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field theories

® Simple example: real, scalar ©* quantum field theory

® Lagrangian density

1 1

Llp(@)] = 50up(@))” = Smip()* - Te(a)*

® Spontaneous Z, symmetry breaking for negative (renormalized) m?

® After Wick rotation, discretization and variable transformation

s=3%" (—2/@2 PotpPs + 0 + Az — 1)2)

L

® In the limit A — oo, ¢, = £1 (Ising model)



field theories

® Simple example: real, scalar ©* quantum field theory

® Mean field theory: mapping to a 0-dimensional effective model

—> replace all interactions by an interaction with a constant
background field v

® Partition function of the lattice model

d
Z = /DM ] exp (s&ik(wi —1)*4+2k ) soxsox+ﬁ)

x pu=1
becomes Zyip = / dp exp (—¢® — Mp® — 1) + 2k(2d)vy)
® Self-consistency condition
1 ®.@,
B=(0) =5 — | pwen (- ¢ - M - D + 2620ffp)
ZMF J—co



DMEI for.quantum field theories

Akerlund, de Forcrand, Georges & Werner (201 3)

® Simple example: real, scalar ©* quantum field theory

® Mean field theory: Phase diagram (d=3+1)

0.14 ~

0.13
0.12

0.11 r

Monte Carlo, 304 —— -

Mean Field —— -

symmetry-broken
bhase

0.1
0.09 1
symmetric phase
0.08 r
0.07 ' '
0 1 2 3 4 5



quantum field theories

® Simple example: real, scalar ©* quantum field theory
Akerlund, de Forcrand, Georges & Werner (201 3)

® Dynamical mean field theory: mapping to a (0+1)-dimensional effective
model

—> explicitly treat fluctuations in one dimension, freeze fluctuations in
the (d-1) other dimensions

® Dynamical dimension: ¢ (with conjugate momentum w )

Frozen dimensions: x1,...,Z4—1 (conjugate momenta k1,...,kq_1)

This convention allows to study finite-temperature behavior by varying the extent of the
dynamical dimension

® Breaks Lorentz invariance, but let’s try it anyhow ...



quantum field theories

® Simple example: real, scalar ©* quantum field theory
Akerlund, de Forcrand, Georges & Werner (201 3)

® Dynamical mean field theory: mapping to a (0+1)-dimensional effective
model
—> explicitly treat fluctuations in one dimension, freeze fluctuations in
the (d-1) other dimensions

® Schematically:
non-zero in the

symmetry-broken

— /D[gp] exp (2m>:>:gpxgox+u — ZV(%@)) phase
ZDMFT/D[QO]GXP< ZK t—t gOtQOt/—ZV Dt —|—h2g0t>

t,t’

effect of the frozen dimensions on the local dynamics



field theories

® Simple example: real, scalar ©* quantum field theory

® Cavity construction: separate action into

internal x = (0, t) and external = # (0, 1)

degrees of freedom
S = |Oint -I-.+ Sext |—

Sint — Z [ 2/{Spmt t+1%Pint, ¢ =+ Qomt 1 + A(@mt ,t 1)2
. = —2K Z Z Pint,t Pext,t
t  (int,ext)
Sext — Z [ — 2K Z Prt+vPx + 90925 T )‘(90925 T 1)2}
z#(0,t) v

® Expand exp(—AS)and integrate out the external degrees of freedom



field theories

® Simple example: real, scalar ©* quantum field theory

Sint Sext
® Cavity construction: to allow for symmetry
breaking, we write
Pext,t — ¢ext 5¢ext,ta <Spext> — ¢ext [
t
Pint,t — ¢int 590int,t7 <S0int> — ¢int AS

X

AS — —KJZ ( — ]. ext5901nt t + Z 5901nt téspext t> + f(%pext)

(int,ext)

Sl ‘|‘ Z 55 _I' f(@pext)
t

® Expand exp(—d.5)



field theories

® Simple example: real, scalar ©* quantum field theory

1nt ext

® Cavity construction: Terms up to second

order yield

4 = Lext /DSﬁmt exp(—Sint — S51) L
X ( Z< ext + = Z 68 ext + . )

t t,t’

® First order term is zero because proportional to (§Wext)ext = 0

, “hybridization function”
® Second order term is non-zero: *

<5S(t)5s(t/)>ext = 5901Tnt,tA(t — t,)590int,t/



field theories

® Simple example: real, scalar ©* quantum field theory

1nt ext
® Cavity construction: After re-exponentiation
and switching back from oy to ¢
we find the effective single-site action [

Simp = oKy (t—1) soerZ 1> —h)> ¢
t,t’ t

~ ~

K ' (w) = 1-2kcos(w)— Aw)

~

h = 2¢ext(2/{(d — 1) — A(O))

® We call it “impurity action” (condensed-matter convention)



field theories

® Simple example: real, scalar ©* quantum field theory

® Dynamical mean field equations:
Hybridization function A and.
are fixed by self-consistency conditions [

