scale of the
model, the cutoff A. The EFT has been successful in explaining low-energy phenomena in p < A,
for instance, the Euler-Heisenberg theory for the quantum electro dynamics [124], and the chiral
perturbation theory for the quantum chromodynamics [125]. Furthermore, the EFT has been widely
applied to study the low-energy universality, not only to the two-body systems but also to the three-
body systems such as hypertriton [126], the Efimov effect and halo nuclei (the halo EFT) [127, 128,
129, 130].

The resonance model is one of the EFTs for a two-body scattering system [104]. In this model,
we consider the couplings between the bare state to the s-wave scattering states with arbitrary inner
degrees of freedom. This picture is equivalent to the model introduced in Chapter 2 and the single
resonance approach in the Feshbach method in Chapter 3, and therefore, the resonance model is
suitable to introduce the compositeness in the EFT framework [93, 94, 95].

We introduce the single-channel resonance model in Section 4.1. We first define the Hamiltonian
and its eigenstates and derive the effective Hamiltonian by the channel elimination. The loop function
is calculated by considering the regularization of the momentum integration. From the L-S equation,
the on-shell t-matrix and scattering amplitude are obtained. We show the equivalence of the resonance
model in the EFT and the single resonance approach in the Feshbach method (Section 3.2). In the
next Section 4.2, we extend the resonance model to the system with decay and coupled channels to

discuss the physical hadron systems.

4.1 Resonance model

As one of the models in the EFT, here we introduce the resonance model [104, 94] which corresponds
to the single resonance approach in the Feshbach method. In the resonance model, the eigenstates
of the full Hamiltonian are described by the couplings of the single channel scattering to one discrete
bare state. The Hamiltonian and its eigenstates are presented in Section 4.1.1. Then the effective
interaction is derived by the channel elimination in Section 4.1.2. To deal with the divergence of the

momentum integration, we discuss the regularization of the loop function in Section 4.1.3, and then
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Figure 4.1: The diagrams of the interaction Hamiltonian H;. (4.3).

the on-shell t-matrix and scattering amplitude are obtained in Section 4.1.4. In Section 4.1.5, we
also discuss the renormalization to understand the resonance model with the finite interaction range.
Finally, we show the correspondence of the resonance model to the single resonance approach in the
Feshbach method (section 4.1.6). In Sections 4.1.1 and 4.1.2, we follow the formulation Ref. [94].

4.1.1 Hamiltonian and eigenstates

Let us start with introducing the Hamiltonian of the single channel scattering where the two scattering
fields 11 2 couple to the single bare field ¢ [104, 94, 71]:

H = f{free + I:Iint = /dT(Hfree + Hint)a (41)

1 1 1
Hivee = 5. =VU] - Vi1 + 5=V} - Vs + 52 V6T - Vo + 106Te, (42)
Hine = Ao (WI0h01109) + go (671902 + iwle). (4.3)

Here mj 2, M correspond to the mass of v o and ¢, respectively. vy is the energy of ¢ measured
from the threshold of v, » scattering. A\g and go are the coupling constants of the four-point contact
interaction and three-point contact interactions. In non-relativistic EFTs, the ¢ exchange only occurs
through the s-channel interaction. However, the contribution of the t-channel interaction in relativistic
EFTs is also introduced as the four-point contact interaction of ¢ » corresponds. We show the vertexes
in the interaction Hamiltonian Hiyg (4.3) in Fig. 4.1.

In field theory, eigenstates can be constructed from the vacuum |0) defined as

d1(p) 0) = ¥2(p) [0) = d(p) [0) =0, (4.4)

where @(p) is the annihilation operator, and @(p) stands for the momentum representation of Fourier
transformation:

a(p) = /dr e PTa(r). (4.6)

By operating the creation operators to vacuum, we can construct the eigenstates of Hamiltonian (4.1)

under the following particle number conservation [94]:
Ny, + Ny = constant, Ny, + Ny = constant, (4.7)

where N, corresponds to the particle number of «:

N, = /dra(r)Ta(r). (4.8)
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To consider the 1, 2 scattering, here we focus on the sector where Ny, = 1,Ny, = 1,Ng = 0 or
Ny, = 0, Ny, = 0, Ny = 1. Furthermore, we use the barycentric coordinate system. In this case, the

eigenstates of the free Hamiltonian are constructed from the vacuum |0) using the creation operators:

1 - -
1 -
) = —==0'(0)]0). (4.10)
vol
Here the phase space of the system V., are defined as
a(p) = /dr e PTa(r), (4.11)
Vol = (27)35(0). (4.12)

We use the convention widely used in field theory, where the commutation relations for operators

« are written as
5(r' —r), (4.13)
(2m)%6(p' — p). (4.14)

[a(r), af(r")]
[&(p), ' (p')]

Using these relations, we can confirm that these eigenstates satisfy the following Schrodinger equation

p2

f{free lp) = E, Ip) , E, = @a

Hfree |¢> =1 |¢> , (416)

(4.15)

where = (1/m1 + 1/mgy)~! is the reduced mass of 11 2. From these equations, we see that the
resonance model describes the same system introduced in Chapter 2 [see Eqgs. (2.17) and (2.18)] and
single resonance approach in Section 3.2 [see Egs. (3.44) and (3.45)].

From the particle-number conservation (4.7), the completeness relation in this model is written
as [94]

_ [ _dp
1= [ G55 In) ol +10) 0l (17)
The normalization and orthogonalization of states are given as
P'lp) = (2m)%3(p’ - p), (4.18)
(¢lo) =1, (4.19)
(¢lp) = (plg) = 0. (4.20)

We note that the normalization (4.18) is different from that in the previous sections in quantum
mechanics because we adopt another convention.
The matrix elements of the interaction Hamiltonian are calculated as
(P | Hint|[P) = Mo, (4.21)
(P|Hint|$) = (6| Hins|P) = g0- (4.22)

From Eq. (4.21), (p/|Hint|p) is separable since it does not depend on the momentum. This shows that

these interactions are constant in the momentum space, namely, point-like in the coordinate space.
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4.1.2 Effective interaction

To focus on the 12 scatterings, here we perform the ¢ channel elimination. Let us start from
considering the Schrodinger equation of the full Hamiltonian H= J dr(Hivee + Hint):

HI|W) = E|U). (4.23)

Using the completeness relation (4.17), |¥) is written by the linear combination of the free scattering

and discrete states:

dp
) = 4.24
W) = [ s X)) +clo). (4.24)
where we denote the momentum space wavefunction X(p) and overlap constant c as
x(p) = (pI¥), 4.25
c= (p|W). (4.26)

By substituting Eq. (4.24) into the Schrodinger equation (4.23) and multiplying (p| and (¢| from the

left, we obtain

(plH|Y) =x(p)E = ij(p) + )\0/ (;7:_1)3 x(q) + cgo, (4.27)
(9[H|¥) = cE = go / éifpx(q) + cvp. (4.28)

By eliminating ¢ from Eq. (4.27) using Eq. (4.28), we obtain the following equation with x(p):

P’ 9 dq
Exto) = oxtw) + (o 52 ) [ 5 via) (4.29)

This equation can be rewritten as the following Schrédinger equation [94]
P’
L Vua(B)| 19) = E19), (4.30)

with the effective interaction VCH whose matrix element is

9%

E*l/().

(PIVert(B)|q) = Verr(E) = Ao + (4.31)

By multiplying (p| from the left-hand side and using the completeness relation (4.17), Eq. (4.30)
can be transformed into Eq. (4.29). This corresponds to the channel elimination of the ¢ degree of
freedom, which is equivalent to the Q channel elimination in the single resonance approach in the
Feshbach method (see Chapter 3). As mentioned in Section 2.2.2, the effective interaction depends on
the energy E. Furthermore, V,g(E) is separable because it only depends on E = p?/(2u), and we can
use the algebraic L-S equation (2.46).

4.1.3 Regularization of the loop function

In the field theory, the two-body scattering amplitude is obtained from the four-point function. In the

non-relativistic field theory, this is equivalent to calculating the ¢-matrix from the L-S equation [104].
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To obtain t-matrix from the L-S equation (2.46), we also calculate the loop function G°(E). In field
theory, G°(E) is equivalent to the Green’s function up to (27)3 factor (2.42), but called the loop
function. This difference arises from the convention of the state normalization (4.18). The loop
function on the first Riemann sheet G°(E) is written as the momentum integral of the propagator of

the full Hamiltonian!:

1
GO / d9 / ey (4.33)

In the energy region below the threshold E < 0, the poles of the integrand exist on the imaginary
axis of the complex momentum plane. In this case, we can straightforwardly perform the integration
without i0" term, and G°(E) has only a real part. On the other hand, in the region above the
threshold E > 0, G°(E) has real poles, and we need the 0% term for the integration. Therefore, the
loop function becomes a complex function in the E > 0 region. When the Hamiltonian is Hermitian,
the imaginary part of the loop function is determined by the optical theorem [74].

Because the integrand in Eq. (4.33) is proportional to ¢° in the ¢ — oo limit, the integral G°(E)
linearly diverges. To avoid this problem, we introduce the form factor F(p, A):

* dq |F(p, A)|?
“(B,A) Q0 2 ’ 4.34
/d /0 54 E—E,+i0t" (4.34)

The form factor F(p, A) is a function of momentum p and cutoff A, where A is regarded as the applicable
momentum limit of the EFT. In other words, microscopic phenomena in the momentum scale above A
cannot be described with the EFT. In this way, the cutoff A serves as the typical momentum scale in the
model, and other characteristic scales are estimated by the cutoff. For example, the inverse of the cutoff
is regarded as the interaction range Riy; ~ 1/A in the model. We can choose an arbitrary function as
the form factor such that F(p, A) — 0 at large p. This prescription is called the regularization.

Let us consider some examples of the form factor F(p,A) with which the interaction becomes

separable. Here we present the step function:
F(p,A) = ©(A —p), (4.35)

which is consistent with introducing the sharp cutoff. In this case, the cutoff A corresponds to the

upper limit of the momentum integral. The loop function (4.34) is analytically calculated as
dg  ©(A—q)
GU(E,A) =
(B, A) /(2W)3E—Eq+i0+

0 A
= — |A+i/2uE + 10T arctan _— . 4.36
2 g ( \/2ME+2'0+>] (430)

The sharp cutoff is utilized because of its simplicity [93, 94, 95, 71]. In this work, we employ the sharp

cutoff to calculate the loop function.

IThe loop function on the second Riemann sheet G(I)I (E) is written as

> dq 1
& ( /dQ/ 2 , 4.32
71 3T E— B, —io+ (4.32)

where the sign of the i0T term is opposite to the loop function of the first Riemann sheet. Due to this difference, the

imaginary part of G(I) 1 (E) is positive while that of GO(E) is negative. This induces the difference of the property between
bound state poles in the first Riemann sheet and virtual state poles in the second Riemann sheet.
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As another example of the form factor, we also show the monopole (Yamaguchi type) form fac-
tor [131, 132]2:

A2
By introducing this form factor (4.37), the loop function G(E) becomes finite
> dq A2 \? 1
GY(E,A) = [ dQ 2
(&, 4) / /o ER <2+A2> E — B, +i0t’
_pA 8,u2E2 + 10A2,uE 2iA3\/2pE + 0+ — A4 (4.38)

4m (A2 —2uFE)?
In this way, the loop function G(E) with the monopole form factor can be analytically calculated. It is
shown that the Fourier transformation of monopole form factor F (r,A) is the Yukawa type potential
regarded as a typical short-range interaction:

—rA

F(r,A) ~ (4.39)

r
From these natures, the dipole form factor is adopted to study hadrons for example in Ref. [133, 134,
135].

4.1.4 On-shell t-matrix and scattering amplitude

Thanks to the separable nature of the effective interaction (4.31), we can obtain the on-shell t-matrix
from the algebraic L-S equation (2.46). By substituting the effective interaction (4.31) and loop
function (4.36) into the L-S equation (2.46), the on-shell t-matrix is derived as

—1
5 _
90 A
Ao + —&-— A+ iv/2uE + 0t arctan | ————— . 4.40
(0 E—V0> { a <i\/2,uE+O+>H (4.40)

From the relation between the on-shell t-matrix and scattering amplitude (2.62), the scattering ampli-
tude f(p) is obtained as

HE) =

-1 -1
2
__H 90 [ . A
flp) = ~o ()\0 + VO) + 3 {A + ip arctan <_2p>} . (4.41)

The eignenergy is obtained as the pole of the scattering amplitude:

2

-1
A
Vg (E)™' = GY(E) = ()\0 + E%)VO) + % {A-i— iy 2uE + 0 arctan <_z2,uE—|—O+> } =0

(4.42)

By comparing Eq. (4.41) to the effective range expansion (2.65), the scattering length ag and effective

2 2\ 9 |
aO:lW(AO_> + =A
1% [Z0) ™

2This is called monopole type form factor because Eq. (4.37) has single pole with respect to the energy E ~ p2, while

range r. are obtained as

: (4.43)

it seems to be dipole in terms of p.
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-2
2m g 96 4
e = — A — =— — 4.44
" Va2 ( o7 + TA (444)

When the Hamiltonian is Hermitian with the real coupling constant (i.e., g2 > 0), the first term of
re (4.44) is always negative for any coupling constants. This indecates that r. have an upper limit
4/(mwA), called the Wigner bound [136, 137, 138]. In contrast, ag (4.43) can be arbitrary value, from
—00 to oo.

4.1.5 Renormalization

While we keep the cutoff A finite in this study, it is instructive to discuss the renormalization of
the resonance model. To avoid the divergence of the momentum integral (4.33), we performed the
regularization in Section 4.1.3. The choice of the regulator (monopole form factor, sharp cutoff etc.)
is arbitral, and the result depends on the choice of the form factor F(p,A) and the value of the cutoff
A as seen in Eqgs. (4.38) and (4.36).

The cutoff dependence should disappear for consistent field theories such as QED and QCD. It
is known that the cutoff dependence can be absorbed if the theory is renormalizable. In the renor-
malization procedure, we let the bare parameters be functions of the cutoff A so that the physical
quantities (observables) are kept finite in the formal limit of A — oco. The resonance model is shown
to be renormalizable [77]. After the renormalization, the scattering amplitude f(p) of the resonance
model reduces the ERE truncated at O(p?):

1 -1

flp)= T + %pQ —ip| . (4.45)

Because the inverse of the cutoff 1/A is regarded as the interaction range Rj,¢, the A — oo limit
corresponds to the Rj,; — 0 limit, called the zero-range limit. In this limit, the EFTs correspond to the
zero-range theory which describes the system in the low-energy scale with the point-like interactions.
Therefore, the zero-range theory has been adapted to consider low-energy phenomena [77, 80].

