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Rotation about the symmetry axis

Z The equator part is expanded 
due to the centrifugal force

→Moment of inertia increases

Example: The earth

The rotation about the symmetry axis 
is quantum-mechanically forbidden 



Z

Spin alignments

By spin alignments which break the time-reversal 
symmetry, quantum objects can have the angular 

momentum about the symmetry axis
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Objective 

A drastic example:
If many nucleons breaking the time-reversal 
symmetry rotates about the symmetry axis
  → torus configuration

Search for stable torus isomers in high-spin 
states from 28Si to 56Ni using the cranked 
Hartree-Fock (HF) method

How is their excited states?
 → Precession motion
 → Describe the precession motion using the 
time-dependent Hartree-Fock (TDHF) method



Density distribution of a stable solution
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Cranked 3D Hartree-Fock method

varying !

→ Code Sky3d
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Convergence of K (Jz)
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Alignments of orbital angular momentum
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Systematics of torus isomers
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in the direction perpendicular to the symmetry axis at t = 0,
the torus nuclei start to perform the precession motion. This
precession motion is related with a rotation about an axis per-
pendicular to the symmetry axis, called a perpendicular axis.
In Ref. [5], we already showed that this precession motion is
a pure collective motion to restore the broken symmetry and
described by the coherent superposition of many 1p-1h states.
We will investigate that other torus nuclei also perform the
precession motion decoupled with other collective modes and
whether its moment of inertia is close to the ridged-body one.
We can also check the stability of the obtained torus nuclei by
providing an impulsive force.

Figure 1 shows a schismatic picture of the precession mo-
tion taken from Ref. [5]. At t = 0, the torus nucleus is placed
on the x-y plane with the angular momentum, K (= Jz ), along
the z axis in the laboratory frame. When an impulsive force
is provided in the negative x direction (the dotted line) at
t = 0, the vector of the total angular momentum becomes I⃗
(the dashed line). We call this vector the precession axis. Af-
ter that, the symmetry axis of the density distribution in the
body-fixed flame (the bold solid line) starts to rotate about the
precession axis with the rotational angle, φ. In the precession
motion, the value K is conserved and its direction is identical
to the bold solid line. The tilting angle, θ, is defined as the
angle between the bold solid and the dashed lines. Then, the
moment of inertia for the rotation about a perpendicular axis,
T⊥, is estimated by T⊥ = I/ωprec, where ωprec denotes the
rotation frequency of the precession motion. To build the first
excited states of the precession motion, we provide an impul-
sive force so as to become the state with I = K + 1.

To calculate the precession motion, we determine the time
evolution of the density distribution by solving the TDHF
equation motion given by i! ρ̇ = [Ĥ , ρ]. To solve the TDHF
equation, we use the code Sky3d and take a Talyor expan-
sion to the time-development operator up to the 12th order
in the code. The setups of spatial grid points and interac-
tions are the same as those of the cranked HF calculations
mentioned above. We start to perform calculations from the
initial density distributions obtained by the cranked HF cal-
culations. The time step of the TDHF calculations is 0.2
fm/c. We calculate the time evolution until 3000 fm/c. To
excite the precession motion, we provide an impulsive force
at t = 0 by the external potential given by Vext(r,ϕ, z) =
V0z cos ϕ exp[−(r − R0)2/d2]. This impulsive force increases
the angular momentum only in the negative x direction. Here,
we chose the parameter V0 so that the total angular momentum
becomes I = K + 1.

III. RESULTS

A. Static properties

We first globally search for stable torus states from 28Si to
56Ni. We cannot find any stable torus isomer states in 28Si,
32S, and 56Ni nuclei. We obtain stable torus states in 36Ar for
Jz = 36 !, 40Ca for Jz = 60 !, 44Ti for Jz = 44 !, 48Cr for
Jz = 72 !, and 52Fe for Jz = 52 ! with all three different

TABLE I. Calculated results for obtained stable torus nuclei. The
excitation energy, Eex, is measured from the ground state. The sym-
bols ρ0, R0, and d denote the fitted Gaussian parameters for obtained

density distributions, given by ρ(r, z) = ρ0e−
[
(r−R0)2+z2

]
/d2

The
symbols T⊥ and T∥ denote the ridged-body moment of inertia for
the rotations about the axis perpendicular to the symmetry axis and
about the symmetry axis, respectively.