Simp = oKy (t—1) soerZ 1> —h)> ¢
t,t’ t

~ —_~~

K ' (w) = 1-2kcos(w)— Alw)

West(21:(d — 1) —[A(0))

>
|




field theories

® Simple example: real, scalar ©* quantum field theory

® Dynamical mean field equations:
Hybridization function A and @ext
are fixed by self-consistency conditions [

t

AS
X

® | ocal lattice Green’s function
v DMFT approximation: identify lattice and

~ 1
Gloc (W) — Zk éal(k,w)—l—i(k,w) impurity self-energy
éal(k, w)=1-2k 25:1 cos(k;)
® Impurity Green’s function

~

. . 1
Gunp(w) I (w)_|_21mp(w) 1—2kK cos(w)— A(w)-l-Elmp(w)

1mp C



quantum field theories

® Simple example: real, scalar ¢* quantum field theory o g
int ext
® Dynamical mean field equations:
Hybridization function A and @ext
are fixed by self-consistency conditions
t
| : AS

X

® |Local lattice Green’s function

~

N 1
G oclw) = ~
1 ( ) Z G—l (Cd) + A(w) — 92K ij_ll COS kz

® Self-consistency equations:

~ ~

Gimp (W)
<90> St ¢ext

||
0
2

S



DMEI for.quantum field theories

® Simple example: real, scalar ¢* quantum field theory
Akerlund, de Forcrand, Georges & Werner (201 3)

® Dynamical mean field equations:
Hybridization function A and @ext

are fixed by self-consistency conditions

Lattice model impurity model

DMFT self-consistency
1
Gioe' > S[A, dext]

latt — —
Gl(a;c — Czimpa <90> — qbext
momentum average | ‘ ‘ ‘ impurity solver
latt —
Eka — Elmp

Gyt =Gy + 207 " Gimp, Dimps ()
DMFT approximation




DMEI for,quantum

field theories

® Simple example: real, scalar ©* quantum field theory
Akerlund, de Forcrand, Georges & Werner (201 3)

® Dynamical mean field phase diagram (d=3+1):
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DMEI for.Bosons

® Simple example: Bose-Hubbard model

H = —thij —I—%an(nz — 1) —,uZm
(2,7) 2 2

® Mott-Insulator to superfluid transition at low temperature



DMEI for.Bosons

® Simple example: Bose-Hubbard model

® Derivation of DMFT formalism analogous to the ©* case

® Split action of the lattice model into S = Sipt + AS + Sext

& U O« 00O

Sint — / dT[ o :ubiTntbint + gnint (nint — 1)} I I I
0

3 — 0«01

AS = —t / D (blbext + blyibint) éHéHé

0 (int,ext) I I I

G} 7 [— 0«01

Sext — / dT{ — ,Ublxtbext + —MNext (next — 1)} I I I

0 2 O« 0«0

® To allow for symmetry breaking (condensation), write

bext — ¢ext + 5bexta bint — ¢int + 5bint



DMEI for.Bosons

® Simple example: Bose-Hubbard model

® Derivation of DMFT formalism analogous to the ©* case
Anders, Pollet, Gull, Troyer & Werner (2011)

® Expand exp(—AS), integrate out external degrees of freedom

® End up with an impurity model O A() Hybridization funcion

(hopping of normal bosons)
U

exchange of particles K I
with the condensate
()
1 (7 g U
Simp = —= b'(1)A(r — ) ) + dT + —n(7)[n(1) — 1}
2 Jo 0 2



DMEI for.Bosons

® Simple example: Bose-Hubbard model

® Derivation of DMFT formalism analogous to the ©* case
Anders, Pollet, Gull, Troyer & Werner (2011)

® Expand exp(—AS), integrate out external degrees of freedom

® End up with an impurity model A(z) Hbrdization functio

T (hopping of normal bosons)
U
D

exchange of particles

. . K
Nambu notation with the condensate

® A and @ fixed by the DMFT self-consistency condition

approximation: identification of lattice and impurity self-energy

® = (b(7))S,r Gloe = Gimpe  [= —(Tb(7)b'(0))s,,,, + BB



DMEI for.Bosons

Th

® Simple example: Bose-Hubbard model

Derivation of DMFT formalism analogous to the ¢* case

Anders, Pollet, Gull, Troyer & Werner (2011)

Results: Phase diagram (d=3+1)

-~ —e—B-DMFT

—— Bethe z=6

superfluid

N WA OO0 N 0 ©

|
Mott,'

—
1

|

o

gl —&— Monte Carlo -

T~ o — — —Mean Field -

insulgtor 7

20 25
urt

10 15

o
(&)

35

40

1.8F
16F
14r
121

w/U 1g

08}
06}
04t
0.2}

—e— B-DMFT
—&— Monte Carlo
=~ —— Bethe z=6
— — —Mean Field

~

Mott insulator ™,
n=2 )

7

-~
-
-

superfluid

Mott insulator ~ o
n=| /

0.005 001 0015 002 0025 003 0035 004
/U



DMEI for.Bosons

® Simple example: Bose-Hubbard model

® Derivation of DMFT formalism analogous to the ©* case

® Results: Connected density-density correlation functions (d=3+1)
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DMEI . for.Fermions