Although the resonance model is formally renormalizable as discussed above, in this study, we keep
the cutoff A finite to consider the finite interaction range Ri,; ~ 1/A. The resonance model with
finite interaction range is constructed with the Hamiltonian where the form factor in coordinate space

F(rq,r2) is originally included [139]:

Hiny = AO/dTldedTidTé Gl (r1) v} (re) F(Jry — ral, A)F (|7} — 5|, Ao (] )2 (rh)

+ go/dwdy (01 @)F (jyl, A) v (= + %) EE %) Yhoc (4.46)

From this Hamiltonian, the interaction is calculated as
<p/|Hint|p> = AOF(phA)F(pZa A)7 (447)
(p|Hint|¢) = (4| Hine|p) = goF' (P, ). (4.48)

We note that if we choose the form factor as F(r; — ry) = §(r; — ro), Eqs. (4.47) and (4.48) become
the contact interaction. The effective interaction Veg is obtained with explicitly including the form
factor:

Veg(E,A) = </\0 + E‘i‘i{)) |F(p, A)]?. (4.49)
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With this effective interaction, the momentum integral in the t-matrix appears as the product of form
factor (4.49) and loop function (4.33). Thanks to the form factor, the momentum integral converges

without artificially introducing an additional cutoff.

4.1.6 Correspondence to Feshbach method

In this subsection, we discuss the relation between the resonance model in the EFT and the single
resonance approach in the Feshbach method in Sec. 3.2. By comparing the completeness relations (3.56)
to (4.17), it is seen that both models have the same model space whose basis is the free scattering
states |p) and single discrete bare state |¢). Therefore, both formulations equivalently describe the
system (2.19) in Section 2.1. We can choose both models appropriately based on the purpose. In
the Feshbach method, the Hamiltonian is written as a matrix form (3.48). Thanks to this property,
the Feshbach method is suitable for the visual understanding of the Hamiltonian of the system. In
contrast, using the EFT, we can explicitly identify the origin of the eigenstates of the free Hamiltonian
|p) and |¢) which are defined by the creation operators and vacuum |0) in Egs. (4.9) and (4.10).

By comparing the ¢t-matrix in the single resonance approach (3.60) with that in the resonance
model (4.40), we find that

2
Vep +Veor(B) = o + & o (4.50)
.

Gp(Bp)| = (2m)°G°(E, )|

single resonance approach

(4.51)

resonance model *

Here we denote the Green’s function in the single resonance approach as G%(E,,) |Sing]e resonance approach’

and the loop function in the resonance model as GY(E, A)| From this observation, the

resonance model’
single resonance approach reduces to the resonance model, if we determine the interactions in the

Hamiltonian (3.48) as

Vep = Ao, (4.52)
(pIVrqlo) = (4|Vorlp) = g0, (4.53)

with the following correspondence of the form factors:

F(p)| = (2m)*/2F (p, A)

single resonance approach —

(4.54)

resonance model

Here F/(P)|gingle resonance approach 15 the form factor in the single resonance approach and | .. nance model

is that of the resonance model. From Eq. (4.53), the self energy ¥ (3.73) in the resonance model is

given as
S(E) = g {IG(B) ™ = X} (4.55)

In this way, the system single-channel scattering system in Chapter 2.1 can be formulated in both
the single resonance approach and resonance model. These frameworks are utilized to introduce the
compositeness [72, 140, 91, 92], as will be shown in the next chapter. Furthermore, in Chapter 6, we
discuss the compositeness of shallow bound states using the resonance model, as the main topic of this

thesis.
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4.2 Resonance model with decay width and coupled channel

In the previous section, we have considered the model with the single-channel scatterings. In the
present section, for more practical applications to exotic hadrons, we construct the model with the
decay channel (lower channels than the eigenstate) and coupled channel (a higher channel than the
eigenstate), as an expansion of the resonance model [71]. We show how to introduce the decay contri-
bution in Section 4.2.1 and coupled-channel contribution in Section 4.2.2.

4.2.1 Decay contribution

Here we show a simple way to effectively introduce the contribution of the decay channel to the
resonance model. It is using the complex coupling constant \g,go € C instead of the real \g,go.>
In the single-channel elastic scattering in Section 4.1, the Hamiltonian (4.2) and (4.3) are Hermitian
H' = H due to the real coupling constants. However, the Hamiltonian with the complex Ay and gg
becomes non-Hermitian because A\§ # Ao and g5 # go. This non-Hermitian nature allows to have
complex eigenenergy and unstable eigenstates as shown in the following. With the complex coupling
constant, the eigenstate is obtained as the state below the threshold, but with the decay width. Such
a state is called a quasi-bound state.

In the energy region below the threshold, while the loop function G(F) is real, the effective interac-
tion Vg (E) 4.31 becomes the complex function due to the complex coupling constants. Therefore, the
eigenenergy from the pole condition (4.42) is obtained as a complex value. This is consistent with the
fact that the eigenenergy of unstable states is expressed as the complex value (2.83). Here we denote

the complex eigenenergy of quasi-bound states as

r
E=-B—ig. (4.56)

with the quasi-binding energy B > 0 and decay width I' > 0. In this way, we effectively introduce the
decay channel.

The physical quantities such as the scattering amplitude, scattering length, and effective range are
also written as the same formula in Section 4.1.4 but with the complex coupling constants. This model

is utilized to discuss the contribution of decay to the near-threshold states in Chapter 6.

4.2.2 Coupled channel resonance model

Let us consider the two-channel resonance model for coupled-channel systems. For this purpose, we
introduce another tow-body scattering of ¥y, Uy (channel 2) in addition to that of 1,19 (channel 1)
in the free Hamiltonian (4.2) [94]:

1
2M;
+ w0y + W W0y + 1ol o, (4.57)

N oot oot . oot
Hiee = 5 V0L Vi + 5 VUL Vs + Vo] VO + VU Vi + 5Vl - Vo

3 As another procedure, we can also construct the model by explicitly introducing the decay channel as in the higher
coupled channel case (Section 4.2). However, we need a complicated calculation in this case, because the three-body
decay should be considered to apply the model to exotic hadrons. In contrast, we can effectively consider the decay

contribution by letting go be complex, even if the system has many-body decays.
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where M, o are the masses of ¥y o, and wy 7 are the energy of ¥, » measured from the 12 threshold.
We denote the threshold energy difference as Aw = w; + ws > 0. The interaction Hamiltonian is
defined as

Hint = A11(¢I¢;¢11/)2) + /\12(1#11?5‘1’1\1’2) + /\21(\1’1\1’;1?11#2) + >\22(‘1/];‘1/;‘I/1‘I/2)
+ 901 (6712 + ¥]UI0) + go2 (T U1 Ty + T W) (4.58)

The terms with A5 and Ao; represent the direct transition between channel 1 and channel 2, and
terms with go1 and gg2 correspond to the transition through the bare state ¢. In this model, the

completeness relation is written as

o il + [ 5% o) (el +16) (0] = 1. (4.59)

where |p;) is the free scattering states in the i-th channel.
In the multi-channel case, the on-shell ¢t-matrix t(p;) is written as the 2 x 2 array by the matrix

interaction V (p;) and loop function G°(p;) [94]:

t(p1) = V(p1) + V(p1)G°(p1)t(p1), (4.60)
2
90,1 go,190,2
V(p1) = (VH V12> - At ey, A2t Pi/2p1)=vo (4.61)
Vo1 V- __90.1902 I T )
2 2 Az + P?/EJ?MO)*VO A2z + Pf/(Qltil)*Vo

[ GY(p) 0 N A
G(py) = ( 0 Gg(m(m))) . Gpy) = {A ip; arctan( im)] ) (4.62)

Here p; 2 are the momenta of the channel 1 and 2, respectively:

P =V2mE, (4.63)

p2(p1) = V/2u2(E — Aw) = , | %p% ~ 22w, (4.64)
1

with the reduced masses of each channel j12. As in the single-channel cases, the eigenenergy is
obtained by the pole condition of the on-shell t-matrix (4.60). In the coupled-channel cases, it is

shown that the pole condition is written as [141]
det[l — GY(E)V(E)] = 0. (4.65)

To calculate the compositeness in a later discussion, we derive the effective interaction in this model.
In the two-channel case, the effective interaction Veg(p1) is obtained by eliminating the channels other
than the 91 o scattering which is not only the bare state ¢ but also ¥ o scattering [94]:

[Via(p1)]?

Ve =" + ) 4.66
1) = Vi) (G~ Vo) (4.66)
Using the effective interaction Veg(p1), the bound state condition is also written as

t1 (B) =1 - GY(E)Ve(E) = 0. (4.67)

This condition is confirmed to be equivalent to Eq. (4.65) by using the relation Vis = V1. We will use

this model to consider the coupled channel system in Chapter 6.
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Chapter 5

Compositeness

In this chapter, we review the compositeness, a useful measure for analyzing the internal structure
of states. We start with an introduction of the wavefunction renormalization factor which provides
the foundation for the idea of the compositeness (Section 5.1). We then define the compositeness of
bound states in Section 5.2. For bound states, the compositeness is straightforwardly regarded as the
probability of finding the molecular component in the wavefunction. For later calculations, we also
show some useful expressions of the compositeness in Section 5.3. To discuss the universal nature of the
compositeness of shallow bound states, we present the weak-binding relation in Section 5.5. Since actual
exotic hadrons appear as unstable states in multi-channel scatterings, we define the compositeness for
coupled-channel systems in Section 5.4, and we extend the notion of the compositeness to generalized
eigenstates (virtual states and resonances) in Section 5.6. As shown in Section 5.6, however, the
compositeness of virtual states and resonances cannot be regarded as the probability. To address this
issue, we discuss a prescription of the probabilistic interpretation of the compositeness of generalized
eigenstates by considering the nature of unstable states in Section 5.7. Finally, in Section 5.8, we
present various applications of the compositeness not only to exotic hadrons but also to nuclei and

atomic systems. This demonstrates the universal applicability of the compositeness.

5.1 Wavefunction renormalization factor

Before the introduction of the compositeness, we discuss an essentially equivalent quantity called
“the renormalization factor of the wavefunction” in quantum mechanics or “field renormalization
constant” in field theory. The renormalization factor is defined as the coefficient of the perturbed

eigenstate [142, 143]. Let us consider the perturbative expansion of an eigenstate of the full Hamiltonian

n),:
n), = [n)o + In)y + ... (5.1)

where |n), represents the i-th perturbation of the wavefunction. Here we define |n), as the eigenstate

of the free Hamiltonian which is normalized and orthogonal to [n),

o{nn)g=1, o <n|n>i;£0 =0 (5.2)
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Therefore, the norm of |n),, deviates from unity:

p(nin), =1/Z #1. (5.3)

To “re”-normalize perturbed eigenstate of the full Hamiltonian |n) , we define the normalized eigen-

state |n) y:

)y =VZn),, (5.4)
N (nln)y = Z-p (njn), =1 (5.5)

By substituting Eq. (5.1), the perturbative expansion of the normalized eigenstate is written as
)y = VZn)y +VZn), + ... (5.6)
From Eq. (5.2), we see Z is written as the overlap of |n), and [n),:

o (nln)y =VZ - (nln)y = VZ, (5.7)
Z = 1o (nln)y |*. (5.8)

From this equation, Z is regarded as the probability of finding the eigenstate of the free Hamiltonian
|n), in that of the full Hamiltonian |n),. In this sense, the renormalization constant Z is essentially
equivalent to the elementarity Z as shown in the next section.

Around 1960, the field renormalization constant Z was applied to particle physics to distinguish
the elementary and composite particles [144, 145, 98]. A summary of studies in this era is given by
the review article [146]. The remarkable application of the field renormalization constant is performed
by S. Weinberg in a series of four works [75, 76, 147, 72]. It is epoch-making that he develops the
model-independent approach to calculate the field renormalization constant from the observables. This
method is now known as the weak-binding relation, which is shown in Section 5.5. Using the weak-
binding relation, it is shown that the deuteron is not an elementary particle, namely, the composite
particle of two nucleons [72].

Since 2003, motivated by observations of exotic hadrons (see Section 1.1), Weinberg’s works have
been revisited as a framework for investigating the internal structure of hadrons [140]. The extension
of Weinberg’s idea has developed into the method for analyzing the internal structure of hadrons using
the compositeness and is now being widely applied. The representative studies and applications of the

compositeness are summarized in Section 5.8.

5.2 Definition of compositeness

In this section, we define the compositeness X and elementality Z. Here we consider the system
introduced in Section 2.1.2 where the bound state |B) (2.7) is written as the linear combination of the
free scattering states |p) (2.17) and bare discrete state |¢) (2.18). The compositeness X (elementarity
7) is defined as the overlap of the bound state |B) and the free scattering states |p) (the bare discrete

state |¢)):

X = / dp | (pIB) . (5.9)
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Z = |(¢lB) . (5.10)
From the completeness relation (2.19), the sum of X and Z is normalized:
X+7Z=1 (5.11)

In the effective field theory in Section 4.1, the definition of X and Z can be written by the momentum
space wavefunction x(p) = (p|B) (4.25) and overlap constant ¢ = (¢|B) (5.32):

X = [ 5% )P (5.12)
Z =|c* (5.13)

Furthermore, X and Z can also be regarded as the weights which are obtained by the projection of | B)
to the P and @ spaces in the single resonance approach in the Feshbach method in Section 3.2 [148, 74]:

X = (B|P|B), (5.14)
Z = (B|Q|B). (5.15)

To regard the compositeness X and elementarity Z as probabilities, the following two conditions
should be satisfied;

(i) X and Z are real and positive value; and
(ii) X + Z is normalized.
In this case, the compositeness X and elementarity Z are
0<X<1, 0<Z<1. (5.16)

For bound states, the absolute value square of the overlaps in Egs. (5.9) and (5.10) is real and positive,
which guarantees the condition (i). The condition (ii) is satisfied by the sum rule (5.11). In this way,
the compositeness X (elementarity Z) can be regarded as the probability of finding the composite
component (elementary component) in the bound state |B). In fact, this consideration is confirmed

by the following expansion of |B) by the completeness relation (4.17):

B) = [ dp8l5) Ip) + (91B) 19). (5.17)

Due to the probabilistic nature of the compositeness, we can perform the quantitative analysis of the
internal structure of bound states. For example, if the compositeness X is larger than 50 % (X > 0.5),
we can see the composite component is dominant in the wavefunction, and therefore the state is
concluded as composite dominant. In contrast, the state is non-composite or elementary dominant
when X < 0.5. We emphasize that the notion of the compositeness can be used to characterize
any bound state in the two-body sector as long as the free scattering states |p) can be defined. In
hadron physics, the compositeness represents the weight of the hadronic molecular component when
|p) corresponds to the hadron scatterings. However, the compositeness cannot be defined for the quark
degrees of freedom, because there are no free scattering states |p) due to the color confinement.
Finally, we emphasize that the compositeness X and elementarity Z are the model-dependent

quantities. We recall that the free Hamiltonian Hy can be arbitrarily chosen for a given full Hamiltonian



66 CHAPTER 5. COMPOSITENESS

H, as mentioned in Section 2.1.2. Therefore, the eigenstates |p) of Hy also depend on the choice. As
shown in the definition (5.9), the compositeness contains the overlap of the free scattering states |p)
and the bound state. Therefore, the compositeness X can also be changed depending on the choice of

H,. This arbitrariness induces the model dependence of the compositeness.

5.3 Expressions of compositeness

In this section, let us review some useful expressions of the compositeness X and elementarity Z [17, 74].