System Jz Eex ρ0 R0 d T⊥ T∥
(!) (MeV) (fm−3) (fm) (fm) (!2/MeV) (!2/MeV)

(SLy6)
36Ar 36 123.89 0.137 5.12 1.62 14.3 26.4
40Ca 60 169.71 0.129 6.07 1.61 21.1 39.6
44Ti 44 151.57 0.137 6.30 1.61 24.6 46.5
48Cr 72 191.25 0.132 7.19 1.60 33.8 64.7
52Fe 52 183.32 0.138 7.47 1.60 39.1 75.1

(SkI3)
36Ar 36 125.15 0.146 5.01 1.58 13.7 25.3
40Ca 60 173.52 0.138 5.90 1.58 19.9 37.5
44Ti 44 153.02 0.146 6.17 1.58 23.6 44.6
48Cr 72 193.66 0.141 7.00 1.57 32.0 61.3
52Fe 52 183.70 0.147 7.31 1.57 37.5 71.9

(SkM∗)
36Ar 36 124.80 0.131 5.16 1.65 14.6 26.9
40Ca 60 167.84 0.122 6.17 1.64 21.8 41.0
44Ti 44 152.20 0.131 6.36 1.64 25.1 47.5
48Cr 72 192.40 0.125 7.30 1.63 34.9 66.7
52Fe 52 187.08 0.131 7.55 1.63 40.0 76.7

Skyrme interactions. We plot the density distributions for the
obtained torus nuclei at the z = 0 plane with the SLy6 in-
teraction in Fig. 3. In the figure, the contours correspond to
multiple steps of 0.015 fm−3. The color is normalized by the
largest density in each plot. The obtained results are tabulated
in Table I. The excitation energies measured from the ground
state are also tabulated in the third column of Table I.

The obtained density distributions for the stable torus nuclei
are well fitted by the Gaussian function, given by ρ(r, z) =
ρ0e−[(r−R0)2+z2]/d2 , where ρ0, R0, and d denote the max-
imum value of the nucleon density, the radius of the torus
shape, and the width of the ring of the torus, respectively. The
obtained results for the fit are tabulated in the middle of Table
I. We see that the values of ρ0 and d are almost constant in all
the torus nuclei. The interaction dependence of these values
is small. It is interesting that the value of ρ0 is smaller than
that of the normal saturation nuclear density and the value of
d is very similar to the width of the alpha particle.

We also calculate the ridged-body moment of inertia for
the rotations about a perpendicular axis, T (rid)

⊥ , and about the
symmetry axis, T (rid)

∥ . Later, we will compare the values of
T (rid)

⊥ with those of the TDHF calculations.
To investigate the microscopic structure of the torus nuclei,

we plot the neutron single-particle energies in the laboratory

Density: ⇢ ⇠ 2/3⇢0

Width: similar to α particle



Macroscopic circulating current of nucleons

J = 60 

How is the moment of inertia for the rotation about an  
axis perpendicular to the symmetry axis when 

macroscopic circulating current occurs?
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Precession motion

Z’
The torus isomer has a very large 
angular momentum about the 
symmetry axis

If we give an impulsive force to the 
symmetry axis

→ Precession motion starts

Z
☝️

Describe the precession motion 
using TDHF method

cf. a top in zero gravity



Time evolution of density distribution

i~⇢̇ = [ĥ, ⇢]TDHF equation → Code Sky3d
give an impulsive force at t = 0 by an external field

One period: Tprec = 403.0 fm/c
!prec =

2⇡
Tprec

= 3.08 MeV/~

T TDHF
? =

I
!?
= 19.8 ~2/MeV

T rid
? = 21.1 ~2/MeV

40Ca

→ I = K + 1 = 61 ℏ

→
T RPA
? = 19.6 ~2/MeV→



Summary

We find stable isomers with the exotic torus configuration in high-spin 
states from 36Ar to 52Fe

To build the torus isomer of 40Ca with K = 60 ℏ, totally 12 nucleons with Λ 
= +4, +5, and +6 are aligned with the symmetry axis in both proton and 
neutron

We also describe the precession motion of torus isomers using the TDHF 
method and the obtained moments of inertia for the rotation about an 
axis perpendicular to the symmetry axis are almost the rigid-body values

By comparing to the RPA calculation, we found that the precession 
motion obtained by the TDHF calculation corresponds to the excited 
mode generated by coherent superposition of many 1p-1h excitations
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