5.3.1 Compositeness with t-matrix

We first derive the expression of the compositeness X by the form factor g2 F(E) in Chapter 2. By
multiplying the free scattering state (p| to the Schrodinger equation of the full Hamiltonian (2.7), we
obtain

—B(p|B) = (p|H|B),
= (p|(Ho + V)|B),
= E, (p|B) + (p|V|B)

_ plmy— PVIB)

: 1
E,+B (5.18)

By substituting this (p|B) into the definition (5.9), X is written by the binding energy B and form
factor g2 F(E):

| (p|V|B) 2
X= / (E, +B)%’ (5.19)
VE|F(E)?
= 4m\/2u3 gth/ dE ————"— (E1B2’ (5.20)

In the second line, (p|V|B) is written by Eq. (2.53) for the bound state coupling to the scatterings in
the s wave. For general partial waves, see Ref. [74].

We then show Eq. (5.20) can further be rewritten with the on-shell ¢-matrix obtained by the
Low-equation (2.52). Solving Eq. (2.54) for the square of the form factor |F(E)|?, we obtain:

428 / dEi VEH(E)?

FE_E 10|’ v=(p|Vlp). (5.21)

tE)—v—A4r 2p3/ dE’
0

We note that the compositeness X in Eq. (5.21) is obtained as real because the imaginary part
of t-matrix cancels with that of the third term [17] as shown in the following. From the optical
theorem (2.66) and (2.67), the imaginary part of the scattering amplitude f(FE) is expressed by the
magnitude of f(FE):

Im f(E) = p|f(B)[*. (5.22)
Using the relation between f(E) and t(E) (2.59), we then obtain

Imt(E) = —u(27)?p|t(E)|*. (5.23)
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In fact, this exactly cancels with the imaginary part of the third term in Eq. (5.21) which is calculated

as
> VEHE")?
I dE' ————— | = —nVE[t(E)|*. 24
m(/ el ) = —nVEiE)| (5.24)
Here the following integral formula with the principal value P is utilized
L P 1 i () (5.25)
zxi0  \z) TN '

Using p = /2uF, we see that the imaginary part of X in Eq. (5.21) is canceled.

5.3.2 Compositeness with effective interaction

The elementarity Z is also expressed by the derivative of the effective interaction Vg (E) [148]. From
the property of the projection operator Q = QQ and Eq. (3.27), Z (5.15) is written as

Z = (V|QQ|¥), (5.26)
=(QIQ), (5.27)
= (P|Hpq(E — Hoq) *Hor|P), (5.28)
= (P (—W) P). (529)

In the third line, we use Eq. (3.33). Using the sum rule X = 1—Z, the compositeness X is also written
by

X = (P (1 + W‘j}?) P). (5.30)

From this expression, we see that X = 1 and Z = 0 for an energy-independent interaction. In other
words, the energy dependence of the interaction induces the finite elementarity. Note that to obtain
reasonable X and Z, some conditions are imposed for the energy derivative. For Z > 0 (X > 0), the

energy derivative of the effective interaction should be negative (have a lower limit) [149, 150].

5.3.3 Compositeness for separable interaction

If the interaction is separable, it is possible to express the compositeness X and elementality Z with
the effective interaction and the loop function (Green’s function). We demonstrate this using the
single-channel resonance model with A\g = 0 in the EFT (Section 4.1). From Egs. (4.29) and (4.28),
X(p) and c are obtained as

x(p) = YEB(__I;)D / (;33 x(q), (5.31)
c= 7Bg07 ” / (20:?)3 x(q).- (5.32)

By substituting Eq. (5.31) into the definition of X (5.12), we obtain

/ (z?)gx(p)

2

X = ~G"(=B)[Ver(-B)J? ; (5.33)
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where we denote

"(B) = . 5.34
o'() = 128 (5.34
In the same way, by substituting Eq. (5.32) into the definition (5.13), Z is also written as
2

Z= Vig(-B) \ [t (5.35)

By climinating | [ alp/(27r)3x(p)‘2 using the sum rule (5.11) the following formulas of X and Z can be
derived [94]:

B GO/(E)

X = G E 0V (BT |y’ (5:36)
[ Va(B)

2= GO Ve B |y’ (5:37)

These formulas are used to calculate X and Z in Chapter 6.
We also show that the compositeness is expressed by the residue g2 of the t-matrix. By substituting

the Lippmann-Schwinger equation (2.46) into the square of the residue g? (2.55), we obtain

= lim (E+B)[1/Ver(E) - G°(E)] . (5.38)

By expanding 1/Vyg(F) and G°(E) around E = —B, and using the bound state condition

= 1/Vig(~B) — G°(~B) =0, (5.39)

t(—B)
the residue can be rewritten as
9 1

= OB [V (B | g (540)

Because this equation corresponds to the denominator of Eq. (5.36), the compositeness X and elemen-

tarity are also expressed by the residue and derivative of the loop function:

X = —¢*GY(E)|p=_3, (5.41)
Z = g*[1/ Ve (B)) | p——p. (5.42)

We note that the same expressions of X and Z can be used in quantum mechanics for the general
separable interaction (2.46) using the appropriate convention (see Section 2.3.2). For example, the
loop function in the field theory (2.63) should be replaced by that in quantum mechanics (2.42).

5.3.4 Compositeness with self energy

Finally, we show the expression of X by the self energy 3 (FE):

()
S 7] P o4
1
0] .
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In the following, we show that Z in this expression is equivalent to that in Eq. (5.37) in the resonance
model.

We first tranceform the operator ¥ to calculate the energy derivative of the self energy 3S(F) =
(¢|S(E)|¢). From the relation between full Green’s function in P channel space Gp(E) (3.40) and free
Green’s function G%(E) (3.36), we obtain [97]

Gp(E) =[1 - GH(E)Vpp] 'GH(E)
={[GH(E)] ™" — Vpp} . (5.45)

We then substitute this relation into the operator 3(E) (3.42) and calculate the energy derivative of

Y(E) at E=—B:
d

A 5(-B) = L Hapl[GR(-B)) ™~ Vpr) ir
= —Hgp{[CH(~B) "~ Vip} (G~ B))H{ICH(-B)) !~ Vpr) " Hpg
= —Hgp(Ver(~B) — Vpp] =[G~ B)) Ve (~B) ~ Vr] " Hing
= HorlfpaGa(~B)Higr] MGH(~B)| ™ A= [CH(~B)ICh(~B)) " HraGo(~B) Hop] Hrg
= [HrCa(- B [GH(- B (G (- BIGH-B) ' [Ga(-B)Harl . (5.46)
Here we define
Go(E) = (E - Hog) ™" (5.47)

In the third line, we use the bound state condition for operators:

(5.48)

E=—B

Furthermore, we use the formulas of the derivative of the inverse of the operators:
d 4 d 1
— —a&(F)[a(E 4
d . _ R 4 a . R _
Sl a@®)] =1 -&(B)]" =a(B)1 - a(B)] (5.50)
By calculating the matrix element of Eq. (5.46) in the resonance model, we obtain

[a(B)] " = —[a(B)]

dE

L CHBIIGH (BN (Co(~B) Harl ™ I6)
d A0 (; r—1

B CHENVer (- B) Hop[Go(—B) 7 [9)

-/ (;f’) (6] Gal— B By Vo~ B) o) 9l - (G (E) Ve~ B) g Gl ~ )] 10

(0 -=S(-B)l6) = (9] [ApaCa(~B)| (CL(B)

= (¢|[Go(=B)] ' HpgVer (= B)

= /(dpg(—B — o)t (¢\f11§ég\l)> Veff(—B)(B_lEp)ZVeH(_B) <p|gé}1)‘¢> (=B — 1)
= /(Cip(—B — 1) gy Ve (—B)(_B__lEp)zveﬂ(_B)go—l(_B — )

dp -1 1 ., ,
= / (27)3 (=B — E,)? (—B — 1)? 9o Vet (—B)
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1
{Vear (=B)] 71}

In the third line, we multiply the completeness relation (4.17). By substituting this result into

= G%(-B) (5.51)

Eq. (5.44), we find that the expression with energy derivative of X(FE) is equivalent to the expres-
sion (5.37) by appropriately taking into account the (27)3 factor.

1
_ _1GEpE=B)
[1/Vets (= B))
_ [1/Veg(—B))
" [/Veg(—B)] — [G%(—-B)]"" (5.52)

7 =
1

Equation (5.44) shows that the elementarity Z can be written by the same expression as the field

renormalization constant [151].

5.4 Compositeness for coupled channels

To consider exotic hadrons observed in the multi-channel scatterings, we extend the notion of the
compositeness for the coupled-channel systems. Different from the single-channel scatterings discussed
in the previous sections, let us consider the multi-channel system where several channels couple to the
bound state. Here we call the lowest-energy channel “the threshold channel” and all other higher-
energy channels “the coupled channels”. To define the compositeness in the multi-channel system,
we first need to fix the model space. Let us pick up the N scattering channels out of all possible
coupled channels. In this case, the compositeness of the threshold channel X; (coupled channels X;)
is schematically defined as the weight of the threshold channel component |ch. 1) (the coupled channel
component |ch. 7)) in the bound state |B):

|B) = /X, |ch. 1) + /X2 |ch. 2) 4 ... + /X |ch. i) + ... + /Xy |ch. N) +V/Z |others).  (5.53)

Here we emphasize that the elementarity Z is defined due to the existence of channels not explicitly
considered in this model space, |others). The components contained in |others) depend on the choice
of the model space. Therefore, the elementarity Z is not uniquely given in multi-channel systems. For
example, with the channel elimination, the coupled channels become implicitly contained in |others),
and X; of the eliminated channel is redefined as a part of Z.

The compositeness for the multi-channel system is defined as in the single-channel case in Sec-

tion 5.2. Let us consider the system with N scattering channels |p, £,4) and one bound state |B):

2

. p
p, :l:a Z> ) Ep,i = 2M2

H|B) = -B|B), (5.55)

P[|p7:|:77’> = Ep,i

+ Etn,is (5.54)

with ¢ = 1,2,..., N. The energy of the i-th threshold is denoted as Ej ;, where the lowest threshold
energy is setted as Eyy, 1 = 0, and the index ¢ is assigned in ascending order Eiy, ;41 > Eypi. Here we
introduce the free Hamiltonian whose eigenstates are N free scattering states |p,4) and one discrete
bare state |¢):

Hy|p,i) = By |p, i), (5.56)
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Ho|¢) = vo9) - (5.57)

We note that the free scattering states |p,i) consist of the same set of channels as the interacting
scattering states |p, &, 1) to span the same Hilbert space.! The free scattering states and discrete bare

state are normalized and orthogonal to each other:

(p',ilp. j) = 6(p" — p)di, (5.58)
(¢lo) =1, (5.59)
(p,il¢) = (¢|p,i) = 0. (5.60)

The completeness relation for the multi-channel case is given by

1= 3 [dp il +10) . (561)

1<i<N

The compositeness of i-th channel X; and the elementarity Z are defined

X, = / dp | (p.i|B) %, (5.62)

Z =[{|B) . (5.63)

Using the completeness relation (5.61), the bound state |B) can be expanded as

B)= 3 [ dptw.ilB)lp.i) + (615} j0). (5:64)

1<i<N

This relation shows that X; represents the probability of finding the i-th scattering channel in the
bound state |B). Thanks to Eq. (5.61), a sum rule holds for X; and Z:

Y Xi+Z=1 (5.65)

1<i<N

The practical calculation of the compositeness X; can be performed as in the single-channel case
in Section 5.3. Let us show the expression of X; in the coupled-channel resonance model introduced in
Section 4.2.2. The compositeness of threshold channel X; is obtained by the components of the loop
function GY (4.62), and the effective interaction Veg (4.66) [94]:

GY(E)

T GY(E) - Vg (B ey (566

1

We will use this expression in Chapter 6.

5.5 Weak-binding relation

In this section, we introduce the method to estimate the compositeness of shallow bound states from

observables, called the weak-binding relation. In the single-channel case, the compositeness of the

n general, multiple discrete states can be introduced, independently from the scattering states. In this case, the

elementarity can be defined for each bare state [74].
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shallow bound state X is related to the observables, the scattering length ag and the radius of the
bound state R = 1/4/2uB through the weak-binding relation [72, 17, 94]:

- 2X Riyp
- n{ o (T ). 567

Here Ry, corresponds to the interaction range, which characterizes the uncertainty O(Ryyp/R) of the

compositeness in the weak-binding relation. For example, the interaction range of the nuclear force is

characterized by the mass of the pion as 1/m.,, because the long-range part of the nuclear force can

be described by the 7 exchange. In this case, the interaction range is estimated as Riyp, ~ 1/m,. By
solving Eq. (5.67) for X, the compositeness is written as

X ao/R+ O (Riyp/R) .

2 —a9/R — O (Ryp/R)

This relation shows that when the binding energy B is sufficiently small, the radius of the bound

(5.68)

state R becomes much larger than Ryy, so that the uncertainty O(R¢yp/R) is negligible. In this case,
the compositeness X can be estimated only by observables, the scattering length ag and the radius
R. Although the compositeness is a model-dependent quantity in general, the compositeness of the
shallow bound states can be obtained in a model-independent manner by the weak-binding relation.
The weak-binding relation was developed by S. Weinberg to discuss the internal structure of the
deuteron, and he succeeded in showing that the deuteron is not an elementary particle [72]. After his
work, the weak-binding relation has been widely used as the model-independent method to estimate
the compositeness of the near-threshold exotic hadrons [140, 94].

In the following, we review the details of the weal-binding relation. In Section 5.5.1, we derive the
weak-binding relation following the original paper [72]. We then discuss the quantitative estimation
of the uncertainty O(Ryyp/R) in Section 5.5.2 [93, 94]. To enlarge the applicable region of the weak-
binding relation, we introduce the range correction in Section 5.5.3 [95].

5.5.1 Derivation of weak-binding relation

Let us discuss the nature of the compositeness of the shallow bound state to derive the weak-binding
relaiton [72, 17, 74]. In quantum mechanics, the weak-binding relation can be obtained from the
expression of the compositeness X with the coupling constant gy, and the form factor F(E) (5.20).
For the derivation, we focus on the shallow bound state with a small binding energy B, where B is
much smaller than the typical energy scale of the system Eyy,. We first expand the square of the form
factor |F(E)|? in terms of the energy E around E = 0:

FE) = [FOF + £ GFEF|  + o)

d
=1+ E—|F(0)]* + O(E?), (5.69)

dE
where we denote %W(E)P’E:o = L |F(0)|? for simplicity. When B is much smaller than Eyy,, the
integrand in Eq. (5.20) is dominated by the near-threshold region £ < Eyyp,. Therefore, the integration

range of Eq. (5.20) can be restricted within 0 < E < Eiy;,. By substituting the expansion (5.69) into
Eq. (5.20), compositeness is given by

ey VE d Eeye EVE
— 3.2 el 2
X = 4m\/2ug3, l/o dEi(E+B)2 + 5 F0) /0 dEi(bw_B)Q + .. (5.70)
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The first term in the parentheses is integrated as

/Etyp dE vE == Bryp + L arctan Etyp. (5.71)
0 (E + B)2 B+ Etyp \/E B

For small B/E,y,, the leading contribution is 7/(2v/B). The other terms in Eq. (5.70) are in higher

orders of B/FE}y,,. For example, the second integral is calculated as

B EVE B\/E E
/ dE( vE = P49 Eiyp — 3V Barctan gp, (5.72)
0

E+B)2 B+ Eyp

where all terms are finite in the B — 0 limit. Therefore, the compositeness of shallow bound states is

Ho(@p)

This relation indicates that the square of the coupling constant g2 should have the u~3/2v/B depen-

written as

X =27%/2u3

dence in the weak-binding limit (B — 0) so that the compositeness X is finite. In the weak-binding

limit, the square of the form factor |F'(E)|? behaves as constant at £ ~ —B

|F(-B)?=1+0 ( 5 ) . (5.74)

From this equation and Eq. (2.56), the residue of the bound state g is approximated as g3 . Therefore,

B
140

Because the residue of the bound state g is determined model-independently [74], we find that the

the compositeness can also be expressed as

X =272

2u3g° \/E (5.75)

compositeness is model-independent in the weak-binding limit (B — 0). In other words, the model
dependence of the compositeness disappears in the B — 0 limit.

We then consider the low-energy behavior of the t-matrix using the Low equation (2.54) for E <«
Eiyp. From Eq. (5.73), the square of the coupling constant gfh is proportional to v/B. Therefore, the
first term (p|V |p) is negligible compared with the second term o g2 /(E+B) in the Low equation (2.54)
for small B. This corresponds to setting Vpp = 0in the Feshbach method [see Section (3.1.1)] or A\g =0
in the resonance model [see Section 4.1]. While the third term has no explicit B dependence?, this

term cannot be neglected to guarantee the unitarity of the t-matrix [72]. Therefore, the Low-equation

B
140

If we neglect the higher-order terms O(y/B/FE4yp), this integral equation can be analytically solved in
terms of ¢(E,) [72]. This is because after neglecting (p|V|p), the remaining interaction is separable

is approximated in the low-energy region as

(5.76)

VE[tE,)|?
gth +47r\/ﬂ/ dE q|( q)

HE,) = R T A
(Eyp) = E,+ B 1 E, — B, +i0%

2Note that this term implicitly contains B dependence through t(Ep) in the integrand.
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in the low-energy region, as shown in Eq (3.62). The scattering amplitude f(p) is then obtained
as [72, 17, 74]

(5.77)

fp) = o \/erl( .

-1
1 9 .
— — e — 1 .
W 2 2\ ameg b \/QMB) L ]
By comparing this equation and the effective range expansion (ERE) (2.65) and using Eq. (5.75), we
find that the scattering length ag and the effective range r. can be written by the compositeness X as

2X

(10 = 7X + 1R + O(Rtyp)u (578)
X-1

re==%—R+O(Ryp). (5.79)

These equations are the weak-binding relations.

The weak-binding relation can also be reserved with the EFT framework [93, 94]. In this derivation,
Eq. (5.78) with ag is found to be more fundamental than Eq. (5.79) with r.. From the t-matrix (2.46)
and the relation (2.62), the scattering length ag = —1/f(0) is written by the effective interaction Veg
and loop function G°(E):

I 1
a@p=——"——"F—"—""—"—. 5.80
T 2L 0)-6%0) >0
By expanding ag by Riyp/R, we obtain Eq. (5.78) [93, 94]. Equation (5.79) is then obtained using the
bound state condition in the ERE by assuming that the bound state pole exists within the convergence
radius of the ERE.
Finally, we discuss the weak-binding relation in the zero-range limit (R, — 0). In this case, the

uncertainty becomes exactly zero, and the weak-binding relation is written as

2X
ag = Rm (Rtyp — 0) (581)

In this limit, the compositeness X can be completely determined by the observables. We will return
to this topic in Section 6.1.

5.5.2 Uncertainty estimation

Let us quantitatively estimate the uncertainty of the compositeness O(Ryyp/R) in the weak-binding
relation (5.67). If we neglect the uncertainty in Eq. (5.68), the central value of the compositeness X,
is obtained as

ao/R

Xe=—"—=.
2—a0/R

(5.82)
For example, X, of the deuteron is obtained as X, = 1.68 which cannot be regarded as a probability.
In general, the compositeness exceeds unity if the scattering length ag is larger than the radius R.
In fact, the scattering length (ag = 5.42 fm) is larger than the radius (R = 4.32 fm). It is therefore
important to consider the uncertainty to obtain the meaningful compositeness 0 < X < 1 [95].

To quantitatively estimate the uncertainty, we introduce £ [94]:

_ Rtyp
£= 7 (5.83)
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X form
weak-binding relation

X uncertainty estimation in
| Egs. (5.84) and (5.85)

1 1

0

Figure 5.1: The schematic illustration of the uncertainty estimation of the weak-binding relation. The
bars correspond to the range of the compositeness X estimated by Eq. (5.84) and by Egs. (5.85) and
(5.86).

Using &, the uncertainty of the compositeness is estimated as [94]

ag/R—§ < x < ag/R+¢

2—ag/R+€ " T 2—ag/R—¢ (5.:84)

By considering 0 < X < 1in Eq. (5.16), we define the upper and lower boundaries of the compositeness
X, and X; (see Fig. 5.1) [95]:

- . ao/R+§

Xu = min {17 2—ao/fl—£} 5 (585)
o ao/R—f

leax{(), 2—ao/R—|—§}’ (5.86)

We exclude the regions X < 0 and 1 < X where the exact value of the compositeness does not
exist. We note that when the binding energy B is large, X,, — X; can be too large to estimate the
compositeness from the weak-binding relation. In other words, the weak-binding relation is useful as
long as X, — X is sufficiently small [95].

5.5.3 Finite range correction

To extend the applicability of the weak-binding relation, we finally introduce the contribution of the
higher order term of the ERE, which is called the finite range correction. It is known that some hadron
systems have a sizable effective range r. by comparing to other length scales. In this case, the effective
range plays an important role in characterizing the low-energy phenomena in the system. For example,
the effective range of the deuteron r. = 1.75 fm is larger than the interaction range Ry, = 1.43 fm,
and this suggests that the range correction is necessary to consider the deuteron, as mentioned in the
introduction.

In Ref. [95], we show that the weak-binding relation does not correctly work for the system with a
large effective range 7, > Riyp. To apply the weak-binding relation to such systems, we introduce the
finite range correction to the weak-binding relation by redefining Ry, as the maximum length scale

between the interaction range Rjn; and the magnitude of the effective range |r.| [152, 153, 95, 154]:

Rtyp = maX{Rint; |re|}~ (587)
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With this range correction, we show the applicable region of the weak-binding relation to the system
with |re| > Rint, such as the deuteron system. The range correction is also discussed in Refs. [100,
155, 156, 157, 158].

5.6 Compositeness of virtual states and resonances

In the previous sections, we consider the compositeness of bound states. Strictly speaking, the com-
positeness in Section 5.2 can be defined only for bound states, which are normalizable (B|B) = 1, in
contrast to virtual states and resonances whose norms diverge. However, the notion of the composite-
ness can be extended for virtual states and resonances, using the expression of the compositeness in
Section 5.3 and using the Gamow vector in Section 2.5, respectively.

Let us first discuss the compositeness of virtual states. For virtual states |V'), the compositeness and
elementality cannot be calculated by definition using Eqgs. (5.9) and (5.15), because of the divergence
of the norm (V|V) — oo. However, if the effective interaction Vg is given, the compositeness of virtual
states can be obtained by extending Eq. (5.36) with the following replacement;

e the binding energy —B with the virtual state eigenenergy —FEy; and

e the loop function in the first Riemann sheet of the energy plane G(E) with that of the second
Riemann sheet G/ (E).

The eigenmomentum p of virtual states is pure imaginary and its imaginary part is negative (p = —ik
with real and positive k). In this case, it is shown that both the energy derivative of 1/Veg(F) and
that of G (E) are positive. From Eq. (5.36), we find that the compositeness of virtual states is always
larger than unity X > 1 due to [1/Veg]’/G'T > 0. Furthermore, the sum rule (5.11) indicates that
the elementarity Z is always negative. This is consistent with the fact that virtual states are the
negative norm states with the negative residue. In this way, the compositeness of virtual states can be
calculated from the expression of X. However, we note that X > 1 and Z < 0 cannot be interpreted
as probability, and the internal structure of virtual states is not discussed straightforwardly by the
compositeness.

For unstable resonances, we can define compositeness and elementality using the Gamow vector
(R| instead of the usual eigenvector (R|. In this case, the compositeness and elementality are defined

as complex:

X = / dp (R|p) (p|R) = / dp x(p)? € C, (5.88)
Z = (R|¢) (§|R) = ¢* € C. (5.89)

This is because X and Z of resonances are obtained from the square of complex values x(p) and ¢, not
from the absolute square of those. This property can also be seen in Eqgs. (5.14) and (5.15), because
the expectation values with Gamow vector become complex as shown in Sec. 2.5. The expressions of
the compositeness in Section 5.3 are also modified by replacing the normal eigenvector |R) with the
Gamow vector |R) and the binding energy —B with the complex eigenenergy Er. Even for resonances,
the sum rule is not modified, namely, X + Z = 1 holds for complex X and Z. On the other hand,
the definitions (5.88) and (5.89) show that the compositeness X and elementality Z of resonances do

not satisfy the condition for probability (i). Therefore, the internal structure of resonances cannot be
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Table 5.1: The summary of the compositeness X and elementarity Z for bound states, virtual states,

and resonances.

States X, Z Probabilistic interpretation
Bound states | 0< X <1,0<Z<1 Yes
Virtual states 1<X,Z2<0 No
Resonances X, ZeC No

probabilistically analyzed by the compositeness, different from the bound state case. However, since
exotic hadrons appear as unstable resonances, we need to propose a prescription for a probabilistic
interpretation of complex X and Z for the application to the exotic hadrons. We will discuss this topic
in Section 5.7.

Finally, we summarize the nature of the compositeness of bound states, virtual states, and res-
onances in Table 5.1 The compositeness X and elementarity Z are regarded as probabilities only
for bound states, and X and Z of virtual states and resonances do not satisfy the conditions for a

probability.

5.7 The probabilistic interpretation of complex compositeness

To apply the notion of the compositeness not only to bound states but also to resonances, the proba-
bilistic interpretation of the complex compositeness has been studied. In this section, we review several
prescriptions of the probabilistic interpretation of the complex compositeness of unstable resonances
in Sections 5.7.1, 5.7.2, and 5.7.3. Finally, in Section 5.7.4, we propose a new interpretation scheme

by considering the unstable nature of resonances.

5.7.1 Taking absolute value or real part of X

To extract some probabilistic information about the molecular component from the complex com-
positeness, it is necessary to define some real quantities based on the compositeness. One of the
simplest proposals is taking the absolute value |X| or real part Re X of the compositeness X. In
Refs. [159, 17, 160, 150], the authors consider that the absolute value of the complex X is associated
with the molecular component of the resonance wavefunction. The real part of the complex X is
regarded as the weight of the molecular component of the resonance [112]. However, we note that | X|
and Re X can be negative or larger than unity, and such values cannot be regarded as a probability.

Therefore, we should take care of the applicability of these schemes.

5.7.2 Using weak-binding relation

For near-threshold states, the compositeness can be estimated by the weak-binding relation, as dis-
cussed above. Based on the weak-binding relation, there are some proposals to obtain the probabilistic

compositeness of resonances. Reference [161] suggests that the compositeness is calculated as a prob-
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abilistic quantity not only for bound states but also resonances by using the following relation:

T (5.90)

where ag is the scattering length and 7. is the effective range. In the later work [138], X4 is proposed
by imposing the smoothness assumptions with which the compositeness becomes 0 < X, < 1 in all

momentum region:

T (5.91)
ag

Using X 4, we can obtain the probabilistic compositeness also for virtual states while X provides the

negative value as the compositeness of virtual states.

5.7.3 Defining new quantity

As another approach, we can also define a new probabilistic measure from complex compositeness X.
Some interpretation schemes are proposed inspired by Ref. [162] where the probabilistic interpretation
of the expectation value of resonances is discussed. For example, in Refs. [93, 94|, the probabilities
Xxp and Ziy are defined from the absolute values of X and Z as

Xku = ﬂ (5.92)
Zyn = w (5.93)

with the quantity U:
U=|Z|+|X|-1. (5.94)

We can clearly confirm that XKH and ZKH satisfy the conditions for probability: 0 < XKH, ZKH <1,
and XKH + ZKH = 1. In this scheme, U is defined as the measure of uncertainty of the interpretation
which characterizes the reasonability of the interpretation of the internal structure of resonances. If
the decay width is large, the nature of resonance is expected to be apart from that of a resonance with
narrow width (the narrow resonance), because the pole exists very far from the physical scattering
region Re E' > 0. For resonances with broad decay width (the broad resonances), Im X and Im Z = —
Im X are expected to be large. In this case, U becomes large [94], and the interpretation of the internal
structure of resonances is regarded to have a large uncertainty. As a criterion for the interpretation,
the authors propose that the state with U > 1 is considered not to be worth interpreting with X.

For coupled channels, the probability X is proposed using the compositeness of each channels X
as [163]

= X

x; = 120 (5.95)
_ 1z

7- 2L (5.96)

14+U’
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with

U= > |X;|+|2]-1. (5.97)
1<G<N

We use X ;j to discuss the compositeness in the multi-channel system in Chapter 6.

574 X,V Z

In the interpretation scheme in Section 5.7.3, the degree of the uncertain identification U is defined to
distinguish the broad resonance from narrow resonances by focusing on the relation between the decay
width and the imaginary part of the compositeness. However, in the previous works, the criterion
for U is not based on the physical consideration. Here let us propose another scheme by introducing
the physical-based criterion for the states with large uncertain identification [96, 164]. In this scheme,
we define the probability of the uncertain identification ) as an equivalently essential quantity to the

compositeness X and elementarity Z:

(a—1)|X|—alZ| +«

P o , (5.98)
|X[+1Z2] -1
Y= P (5.99)
—1)|Z] - alX
z_ @ )g;_?\|+a. (5.100)

Here « is an arbitrary real parameter with a@ < 1/2. The new quantity ) reflects the ambiguities arising
from the identification of the resonance. This is a significant difference from other prescriptions shown
above where all resonance is characterized only by compositeness and elementarity. From the definition
of ¥ (5.99), the broad resonances with a large magnitude of Im X have large ). As shown below,
based on the large ), we determine the criterion for the broad resonances whose internal structure is
not worth interpreting with compositeness.

Here we explain the foundation of the idea of X,),Z. Let us consider observing an eigenstate
in an experiment. For the bound state case, there arise no ambiguities to distinguish a bound state
contribution from other spectra in the experimental data Fig 5.2 (a)]. This is because the bound state
below the threshold is observed as a delta function, where any spectra of the continuum scattering
backgrounds are not observed. In contrast, if we try to distinguish the resonance above the threshold
from a background, the identification of the resonance spectra has some uncertainty arising from the
following two factors [Fig. 5.2 (b)] [162];

e the finite decay width (the width of the resonance spectra) induces the ambiguity to identify the

eigenenergy of the resonance; and

e the separation from the background is not unique, which depends on the framework of the

analysis.

In this way, the identification of resonances is qualitatively different from that of bound states.
We apply this idea to the classification of the internal structure of resonances by focusing on
the observation. We consider that the ambiguities also appear in the identification of the internal

structure of resonances, in addition to observing the composite or elementary states. It is reasonable
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(a) spectrum (b) spectrum
B.S.

B.G.
. > . >
energy energy

Figure 5.2: The schematic illustration of the experimental spectrum including a bound state [B.S. in
panel (a)] and that including a resonance [R in panel (b)]. The spectra in the shaded region in panel
(b) represent the ambiguity of resonance spectra, the finite decay width, and the separation from the
background (B.G.) contribution.

to regard that the internal structure of bound states is uniquely identified in a single observation,
whether composite or elementary. Therefore, after a sufficiently large number of observations, we can
conclude that the internal structure of bound states is composite dominant or not. This is because the
compositeness X and elementarity Z of bound states are defined as real and probabilistic quantities.
On the other hand, X and Z of resonances are complex by definition. We consider that the complex
X and Z reflect the ambiguity of the identification of the internal structure of resonances which is
induced by the instability of resonances [96]. Based on this consideration, we assume that the internal
structure of resonances is characterized by the following three quantities

X : the probability to certainly finding the composite component;
Z : the probability to certainly finding the elementary component; and
Y : the probability of uncertain identification.

In this case, the internal structure of resonances is regarded as the dominant component among X', ),
and Z, as composite dominant, elementary dominant, and uncertain to identify. The large uncertain
identification ) corresponds to the situation that the internal structure cannot be identified whether
composite or not, because of a large ambiguity of broad resonances.

To be a natural extension of the compositeness of bound states, X', ), Z are defined to satisfy that
e normalized as X + )Y + Z = 1; and

o X - X, Z - Z, and Y — 0 in the bound state limit where the limit where the decay width

goes to zero,

In the second condition, ) should be zero for stable bound states because it characterizes the uncertain
nature of resonances. In addition to these conditions, for a probabilistic interpretation, X', ), and Z
should also be positive and smaller than unity. Because a > 1/2; we see Y (5.99) is always positive
from the triangle inequality. However, X (5.98) and Z (5.100) can be negative even if o > 1/2. In

this prescription, we regard that such a state with negative X or Z has a non-interpretable structure
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with the compositeness. Adopting the category “non-interpretable”, we propose the classification of

the internal structure of resonances as follows;

e composite dominant, if X > 0, Z > 0, and X is largest;
e elementary dominant, if X > 0, Z > 0, and Z is largest;
e uncertain whether composite or elementary, if X > 0, Z > 0, and ) is largest; and

e non-interpretable with the compositeness, if X < 0 or Z < 0.

In this prescription, the internal structure of resonances is at first classified into interpretable or non-
interpretable. Then the interpretable states are categorized into composite dominant, elementary dom-
inant, or uncertain (Fig. 5.3). In summary, the internal structure of resonances can be classified into
not only composite or elementary dominant but also uncertain or non-interpretable, which are newly
introduced based on the ambiguities of resonances. We note that the category “non-interpretable” is
not considered in the previous works in Section 5.7.3 where the internal structure of all resonances is
interpreted by the compositeness.

We note that ) does not have an upper limit and can be larger than unity, while the lower limit is
determined as Y > 0. If ) is much large, X or Z can be negative because of the sum rule ¥ +Y+2Z =1,
and the state is regarded as non-interpretable. For example, either X or Z must be negative if J > 1.
As discussed above, the broad resonances are considered to have large Im X, and therefore have
large V. In this sense, broad resonances are expected to be automatically distinguished from narrow
resonances as a non-interpretable state. By determining the value of « in the next paragraph, we will
show this expectation holds.

From Egs. (5.98), (5.99), and (5.100), X', Y, Z have not only on the eigenenergy dependence through
X and Z, but also on the parameter o« dependence. This indicates that the classification of the
resonance also depends on the value of a. In principle, the choice of « is arbitrary within the region
a > 1/2. Here we discuss a reasonable value of o based on the physical consideration. For this purpose,
we first see the o dependence of the region where the state is interpretable with positive X and Z in
the complex X plane. If we set @ = 1/2, the interpretable region is restricted only within real and
0 < X < 1. Because the states with X in this region correspond to the bound state, this setup claims
that only bound states are meaningful to interpret with the compositeness. In contrast, in the a — oo
limit, X', Y, Z reduce to the interpretation scheme in the previous work [94]: X — XxH, Z — Zxu,
and Y — 0 as seen in Eqgs. (5.98), (5.99), and (5.100). In other words, this corresponds to the scheme
where all resonances are interpretable with the compositeness.

The limits of a discussed above correspond to excessive cases, and it is not suitable for practical
discussion. As a reasonable value of «, let us choose a by relating the non-interpretable states with
the broad resonances. Specifically, we determine the value of o with which the broad resonances are

classified into the non-interpretable state. As the criterion of the broad resonance, we adopt
Re E<T & Re E<—-2Im E, (5.101)

where T' is the decay width. Based on this criterion, we regard the state satisfying Eq. (5.101) as the
broad resonance. By using the weak-binding relation in the zero-range limit (6.5), the corresponding

value of « is obtained as [96]

ai\/g—1+\/10—4\/5
B 2

~ 1.1318. (5.102)
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Figure 5.3: The classification of the internal structure of resonances using X', ), Z.

We use this criterion in Chapter 6 to obtain the compositeness of T,.(3875)" and X (3872).

5.8 Applications of compositeness

In this section, we introduce some applications of the compositeness to various states. We first focus on
the application to the quark-model exotics in hadron physics, to baryons in Section 5.8.1 and mesons
in Section 5.8.2. We then see the application of the compositeness of the quantum-number exotic and
quarkonium-associated exotic hadrons in Section 5.8.3. We also show the compositeness applies to
the lattice QCD prediction (Section 5.8.4), the nuclei, and atoms (Section 5.8.5). Here we denote the
compositeness of the AB molecular component as X 4.

5.8.1 Application to baryons
deuteron

Let us start with the deuteron as the first applied hadron. Actually, before Weinberg’s work, the
internal structure of the deuteron was discussed in section 5 in Ref. [146]. However, it is innovative
that Weinberg’s consideration is based only on three observables, the binding energy, scattering length,
and effective range. Since the development of the weak-binding relation, the compositeness of the
deuteron has been discussed multiple times. We align the representative works on the compositeness
of the deuteron;

e 7 ~ 0 (the pioneering work of the weak-binding relation) [72];
e X =1.68"24% using the weak-binding relation (5.67) [165];
e X4 = 0.8, using the extended weak-binding relation (5.91) [138].
The compositeness of the deuteron is considered particularly with consideration of the range correction;
e X > 0.62 even with a much smaller cutoff [100];

e X ~ 1, namely, mostly a pn molecule [156];
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e X > 0.7 is very plausible [157]

e 0.74 < X <1 195].
In addition to the deuteron in the pn scattering, the virtual state in the nn scattering is also studied
using the compositeness in Ref. [157].
N and A resonances

Not only the deuteron but also excited N and A baryons are investigated using the compositeness [166,
163]. In Ref. [166], the authors calculate the compositeness from the residue and loop function. In
Refs. [163], the compositeness of various exotic hadrons is studied using X (5.95). In these studies,

the compositeness of N and A is calculated as follows.
e N(1535): the non-molecular dominant with Z = 0.70 — 0.09: Ref. [166] and Z = 0.62 [163]
e N(1650): the elementarity dominant with Z = 0.74 [163].

e A(1232): the 7N molecule-dominant with X = 0.61 - 0.71 [163];

A, ¥, and = resonances

As an application to the exotic hadrons in the strange sector with s quarks, we first focus on A(1405).
There are a lot of approaches to studying the structure of A(1405), from the viewpoint of the finite-
volume effect [167], with the generalized weak-binding relation [93, 94], using the idea of the rank one
projection operator [160], and with a unitarized meson-baryon model [168]. The results of these are

summarized as follows;

o Xgn =0.99+40.05i (see Table I in the paper). With the finite volume effect, Xz py = 0.82 -
1.03 [167];

o Xxu = 0.6 - 1.0 [93, 94] (see Table I in Ref. [93] and Table 2, 3, and 4 in Ref. [94]);
e the total compositeness is X = 0.7370 1.

As a representative study of other strange baryons, a comprehensive examination of the structure of

excited decuplet heavy baryons is performed in Ref. [112]. We present some results as follows;

e A(1380): the total compositeness is X = 0.14 4 0.40¢ (see Table IIT in the paper) [167], X =
0.23 + 0.46i [166], and X = 1.00*332 [160];

e A(1520): elementary dominant with the small total compositeness (e.g., X = 0.21, see Table III
in the paper) [169];

e A(1670): the total compositeness is X = 0.47 + 0.06¢ [166];
o 3(1385): X 5 =0.13 - 0.24 (depending on the cutoft) [112];
e Z(1535): X,z =0.09 - 0.15 (depending on the cutoff) [112];

e =(1690): KX molecule-dominant with X zs,- = 0.86 — 0.504 using the coupled-channel unitary
approach [170].
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o 07 Xz =0.18-0.53, and X x = 0.09 - 0.12 (depending on the cutoff) [112].

Also for the baryons in the heavy sector, the compositeness is applied mainly to A. baryons. For
example, in Ref. [161], the internal structure of the near-threshold s-wave resonance is studied using the
effective range expansion, and the framework is applied to A.(2595). The compositeness of A.(2595) is
also studied in Ref. [171] with the SU(6) x HQSS model. In Ref. [172], the compositeness of A.(2595)
is calculated based on the result of the pole analysis. In the following, we summarize the compositeness
of A.(2595);

e not likely a wA, molecule [161];
e total compositeness is X = 0.111503 [160];

e not a composite dominant with small total compositeness (see Table IV in the paper for more
quantitative results) [168];

e X =0.144+0.02 - 0.17 + 0.04 for single-channel analysis, and X = 0.11 +0.02 - 0.04 4+ 0.01 for
coupled-channel analysis (depending on the setup) [172];

e they consider 7%, molecular component, and obtain X s, = —0.024 + 0.107:. For more results
with other setups, see table IT in Ref. [171].

In addition to A.(2595), the compositeness of other A, baryons are considered. In Ref. [168], the
compositeness of A.(2625) is computed as Xrsx = 0.268. Other-channel compositeness is shown in
Table IV in that paper. Furthermore, A, baryon in the bottom sector is also discussed. In Ref. [168],
the authors show the compositeness of A;(5912) and A,(5920) as X .y = 0.539 and X;x: = 0.581,
respectively. The compositeness of other components is shown in Table V in that paper.

5.8.2 Application to mesons
Light mesons

From now on, let us present the various studies of the compositeness of exotic mesons. For light
mesons, fo(980) and ap(980) are actively studied. For example, in Ref. [140], the compositeness of
f0(980) and a(980) is calculated with the extended weak-binding relation which is developed based on
the spectrum function. In Ref. [173], the KK compositeness of f3(980) and ag(980) are investigated
from the consideration of the ag(980)-f;(980) mixing density. We first summarize the compositeness
of fo(980);

o X >0.8 [140]

o Xor = 0.01 4+ 0.014, Xgg = 0.74 — 0.11i. With the finite volume effect, Xx g py = 0.73 -
0.97 [167];

Xpeg = 0.87 — 0.04i, X, = 0.06 + 0.014 [166];

o Xyip— = 0.35 — 0.05i, Xgogo = 0.35 — 0.05i, Xy, = 0.01 + 0.01i, and Xpono = 0.01 +
0.00i [173);

the compositeness is small Xxg = 0.3 - 0.9 (depending on the dataset) [93, 94];
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e total compositeness X = 0.677037 [160].
The compositeness of ap(980) is computed as
o X =0.5-0.75 [140];
e the compositeness is small Xxy = 0.1 - 0.3 for most of all dataset [93, 94];
o Xpig— =017 —0.15i, Xpeo0 = 0.17 — 0.154, and X o, = —0.07 + 0.12i [173)].

Other light mesons, such as p(770), ag(1450), a1(1260), o meson (also as known as f,(500)), fo(1710)
are also studied. In Ref. [174], the mixture of the quark and hadronic component in a;(1260) structure

is discussed. We summarize the compositeness of these mesons as follows;
e p(770): Xpr = —0.08+40.03i, and Xz = —0.02 + 0.00¢ [166];
e p(770): total compositeness X = 0.0815 01 [160];
e ao(1450): total compositeness X = 0.237057 [160];
e a1(1260): total compositeness X = 0.46 [160];

e a1(1260): a1(1260) has comparable amounts of the elementary component to the 7p composite

component [174];

o = fo(500): Xpr = —0.09 4 0.37i, and Xz = —0.01 — 0.00i [166];

o = fo(500): total compositeness X = 0.401593 [160];

fo(1710): total compositeness X = 0.257019 [160].

Strange mesons

In the strange sector, there are some applications of the compositeness to the excited K mesons (K*).
In Ref. [175], the internal structure of K* mesons is discussed as the state appearing with p-wave in

the 7K scatterings. We summarize the studies on strange mesons;

e K*: |X|=0.158 - 0.192 (depending on the cutoff) [175];

K3 (800) = k: Xpx = 0.32+ 0.36i and X, x = —0.01 — 0.00i [166];

K(800) = &: total compositeness X = 0.9475-23 [160];
o K*(892): X,z = —0.03+0.04i and X, = —0.03 + 0.00i [166];

e K*(892): total compositeness X = 0.05700} [160].
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Charmed mesons

In the charm sector, the compositeness is often applied to X (3872). In Ref [155], the authors calculate
the compositeness of X (3872) using Eq. (5.91). The compositeness of X (3872) is studied from the
analysis of the experimental line shape [176, 177]. We summarize the compositeness of X (3872) as

follows;
o X4 >0.9 [155]
e 7 =0.19+0.29 [176]
e 0.86 < X < 0.948 [177]
e 0.53 <X <1 [95]

The compositeness of X (3872) is also studied in this thesis, in Chapter 6. Also in Ref. [160], the
internal structure of Y (4260) is considered as the non-composite state with the total compositeness
X =0.21.

Strange and charmed mesons

The compositeness is also applied to the mesons including both s and ¢ quarks, called D mesons. For
example, in Ref. [178], the compositeness of D*,(2317) and D%, (2460) is considered using the result of
the lattice QCD. In Ref. [179], the compositeness of D¥;(2317) is calculated using the chiral unitarity
model. We summarize the compositeness of D%,(2317);

o Xpgp="T2+£13+5 % [178];
o Xpx =0.69 and Xp_,, = 0.09 [179];

total compositeness X = 0.7079-07 [160];

Xkp > 0.6 [156];
o Xxp > 0.5 [157];
o 0.81 <X <1 [95].
The compositeness of D7, (2460) is also calculated as
o Xyp-=57+21+6% [178]
e 0.4 < Xgp- <0.7 [156];

e 0.55 < X <1[95].

5.8.3 Application to the quantum-number and quarkonium-associated ex-
otic hadrons

In the previous subsection, we show the applications for quark-model exotic hadrons, including the
candidates of exotic hadrons. In addition to these, the compositeness is used to analyze the internal
structure of quantum-number exotic hadrons and the quarkonium-associated exotic hadrons. For
example, the compositeness of T,.(3875)T is calculated with Eq. (5.91) [155, 64], using the weak-

binding relation with the range correction [157], from the residue of the pole [64];
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e the compositeness is for exmaple obtained as X, = 0.87;8:8%. It depends on the scheme, and

the quantitative result is almost the same among the schemes [155];
e it is consistent with the molecular picture [157];

o for example, Xpop-+ = 0.71335) X1 peo = 0295003 using the residue of the pole (also
depending on the scheme) [155].

We also consider the compositeness of the quantum-number exotic hadron, T,.(3875)" using the EFT
model in the later Chapter.

5.8.4 Application to lattice QCD results

The compositeness is applied not only to the experimentally observed states but also to the states
predicted by the lattice QCD simulation. For example, the internal structure of NQ and Q2 dibaryons
is considered using the weak-binding relation [95];

e NQ dibaryon: 0.80 < Xyg < 1;
e Q) dibaryon: 0.79 < Xqq < 1.

These results suggest that the bound states of N2 and Q2 are suitable to the dybaryon picture.

5.8.5 Application to nuclei and atoms

Because the notion of the compositeness is universal, the compositeness is also applicable to nuclei and
atomic systems. In Ref. [95], the compositeness of the hypertriton 3H and *He dimer are estimated
by the weak-binding relation;

o TH: 0.74 < Xy < 1;
e *He dimer: 0.93 < X < 1.

These results show that they are composite dominant. In particular, the result of “He dimer agrees
with the dimer picture from the ab initio calculation. This analysis serves as a demonstration of the
validity of the weak-binding relation. Furthermore, the essentially same concept to elementarity Z is

discussed to consider the atomic systems [180, 181] and the polaron-molecule [182].
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Chapter 6

Structure of near-threshold bound

states

In this chapter, we discuss the internal structure of the near-threshold bound states using the com-
positeness. In Section 6.1, we show that the compositeness is unity in the exact weak-binding limit
and discuss the threshold rule for the states with small but finite binding energy. Based on the ex-
pectation from the empirical threshold rule, the near-threshold bound states are considered to be
composite dominant. In Section 6.2, we establish the theoretical foundation of the threshold rule using
the single-channel resonance model introduced in Section 4.1. In anticipation of applications to exotic
hadrons, we study the nature of near-threshold states in the presence of the decay width (Section 6.3)
and channel couplings (Section 6.4) using the models in Section 4.2. Finally, we apply the present
framework to analyze the internal structure of 7,.(3875)" and X (3872) by examining the decay and

coupled-channel effects in Section 6.5.

6.1 Low-energy universality and threshold rule

In this section, we discuss the qualitative nature of near-threshold bound states from the viewpoint
of the low-energy universality. We first introduce general concepts of the low-energy universality in
Section 6.1.1. Then we discuss the compositeness of shallow bound states relation with the threshold

rule in Section 6.1.2.

6.1.1 Low-energy universality

Here we examine the consequence of the low-energy universality using the effective range expansion
(ERE) (2.65). In the near-threshold energy region with a sufficiently small momentum p, the scattering
amplitude f(p) is governed by the scattering length ag, by neglecting the higher order terms in the

ERE:

f(p)'\’ 11

S — (6.1)
B

Let us assume that the system has a shallow bound state. From the bound state condition 1/f(p) =0

with the near-threshold scattering amplitude (6.1), the eigenmomentum of the shallow bound state is
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written as
7
~—. 6.2
P o (6.2)
The binding energy B can also be estimated by the scattering length ag:

B 1
=——r~—.
21 2pag

(6.3)
This equation indicates that the scattering length ag diverges when the bound state exists exactly at the
threshold B = 0, as mentioned in the introduction. In the same way, near the threshold energy region,
all the quantities are scaled only by ag. This observation leads to the low-energy universality: the
near-threshold phenomena is universally described by the theory characterized solely by the scattering

length as the relevant scale (the zero-range theory) [77, 104, 80].

6.1.2 Compositeness theorem and threshold rule

Based on the low-energy universality, let us discuss the compositeness of shallow bound states. It is
shown in Eqgs. (5.43) and (5.44) that the compositeness X and the elementarity Z are expressed by the
energy derivative of the self energy X(E). In the E — 0 limit, (F) is proportional to vE as G°(E)
is, and therefore, ¥'(F) diverges for F — 0. Namely, we obtain

X=1, Z=0 (B—0) (6.4)

Thus, the compositeness is unity when the state exists exactly at the threshold (B — 0) [161, 91, 92].
Therefore, a hadron at the threshold always has a pure hadronic molecular structure. This fact is
called the compositeness theorem. We emphasize that this is a model-independent consequence of the
low-energy universality.

The result of the compositeness theorem can be confirmed by the weak-binding relation (5.67).
As discussed in Section 4.1.5, taking the zero-range limit (Rj,; — 0) corresponds to considering the
low-energy limit of the scattering amplitude which is capable of describing the shallow bound state.
Thus, the compositeness X of the shallow bound state is estimated by the weak-binding relation in
the zero-range limit:

X gL (6.5)
1+X V2uB

By substituting the result of the compositeness theorem, X = 1, we obtain ag ~ R. This is equivalent

aONR

to Eq. (6.3) obtained from the low-energy universality.

The B — 0 limit is an idealization, and physical bound states have a small but finite binding energy
B # 0. Naively, shallow bound states are expected to be composite dominant with X ~ 1. This expec-
tation aligns with the empirical fact that the near-threshold states are observed as molecule-dominant
states, the threshold rule (see Section 1.3). However, strictly speaking, the composite theorem is shown
only at the threshold B = 0. Therefore, the internal structure of shallow bound states (B # 0) is not
theoretically well established. In fact, for finite binding energy B # 0, it is shown that non-composite
shallow bound states can always be realized with a tuning of the parameters, even if B is small [91, 92].
In other words, by deliberately choosing the parameters, it is always possible to construct a model that
does not follow the threshold rule. These facts indicate that the reason why the threshold rule holds
is not theoretically clear. Given this background, we study the theoretical foundation of the threshold

rule by focusing on the tunings of model parameters.
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6.2 Threshold rule in single-channel systems

Here we numerically examine the realization of the threshold rule using the single-channel resonance
model in Section 4.1. We first present the setup of the numerical calculation in Section 6.2.1. The

results of the analysis of the compositeness are then shown in Section 6.2.2.

6.2.1 Set up

To clarify the theoretical basis of the threshold rule, we examine the model dependence of the compos-
iteness through the comparison of typical and shallow bound states. Here we use the single-channel
resonance model introduced in Section 4.1. By setting A\g = 0 for simplicity, this model has three pa-
rameters, the coupling constant gg, bare state energy v, and cutoff A (see Section ITTA of Ref.[93] for
the effect of finite ). In this case, eigenstates are described by the coupling of a bare state to a single
free scattering state. The compositeness X is calculated from the effective interaction Veg(E) (4.31)
and loop function G° (4.36) using the formula (5.36):

—1

2 A -1
X(B,vg,A) = |1+ % arctan <A) -t , (6.6)
i <))

0

with k = /2uB. Here the vy dependence arises from g2 which is given by the bound state condi-
tion (4.42):

-1
ga(B; v, A) = 7;2(3 + o) {A — Karctan (2)] . (6.7)
It can be analytically shown in Eq. (6.6) that, in the weak-binding limit B — 0 (i.e., K — 0), the
compositeness X becomes unity, in accordance with the compositeness theorem (6.4). However, with
the finite binding energy x # 0, the compositeness X depends on the model parameters, such as the
bare energy vy and the cutoff A. In fact, for B # 0, we find X — 0 for vy - —B and X — 1 for
vg — oo. This indicates that the compositeness of bound states with B # 0 can be varied arbitrarily
by adjusting the model parameters.
To set a reference for the energy scale, we define
A2

Etyp == ﬂ (68)

This energy Fty, can be regarded as the typical energy scale in the EFT framework because the
cutoff A represents the intrinsic momentum scale in the microscopic theory. Based on the argument of
naturalness [183, 184, 185, 186], we expect that a typical bound state in this system has the binding
energy of the order of Fiy, if the system has a bound state. Because A is the upper limit of the EFT,
we assume B < Eiyp, so that the bound state appears in the applicable region of the model.

In this work, we study the model dependence of the compositeness by considering two representative
cases: a typical bound state with B = Eyy;,, and a shallow bound state with B = 0.01E;y,. In this
model, there are three model parameters: the coupling constant gy, bare state energy vy, and cutoff
A. For a given binding energy B, one degree of freedom of the model parameters can be reduced by
the bound state condition as shown in Eq. (6.7). Furthermore, we use the dimensionless quantities

with the cutoff A so that the A dependence in the results is absorbed. For example, the dimensionless
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Figure 6.1: The compositeness X as a function of the bare state energy v in the parameter region (6.9).
The solid line corresponds to X of the typical bound state B = Eyy,, the dashed line to the shallow
bound state B = 0.01E}y,, and the dotted line to the bound state with the critical binding energy
B = B, = 0.243E}y;,. This figure is adapted from Ref. [71].

binding energy B/FE\,, is used instead of B. Because this procedure also reduces one more degree of
freedom of the model parameters, the bare state energy 1 is the only remaining parameter in this
setup. The determination of vy requires the knowledge of the microscopic theory because it cannot be
given within the framework of the EFT. For hadron systems, vy may be calculated by the constituent
quark model, where the bare state |¢) corresponds to the multiquark state. In this work, we take
a different approach; we vary vy in the allowed region in the resonance model, and regard the v

dependence as the model dependence of X (6.6). The allowed parameter region of vy is given as

B
-2 oy (6.9)
Etyp Etyp

The lower limit is determined to have the real coupling constant g2 > 0 from Eq. (6.7). The upper

limit v/ Eiyp = Eiyp / Eiyp = 1 is given as the maximum energy scale in the EFT.

6.2.2 Structure of near-threshold bound states

We numerically calculate the compositeness X (6.6) by varying the bare state energy vy within the
model-allowed region (6.9). In Fig. 6.1, we plot the compositeness X of the typical bound state
B/Eiy, = 1 (solid line) and shallow bound state B/E, = 0.01 (dashed line). Note that the vg
regions are different in each plot of X since the lower limit of the region is determined by the binding
energy (6.9).

At vy/Eyp = —B/Eyy,p, the compositeness becomes zero for all cases. This can be analytically
shown by substituting g2 = 0 into Eq. (6.6), where g2 becomes zero when vy = —B in Eq. (6.7). When
the couplings vanish gy = 0, the state becomes the pure elementary bare state whose compositeness is
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exactly zero X = 0. When 1 increases, we find that X becomes larger. This is because the couplings
g3 of the bare state to the scattering state increase with v as shown in Eq. (6.7), and the scattering
states contribute to enhancing the compositeness X. This heavier of the compositeness is discussed also
in Refs. [187, 92]. We note that the degree of the increase of X depends on the binding energy, while
the qualitative behavior of X is common among the bound states with different binding energies. In

the following, we discuss the compositeness of typical, shallow, and critical bound states individually.

Typical bound state

We first focus on the typical bound state with B = Eiy,,. In this case, the compositeness X is X < 0.5
for most parameter region —1 < vy/E4y, < 1. This means that, when we randomly choose the model
to determine 1y, it is usual to obtain the non-composite state for the typical binding energy. We can
understand this result from the feature of the resonance model; the origin of the bound state is the

bare state |¢) which contributes to the elementary component.

Shallow bound state

In contrast to the typical bound case, the compositeness of the shallow bound state B = 0.01Eyy,, is
larger than 0.5 in a large proportion of the —0.01 < vy/Eyy, < 1 region. This shows that the shallow
bound state is usually composite dominant while a bound state in this model is constructed from the
pure elementary bare state with X = 0. However, at the same time, we also find that the elementary
dominant state (X < 0.5) is realized if we tune the value of vy within the small parameter region. This
is the demonstration of the results in Refs. [91, 92].

Let us further consider the fine tuning of the parameter from the viewpoint of naturalness. As
discussed above, if the system has a bound state, it is usual to obtain the order of the typical energy
scale as the binding energy B ~ FEiy,. On the other hand, to obtain a shallow bound state, we have to
tune the binding energy so that B < Eyyp,. In addition, we need one more fine-tuning of v discussed
above to obtain the shallow non-composite bound state. This situation corresponds to double fine
tuning, which is very unlikely from the viewpoint of naturalness. In Ref. [188], the same feature of the

shallow bound state is observed using the dynamical quark model.

Bound state with critical binding energy

We search for the critical binding energy B, with which the fraction of the model parameter region
of X < 0.5 and X > 0.5 becomes half and half. The critical binding energy is numerically found to
be B = 0.243E4y,,. The behavior of X with B = B, is shown in Fig. 6.1 by the dotted line. The
definition of B, indicates that the fraction of the vy region of the composite dominant state is larger
(smaller) if B < Bey (B > Bg). In other words, the exception of the threshold rule becomes less
and less frequent when the binding energy decreases from B.,. This suggests that B can become
a criterion of the applicability of the threshold rule. We note that the value of B, depends on the
model because the result of the compositeness X (6.6) is affected, for instance, by the choice of the

Hamiltonian (the effective interaction) and that of the regularization (the loop function).
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Figure 6.2: The schematic figure of the definition of Peomp in the B = Eiy, case. Peomp corresponds
to the fraction of the shaded region v./Ey, < 19/Ety, < 1 to the whole parameter region (6.9). This
figure is adapted from Ref. [71].

Probability of obtaining composite dominant model (Peomp)

In order to quantitatively examine the fine tuning of a parameter for various binding energy, we define

Peomp as the probability of obtaining the model with the composite dominant bound state:

_ 1= ve(B)/Eyp

Peomp(B) = T4 BBy (6.10)

where v, is the value of vy with which X (B;v.) = 0.5. In other words, we can quantitatively examine
the validity of the threshold rule through FPomp. The definition of Peomp is schematically shown in
Fig. 6.2. The fraction of the entire parameter region (horizontal axis) corresponds to the denominator
in Eq. (6.10), and the shaded region to the numerator. In this way, with a given binding energy B,
Peomp (6.2) corresponds to the fraction of the model (1) with the composite dominant state to all
models (whole vy region). By definition of By, it is clear that Peomp(Ber) = 0.5. In Fig. 6.1, the typical
bound state is found to be Peomp (Eiyp) = 0.25, and shallow bound state to be Peomp(0.01Ey,) = 0.88.

In Fig. 6.3, we show the binding energy B/ FEky;, dependence of Peomp. We see Peomp monotonically
increases with the decrease of the binding energy B. Finally, at B = 0, we find P.omp = 1, which
indicates that the bound state with B = 0 is always composite dominant regardless of the choice of the
model (the value of 1), which is consistent with the compositeness theorem (6.4). Moreover, in the
small B region, we also see Pyomp is smaller but still close to unity. Therefore, it is natural to expect
that the bound state retains the composite nature, namely, the threshold rule is valid, even when the
binding energy deviates slightly from the B — 0 limit. More quantitatively, the threshold rule holds

for shallow bound states whose Peomp is sufficiently large.
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Figure 6.3: The probability of finding the model with the composite dominant bound state Peomp as
a function of the binding energy B/FEyy,. This figure is adapted from Ref. [71].

6.3 Decay contribution to compositeness

As shown in the introduction (Fig. 1.7), exotic hadron systems have the decay width and channel
couplings. To apply to the exotic hadrons, we first consider the decay contribution in this section.
Here we adopt the resonance model with the complex coupling constant gy € C in Section 4.2.2, where
the unstable quasi-bound state with the finite decay width I' # 0 can be described. For comparison
with the single-channel case, we set A\g = 0 also in this section. To see the model dependence of the
compositeness, we fix the binding energy and vary the model parameter as was done in the previous
section. From the pole condition (4.42), the relation between g2 and model parameters are obtained
as almost same as Eq. (6.11) but with decay width T*:

r 2 r ANT! r
g (B+i;ll0,A) - <B+i+1/0> {A—/@arctan <)] , K=4/2u (B+i>. (6.11)
2 W 2 K 2

We can confirm the coupling constant is complex with T' # 0, and g2 becomes real in the I' — 0 limit.
Even in this case, we adopt the same vy region as Eq. (6.9) as the allowed parameter region to be
compared with the I' = 0 case.

In this study, we investigate the contribution of the decay to the typical and shallow quasi-bound
states by fixing the eigenenergy —B —iI'/2. The compositeness X is calculated by the same expression
as Eq. (6.6), but with the complex g3. As discussed in Section 5.6, the compositeness of an unstable
state becomes complex. To discuss the internal structure, we adopt the prescription in Ref. [163] with
the N =1 in Egs. (5.95), (5.96), and (5.97):

RY
X[+ 12|’

2]

X = Z=—— (6.12)
| X[ +1Z]
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Figure 6.4: The compositeness X with I' # 0 (solid lines) and X with T’ = 0 (dashed lines) as functions
of the bare state energy vy/E4y,, with the typical and shallow binding energy and decay width. The
panel (a) shows X with (B,T/2) = (0.01Eyy,0.1Ey,), (b) with (B,T/2) = (0.01Fyy, Eiyp), (¢) with
(B,I'/2) = (Etyp, 0.1E¢y,;,), and (d) with (B,T'/2) = (Eiyp, Ftyp). This figure is adapted from Ref. [71].

Compositeness X of near-threshold quasi-bound states

Here we numerically study the decay contribution to X of the shallow quasi-bound state. In Fig. 6.4,
we plot the compositeness X of the quasi-bound states as a function of the normalized bare state
energy vy/Ey, with T' # 0 (solid lines) and with I' = 0 (dashed lines). We use the same parameter
region with the I' = 0 case in Eq. (6.9). For the comparison of the shallow and typical bound states, we
show the shallow case with the real part of the eigenenergy B = 0.01E}y,, in panels (a) and (b), and the
typical case with B = Eiy;, in panels (c¢) and (d). Furthermore, to investigate the decay contribution
to the compositeness, we show the case with a narrow decay width I'/2 = 0.1E;y, in panels (a) and
(c), and a broad width I'/2 = E\y,, in panels (b) and (d). The contribution of the decay is represented
by the difference between solid and dashed lines. We note that the dashed lines with I' = 0 are the
same as the solid and dashed lines in Fig. 6.1.

By comparing the solid and dashed lines in all panels, we find that the compositeness X with
decay width T (solid lines) is usually smaller than that without I' (dashed lines). This indicates that
the decay contribution reduces the compositeness. In this model, the decay components are implicitly

contained in the elementarity as a non-composite component. Thus, with the presence of the decay,
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there exists a larger fraction of the non-composite components than that in the I' = 0 system. As a
consequence, the elementarity increases with the decay contribution, which is equivalent to the decrease
of the compositeness due to X + Z = 1.

However, in the small v/ E}y, region, X with T’ # 0 becomes lager than that with I' = 0. This is
because at vy = —B, X is finite with T # 0, in contrast to that with I' = 0. It is analytically shown
from Eq. (6.11), that g3 # 0 with finite I at vy = —B:

—1
g (B+iF;V0=—B,A> :12 xiE X {A—narctan (Aﬂ # 0. (6.13)
2 " 2 K
The finite g2 at vy = — B leads to the finite value of the complex X (6.6) and X (6.12), which explains

the irregular behavior of X at B/Eiy, ~ —vo/Fiyp-

Furthermore, by comparing panels (a), (c) and (b), (d), we find that the 1y dependence of X
becomes smaller for larger decay width I'. The reason is shown by Eq. (6.11) where vy dependence
of g2 is suppressed with large |B + i['/2| > 1. In the formal limit I' — oo, it is shown that the

compositeness finally becomes constant! [71]:

- 1

From this observation, we find that X in panels (b) and (d) is the appearance of the feature of X in
the I' — oo limit.

To see the contribution of the decay width, we compare panels (a) with (c), which have the same
I'/2 but different binding energy B. We find that the difference between solid and dashed lines is
sizable in panel (a), while that is too small to distinguish in panel (¢). In other words, the decay
contribution to X is much smaller in panel (c) than in panel (a), while both have the same I'/2. By
focusing on the ratio, I'/2 is 10 times larger than B in panel (a), and 10 times smaller in panel (c).
This indicates that the suppression of X is determined by the ratio of B and I, not by the magnitude
of I'.

Probability of obtaining composite dominant model P,

In order to observe the nature of the shallow quasi-bound states, we show the probability of finding
the composite dominant model Peomp(B,T') (Fig 6.5). We note that Peomp(B,T') is the function of not
only the binding energy B but also the decay width I' in this case. In this observation, we fix the
decay width I'. The definition of Peomp(B,T") is essentially same as Eq. (6.10) with the replacement of
B with B+ iI'/2, but v, is defined with X = 0.5. The solid, dashed, and dotted lines stand for the
case with I'/2 = 0 (the same plot with the Fig. 6.3), I'/2 = 0.1E}y,;,, and I'/2 = E},,, respectively.

To discuss the decay contribution to Peomp(B,I"), we compare the solid, dashed, and dotted lines.
We see that Peomp(B,I") becomes smaller with the larger decay width I". This is explained by the
comparison of the solid lines in panels (a) with (b) or (¢), (d), which shows that v, becomes larger
when the T' is increasing. Furthermore, the difference of v. becomes smaller in panels (c) and (d)
than that in (a) and (b). This explains the fact that the difference between dashed and dotted lines is

smaller in the large B region while that is prominent in the small B region.

IThe A — oo limit exceeds the applicable energy scale of the EFT I' > A, as shown below. Therefore, this

consideration should only be utilized to understand the behavior of X with the increase of T'.



98 CHAPTER 6. STRUCTURE OF NEAR-THRESHOLD BOUND STATES

021 ]

P omp [dimensionless]
o

o

0 02 04 06 08 1
B/E,, [dimensionless]

Figure 6.5: The probability of obtaining the composite dominant model Poomp(B,I') as a function
of the binding energy B/Ey,. The solid line corresponds to Peomp with I'/2 = 0, the dashed with
I'/2 = 0.1E4yp, and the dotted with I'/2 = Ey;,. This figure is adapted from Ref. [71].

We then compare Peomp with and without decay width I'. By decreasing B from B/FE,, = 1, we
see that the deviation of dashed and dotted lines (I' # 0) from the solid line (I' = 0) becomes larger.
This is expressed by the nature of the decay contribution to the compositeness discussed above; the
suppression of X by I' is determined by the ratio of B to I'. Because the ratio of B to I' becomes
smaller when we decrease B with the fixed I', the decay more contributes to suppressing X for the
smaller B region.

We finally focus on the small B region B ~ 0. We find that P.omp does not become unity at B = 0
with the finite I' # 0 (dashed and dotted lines). With the presence of T', the states do not go to the
threshold B = I' = 0 even in the B — 0 limit. In this case, the coupling constant g3 (6.11) and &
are finite in Eq. (6.6), and X cannot become unity even in B — 0 limit, as long as T is finite. This
is the reason why Peomp(B,I') < 1 at B = 0 with finite decay width. Furthermore, the dotted line
never exceeds Peomp = 0.5 even with small B. This shows that the state with I'/2 = Eiy, is usually
elementary dominant. From these observations, we find that the quasi-bound states are not always
composite dominant even if B is small, and their internal structure is characterized by the ratio of B
to I' is large. We note that even when we decrease B, the state remains in the far-threshold region
unless T' is sufficiently small (see Fig. 6.6). From the viewpoint of the low-energy universality, the
finite scattering length induces the fact that Peomp < 1 at B = 0 with finite I'.

6.4 Coupled channel contributions to compositeness

In addition to the previous discussion with the decay channel, here we consider the coupled channel
higher than the threshold channel. For this purpose, we use the coupled-channel EFT model in

Section 4.2.2. To focus on the situation that a bound state couples to the two higher-energy channels,
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(channel 2) where these two channels couples to the bare state ¢ with the common coupling constant

go-

we assume that a bound state exists below the threshold of the lowest energy channel. For the
calculation of the compositeness in this case, we should determine the threshold energy difference Aw
in addition to the model parameters, the coupling constants go 1, go,2, A1, A12, A21, A2z, bare state
energy vy, cutoff A. We set A\;; = A2 = Aa1 = Ag2 = 0 also in this section. Furthermore, to focus
on the contribution of the channel coupling, we assume that the channels coupled to the bound state
with the same coupling constants go,1 = go,2 = go. In this case, the transition between channels 1 and
2 occurs through the bare field ¢ with the coupling constant go (Fig. 6.7). We note that the coupling
constant gg is real, in contrast to the previous section on decay contribution.

In the coupled channel case, we define the compositeness of the threshold channel X; and that
of the coupled channel X, from the completeness relation (4.59) as discussed in Section 5.4. The
compositeness X1, Xo, and elementarity Z are written by the loop functions (4.62) as [94, 71]

X,(B, Aw, v0, go, ) = Gy (i) (6.15)
AT G i) + G (o) — o) '
—1(s l
Z(B, Aw, g, go, A) = ) (6.16)

T GY(iky) + GY (ikg) — [0 (ik1)]"”
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with ¢ =1,2. k12 and v are given as

k1= /2B, k2 =+/2u2(B+ Aw), (6.17)

2

v(k) = kgio_ (6.18)
2u; V0

X 2 are real because the loop functions are real with positive B. From Egs. (6.15) and (6.16), we see

that X; + Xo + Z = 1. The energy derivative of v=!(ik;) and loop functions are negative. Therefore,

0<X;<1,0<X,<1,and 0 < Z < 1. In this way, we can confirm that X;, X5, and Z can be

regarded as the probability.

From Eq. (6.15), the compositeness in this model depends not only on the binding energy B and
the model parameters vy, g, A, but also on the threshold energy difference Aw. In this study, we fix B
and Aw to investigate the model dependence of the compositeness. As was the same in the previous
Section 6.2, we can reduce the one degree of the model parameters from the bound state condition, and
further reduce A dependence by using the dimensionless quantities. In this case, the result depends on
the reduced mass ratio p1/ps. To focus on the Aw dependence, we assume p /p9 = 1 in the numerical

calculation.

Compositeness X; and X; of near-threshold bound states

To observe the coupled-channel contributions to the compositeness, we show the compositeness of the
threshold channel X; and that of the coupled-channel X5 of the typical and shallow bound states as
functions of the normalized model parameter vy/Ety,,. For the comparison with the single-channel
case, we adopt the same parameter region (6.9). In Fig. 6.8, X is plotted as the dotted lines, and the
total compositeness X7 + X5 as the solid line. Therefore, the difference between solid and dotted lines
corresponds to Xs. To see the coupled-channel contributions, we also show the compositeness of the
single-channel case as the dashed line, which is calculated by the single-channel resonance model (6.6).
The panels (a) and (b) correspond to the shallow bound states with B = 0.01E4y, and (c) and (d)
to the typical bound states with B = Fi,. The states with small threshold energy difference Aw are
shown in panels (a) and (c), and large Aw is in panels (b) and (d).

We first focus on how the threshold energy differences Aw affect to the threshold channel compos-
iteness X1, which is quantified by the difference between the threshold channel compositeness with
channel couplings (dotted lines) and that without channel couplings (dashed lines). By comparing the
dashed and dotted lines in all panels, we first find that the threshold channel compositeness decreases
with the presence of the coupled channel. This is because the probability is shared also by the coupled
channel component, not only by the threshold channel and elementary components. In other words,
the channel couplings induce the reduction of the threshold channel compositeness. This is understood
by the quantitatively same reason as the decay contribution.

We then compare the panels (a) with (b) and (c¢) with (d), where the binding energy is the same
but Aw is different. From the difference between the dashed and dotted lines, we find that the degree
of the reduction of X is smaller when the threshold energy difference Aw is larger. Because channel 1
and 2 have the same coupling constant gg, the contribution of the channel coupling to the bound state
is determined only by the threshold energy difference Aw. Therefore, the coupled channel does not
affect very much the compositeness with the larger Aw. Furthermore, for comparison panels (b) with
(d), we find that the difference between dashed and dotted lines is smaller in panel (b), even though
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Figure 6.8: The compositeness X; (dotted lines), total compositeness X; + X2 (solid lines) and X
in the single channel case (dashed lines) as functions of the bare state energy vy/Eiyp. The panel
(a) shows the case with (B, Aw) = (0.01FE}yp, 0.1E¢y;,), (b) with (B, Aw) = (0.01Eyyp, Etyp), (c) with
(B, Aw) = (Etyp,0.1Eyp), and (d) with (B, Aw) = (Eiyp, Etyp). This figure is adapted from Ref. [71].

the Aw is common in these two panels. This indicates that the coupled channel contribution Xs is

determined by the ratio of B to Aw, not by the magnitude of Aw.

We then compare the total compositeness X; + X5 (solid lines) with that in the single channel
case (dashed lines). As discussed above, the dashed lines correspond to the case with Aw — co. We
find that the solid and dashed lines do not differ very much in all panels. This is considered as the
appearance of the feature of the model, where the bound state is constructed by the dressing of the
bare state through the couplings to the scattering states. The couplings to each scattering channel
contribute to the increase of X; and X5. In both the single and coupled channel models, the bare
state needs almost the same amount of the dressing so that the bound state appears at £ = —B with
the same bare state energy 1y. Therefore, the amount of the dressing in the coupled-channel model is
produced by the cooperation of channels 1 and 2, while that in the single-channel model is provided
only by the threshold channel. This is the reason why the total compositeness X; + X5 is close to the
X in the single channel case.

By comparing panels (a) with (b) and (c) with (d), the coupled channel compositeness X5 is smaller
with larger Aw/B. This relation between X5 and Aw is analytically observed from Eq. (6.15). In the
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Figure 6.9: The probability of obtaining the composite dominant model Peomp (B, Aw) as a function of
the binding energy B/FE}yy,. The solid line stands for Peomp in the single-channel model with Aw — oo,
the dashed line for Aw = Eiy,,, and dotted line for Aw = 10E4y,,. This figure is adapted from Ref. [71].

formal limit Aw — oo, the momentum of the coupled channel x5 also goes to infinity. In this case, the
loop function becomes zero and X, oc GY (ikz) — 0. This is intuitively regarded as the contribution
of the channel coupling vanishes when the coupled channel goes infinitely far away from the bound
state. In this case, the system reduces to the single channel case and X; to X in the single channel
resonance model.

We finally consider the opposite limit Aw — 0. From Eq. (6.15), we analytically see k1 = ko and
GY = Gg. Because we assume 1 = po, the compositeness becomes X; = Xs in this limit. This is
because the bound state couples to both channels 1 and 2 with an equal weight, through the common
go- In Fig. 6.8, we see this feature is reflected in panel (c), where the threshold energy difference is too

small than the binding energy to be negligible as Aw ~ 0.

Probability of obtaining composite dominant model P,

To quantitatively discuss the nature of the near-threshold states in a coupled-channel system, we define
the probability of finding the composite dominant model Peomp (B, Aw). In the presence of the channel
coupling, Peomp(B, Aw) also depends on the threshold energy difference Aw in addition to the binding
energy B. In this case, we define v, in Poomp(B, Aw) (6.10) as X1 (v.) = 0.5, in order to focus on the
threshold channel. We plot the probability of finding the composite dominant model Peomp (B, Aw) as
functions of the normalized binding energy B/E},,, in Fig. 6.9. The solid line represents Peomp (B, Aw)
in the single channel case with Aw — oo (the same plot with the Fig. 6.3), dashed line in the coupled
channel case with Aw = Eyyp,, and dotted line with Aw = 10E4y,,.

In the B — 0 limit, we find that Peomp(B,Aw) goes to unity in all cases, which means that
X1 — 1, Xy —0,and Z — 0 at B =0. When the binding energy B is sufficiently small, the threshold
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energy difference Aw becomes relatively much larger than B, and we can neglect the higher coupled
channel as shown in the discussion of Aw — oo limit. This is consistent with the compositeness
theorem (6.4), where the coupled channel component is included in the non-threshold-channel one
with the elementarity Z.

When we deviate from the point at B = 0, we see the gradient of Peomp (B, Aw) becomes larger
when Aw is smaller. The reason is explained by the behavior of X; in Fig. 6.8, where v, becomes
larger with decreasing Aw by comparing panels (a) with (b). On the other hand, in panels (¢) and
(d), X7 never goes beyond 0.5 in the whole v region. The behavior of the dashed line reflects this
property of X, where Peomp (B, Aw) becomes zero in the large B/ E}y, region.

6.5 Application to 7,..(3875)" and X (3872)

Set up

In the last section, we discuss the internal structure of the near-threshold exotic hadrons by calcu-
lating the compositeness. As well-known examples of the near-threshold exotic hadrons, we consider
T..(3875)" and X (3872). The detail of the system of T.(3875)" and X (3872) are shown in Fig. 1.7 in
the introduction. As mentioned there, T,.(3875)" and X (3872) are observed as the quasi-bound states
just below the DYD*+ and D°D*° thresholds, respectively. The binding energies and decay width of
T..(3875)" and X (3872) are observed by the experiments as in Ref. [29] and PDG [1], respectively:

T..(3875)" : B = —0.3610018 — i0.02470 501 MeV, (6.19)
X (3872) : E = —0.04 + 0.06 — i0.595 + 0.105 MeV. (6.20)

As shown in the data above, their binding energies are much smaller than the typical energy scale of
the binding energy of hadrons [< O(10) MeV]. In this sense, T..(3875)" and X (3872) are regarded as
the near-threshold quasi-bound states. T..(3875)" and X (3872) have a decay width with 0.048 MeV
and 1.19 MeV, respectively. We note that the binding energy of X (3872) is much smaller than the
decay width, even though T is already smaller than the typical decay width O(10) MeV - O(100) MeV.
Furthermore, in addition to the threshold channels, there are higher coupled channels D**D+ (D*~ D)
in the T..(3875)" (X(3872)) system, which exists 1.41 MeV (8.23 MeV) above the D°D**+ (D%D*?)
threshold. The deviation between threshold and coupled channels is induced by isospin symmetry
breaking. Thus, these coupled channels might affect the structure of T,.(3875)" and X (3872) as the
isospin partner of the threshold channel. In this way, both the decay width and channel coupling
should be considered to study T..(3875)" and X (3872).

To calculate the compositeness, we construct the EFT model combining the resonance models with
decay width (Section 4.2.1) and channel couplings (Section 4.2.2), so that both of these contributions
are included in the model. In the model with decay width in Section 4.2.1, we effectively introduced the
decay contribution. In contrast, we explicitly considered the channel coupling to the higher channel in
the coupled channel resonance model in Section 4.2.2. Based on these, in the model considered here,
we let the coupling constant in the coupled channel model be the complex value. For simplicity, we
again set A\g = 0. Furthermore, we assume go,; = go,2 = go as in the previous Section 6.4.

For numerical calculation, we take the mass of D mesons from PDG [1]. Based on these values, the
reduced masses p; and us of the T,.(3875)" and X (3872) system are determined, while we assumed

(1 = peo in the previous section.
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Figure 6.10: The compositeness of T..(3875)" [panel (a)] and X (3872) [panel (b)] as functions of
the bare state energy 1. The compositeness of the threshold channel X, is plotted as the dashed
lines, and the total compositeness with I' £ 0 is as the solid line. The dashed lines correspond to
the total compositeness without decay contribution I' = 0. The gray bands show the compositeness
by considering the experimental error. We use the cutoff A = 140 MeV. This figure is adapted from
Ref. [71].

With this setup, the compositeness of the threshold channel X; and coupled channel X5 are cal-
culated from Eq. (6.15) but with the complex coupling constant go € C. In this case, X; and X, are
obtained as the complex values. For the probabilistic interpretation, we use the prescription Egs. (5.95)
and (5.96) in Ref. [163], where X, (X3) is regarded as the compositeness of the threshold channel (the
coupled channel).

In the previous sections, we use the dimensionless quantities with the cutoff A. However, to consider
the actual hadron system of T,.(3875)" and X (3872), here we use the fixed cutoff A = 140 MeV ~ m,
because the interaction between D mesons can occur through the 7 exchange. In this case, the typical
energy scale iy, becomes

T..(3875)" : Eyyp = 10.13 MeV, (6.21)
X (3872) : Eyyp = 10.14 MeV. (6.22)

Compositeness of T..(3875)" and X (3872)

In Fig 6.10, we plot the compositeness of T,.(3875)" [panel (a)] and X (3872) [panel (b)] by varying
the bare state energy 9. The dotted lines stand for the compositeness of the threshold channel Xj.
To see the decay contribution, we plot the total compositeness X; 4+ X5 with finite decay width T' # 0
(the solid line), and that without decay contribution I' = 0 (the dashed lines). The shaded bands
represent the error from the experimental uncertainty of the binding energy in Eqgs. 6.19 and (6.20).
At first, we discuss the decay contribution to the compositeness by comparing the total compos-
iteness with I # 0 (the solid lines) and that with I' = 0 (the dashed lines). In the T..(3875)% case in
the left panel, we see the solid and dashed lines overlap, which means that the difference between the
two lines is too small to distinguish. This is because the decay width of T..(3875)" (I' = 0.048 MeV)

is about ten times smaller than the binding energy (B = 0.36 MeV). This nature of the compositeness



6.5. APPLICATION TO T,.(3875)" AND X (3872) 105

was observed in Section 4.2.1; the decay contribution to the compositeness becomes smaller with the
small ratio of I to B. On the other hand, we find that the decay contributes very much to the compos-
iteness of X (3872) because the difference between dashed and solid lines is sizable. This is explained
by the much larger decay width T' = 1.19 MeV of X (3872) than its binding energy B = 0.04 MeV.

We then focus on the coupled channel contribution to the compositeness. By comparing the dashed
with dotted lines, we find that the degree of the reduction of the threshold channel compositeness of
T..(3875)" is larger than that of X (3872). This indicates that the coupled channel contributes more
to the compositeness of T..(3875)" than that of X (3872). In the 7..(3875)" system, the threshold
energy difference Aw = 1.41 MeV is smaller than the binding energy B = 0.36 MeV. On the other
hand, Aw of X (3872) system (8.23 MeV) is much larger than the binding energy B = 0.04 MeV. As
discussed in Section 6.4, the coupled channel contribution to the threshold channel compositeness is
characterized by the ratio of B to Aw. This is because why the compositeness of T,.(3875)" is more
suppressed by the coupled channel by comparing with the X (3872) case, and X, becomes smaller in
T..(3875)%.

In this way, we find that the coupled channel contribution plays an important role in considering
the threshold channel compositeness X; of T..(3875)", while the decay contribution is negligible. This
is because T,.(3875)" has the small decay width and the threshold energy difference. In contrast, the
compositeness of X (3872) is more affected by the presence of the decay channel, while the coupled
channel contribution is relatively small. The decay width T' of X (3872) is not always taken into
account in previous works because it is smaller than the typical I of hadrons. However, to consider
the compositeness, this work indicates that the decay with I' of X (3872) should not be neglected.

The probability of finding composite dominant model Py, of T..(3875)" and X (3872)

To observe the contributions of decay and channel couplings to the molecular nature of T,.(3875)"
and X (3872), we calculate the probability of finding the composite dominant model Peomp. When we
consider both the decay width and channel coupling, Peomp is calculated for a given B, I', and Aw. The
critical value v, is defined such that X;(B;v.) = 0.5 in this case. With considering the experimental
error of the eigenenergy, the Peomp of T..(3875)" and X (3872) are obtained as

Peomp = 04570522 [T...(3875) 7], (6.23)
Peomp = 0.597057%  [X(3872)]. (6.24)

These results show that the probability of finding the composite dominant model is not so large,
while T..(3875)" and X (3872) are observed as the near-threshold states. From the discussion above,
this is explained by the presence of the decay and coupled channel contributions which suppress the
threshold channel compositeness X,. This result indicates that the non-composite dominant state
might also characterize the internal structure of T..(3875)" and X (3872) because of the decay and
channel couplings.

Compositeness of T..(3875)" and X (3872) for fixed vy

The value of vy cannot be determined within the EFT framework, and we focused on the model
dependence of the compositeness by varying the bare state energy vy in the above analysis. Here we
calculate practical values of the compositeness of T..(3875)" and X (3872) for fixed vy. For one of the
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practical values of vg for Tp.(3875)" and X (3872) systems, we adopt the energy of the state calculated
by constituent quark models in Ref. [62] and Ref. [4], respectively:

e g =7MeV, [T..(3875)"]; and

e 1y =T78.36 MeV, [X(3872)].

The compositeness of the threshold channel X7, that of the coupled channel X5, and elementarity
Z can be read off from the previous result in Fig. 6.10. Here we focus on the central value of X,
X5, and Z obtained from the central value of the binding energy. The compositeness X, Xs and
elementarity Z of T,.(3875)" are calculated as

X1 = Xpop+ = 0.541 — 0.0074, (6.25)
Xy = Xpeop+ = 0.167 4 0.0034, (6.26)
7 = 0.292 + 0.005i. (6.27)

We also show those of X (3872) as follows

X1 = Xpopo- = 0.919 — 0.0794, (6.28)
X = Xpe-p+ = 0.046 + 0.0504, (6.29)
Z = 0.035 + 0.030i. (6.30)

In the T..(3875)" case, we see that the imaginary parts of X 2 and Z are smaller than the real part
of those. This is because the decay width T of the T,.(3875)" is smaller than the binding energy B.
On the other hand, for the X (3872) case, the imaginary part of X5 and Z are as large as the real part,
as a consequence of the large ratio of I'/B of X (3872).

For the probabilistic interpretation of the complex compositeness and elementarity, we adopt the
interpretation scheme with X', ), Z discussed in Section 5.7.4. In this scheme, the compositeness X is
regarded as the fraction of the threshold channel component (i.e., the interpretation of complex X7),
and the coupled channel compositeness X5 is contained in the elementarity Z. Here we use o = «p,
which corresponds to adapting the criterion for interpretable state in Eq. (5.101). The compositeness

X, probability of uncertain identification ), and elementary Z are calculated as

X =0537, Y=0008, Z=0456, [T..(3875)"], (6.31)
X =0890, Y=002 Z=0081, [X(3872)]. (6.32)

In both of the T,.(3875)" and X (3872) cases, ) is much smaller than other probabilities. Recalling Y
is defined to be small for narrow resonances, this is consistent with the nature of these exotic hadrons
with narrow decay width < O(1) MeV. The result of 7,.(3875)" shows that the compositeness X is
the largest but also Z is non-negligible. This is explained by the sizable magnitude of X5 (6.26) and
Z (6.27), which are included in the non-threshold channel components Z. In this sense, T..(3875)"
is concluded to be composite dominant but with considerable contributions of the coupled channel
and non-composite components. On the other hand, X (3872) has a large fraction of the composite
component X'. This is a consequence of a large vy value adopted here; the complex compositeness
increases together with v as shown in Fig 6.10. Therefore, X (3872) is regarded as a D°D% highly
molecule-dominant state.
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Chapter 7
Summary

In this thesis, we study the universal nature of near-threshold states by studying their internal structure
with the compositeness. In recent years, the study of exotic hadrons has been attracting significant
attention as one of the key topics in hadron physics. Exotic hadrons are frequently observed in the
near-threshold energy region, where the threshold rule is empirically known; the near-threshold bound
states are expected to be composite dominant. However, the theoretical explanation for why the
threshold rule holds has not yet been provided. Furthermore, the threshold rule cannot be directly
applied to hadron systems due to decay and coupled channels. Here we discuss these problems in the
context of the low-energy universality.

We begin with the simplest system, a bound state in single-channel scatterings. We adopt the
effective field theory model which describes a bound state generated by the coupling of the bare state
to the scattering states. By examining the model dependence of the compositeness, we show that
the shallow bound state is predominantly composite in most cases without significant fine tuning
of parameters. While the non-composite shallow bound state is always possible, we show that the
possibility of obtaining a model with the composite dominant bound state increases for small binding
energy. In this way, the threshold rule is properly established.

We then discuss how the compositeness is modified by the decay and channel couplings, toward an
application to exotic hadrons. We show that the compositeness is suppressed by the decay and coupled
channel contributions. Since the decay (coupled channel) contribution is quantitatively characterized
by the decay width (threshold energy difference), the suppression of compositeness is determined by the
ratio of the decay width (the threshold energy difference) to the binding energy. This result suggests
that the decay (coupled channel) effect substantially contributes to the compositeness, if the decay
width (threshold energy difference) is larger (smaller) than the binding energy, even for the small
(large) magnitude of the decay width (threshold energy difference).

As an application to near-threshold exotic hadrons, we discuss the internal structure of T,.(3875)"
and X (3872). We show that the coupled channel (decay) significantly affects the compositeness of
T..(3875)% [ X (3872)], compared to the decay (channel coupling). This is because T..(3875)" [X (3872)]
has the narrow (broad) decay width and small (large) energy difference between the thresholds. Thus,
we conclude that the coupled channel (decay width) is important for the compositeness of T,.(3875)"
[X (3872)], while their contributions are not always included in previous studies.

As prospects, it would be interesting to discuss the nature of near-threshold states interacting
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through the Coulomb plus short-range interaction. In hadron physics, the Coulomb force is usually
neglected, because it is approximately 100 times weaker than the strong interaction. However, at a
low-energy scale near the threshold, the Coulomb force might play an important role. In the presence
of the Coulomb interaction, near-threshold states might exhibit a distinct nature, because the effective
range expansion of the scattering amplitude becomes a different form from that of the short-range
interaction [189, 81, 190]. Consequently, it is not trivial that the same conclusion holds as in the case
of the short-range interaction. Therefore, the compositeness of near-threshold states in the Coulomb

plus short-range interaction will give an alternative viewpoint on the present results in this thesis.
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