® Simple example: single-band Hubbard model

H=—t Z Cl-LJng =+ Uzn@',Tni,l — Mzni,a
(%,9),0 ’ 1,0

® Describes Mott transition, magnetic and superconducting transitions



DMEI . for.Fermions

® Simple example: single-band Hubbard model
Gutzwiller, Kanamori, Hubbard (1963)

® Dynamical mean field theory: Mapping to a quantum impurity model

Georges & Kotliar (1992)
Hybridization function
A O(T ) (describes hopping of electrons
into the lattice and back)

.,

® Hybridization functions A, fixed by DMFT self-consistency condition

approximation: identification of lattice and impurity self-energy

latt
G — Gimp,a

loc,o



® Simple example: single-band Hubbard model
Gutzwiller, Kanamori, Hubbard (1963)

® Dynamical mean field theory: Mapping to a quantum impurity model
Georges & Kotliar (1992)

lattice model impurity model

Glatt = Gimp

e v —> ()
( ) < ' °

o &6 6 0 o
7 xS

Zla,tt = Zz"mp

® Various numerical approaches to solve the impurity problem:

weak-coupling perturbation theory, strong-coupling perturbation theory,
exact diagonalization, NRG, QMC, ...



DMEI . for.Fermions

® Simple example: single-band Hubbard model
Gutzwiller, Kanamori, Hubbard (1963)

® Dynamical mean field theory: Mapping to a quantum impurity model
Georges & Kotliar (1992)

lattice model impurity model

Ga Esz
e o0 00 fatt P O
e ' > A
O © 6 o o

( ) < ' °

® 6 6 o o
7 xS

Zla,tt = Zz"mp

® Single-site DMFT can treat two-sublattice order (e.g. AFM)
Bathp |G|, Bathy.|Gp.o]

® Pure Neel order: Bathp , = Batha



DMEI . for.Fermions

® Equilibrium DMFT phase diagram (half-filling)

® Paramagnetic calculation: Metal - Mott insulator transition at low T

® Smooth crossover at high T

TA
?H?H?H?H? metal “Mott” insulator ?H?H?H?H?
60000 060000
I A \ I A
o000 > ©06—-0—-0-—-0—0




DMEI . for.Fermions

® Paramagnetic calculation: Metal -

® Equilibrium DMFT phase diagram

Mott insulator transition at low T

® Doping-driven metallization upon increasing p
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® Paramagnetic calculation: Metal -

® Equilibrium DMFT phase diagram

Mott insulator transition at low T

® Doping-driven metallization upon increasing p
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® Equilibrium DMFT phase diagram (half-filling)
® Paramagnetic calculation: Metal - Mott insulator transition at low T

® Smooth crossover at high T

T A
paramagnetic Mott insulator has large entropy:
metal-insulator transition upon increasing T
®—0—-0—0—0 metal “Mott” insulator ¢-—6-—e-—e—e
I S A P
O—0—®—-0—0 0—0—-0—-0—0
I S | S
O—®—0—0—0 > O—90—-0—-0—0




® Equilibrium DMFT phase diagram (half-filling)

® Paramagnetic calculation: Metal - Mott insulator transition at low T

® Smooth crossover at high T I I g
! +

“plaquette singlet” state dominates low-T insulator

-
>

®—0—-0—-0—0 metal “Mott” insulator @-—e-—e-—e-—e

. .

-0 —-9—-0—-0 ©6—0—-0—-0—-0

ol Vol

*O—9®—-0—-d—0 > *—90—-0—-0—-0
curvature of the phase boundary changes if U

short-range spatial correlations are taken into account



DMEI . for.Fermions

® Equilibrium DMFT phase diagram (half-filling)

® With 2-sublattice order: Antiferromagnetic insulator at low T

® Smooth crossover at high T

“Mott’ insulator




DMEI . for.Fermions

® Equilibrium DMFT phase diagram (half-filling)

® Transformation c;; — c,l.LT (1€ A), cip— —c,:.fT (1 € B)

maps repulsive model onto attractive model

TA

superconductor AFM insulator

attractive repulsive U



DMEI . for.Fermions

® Equilibrium DMFT phase diagram (half-filling)

® Half-filling: transformation c¢;; — c;.fT (1€ A), cip — —CIT (2 € B)

maps repulsive model onto attractive model

TA

AFM insulator

\

“Slater” *._ “Mott”

superconductor

4

((BEC’) ,/,, ((BCS))

attractive repulsive U



® | ow-dimensional systems
® DMFT is exactin d = oo Metzner & Vollhardt (1989)
® Neglect of spatial fluctuations problematic in d < 3

® d = 2 Hubbard model is believed to describe the physics of

high-Tc (cuprate) superconductors

././0 ./.,0 CuQ

------- BaO T

® CuO > - AFM Mott insulator 1
././.. ././0 \

N " - y A Y 0
____________ ® |- pseudo—gap
/0 o .(./0 CuO, / _1
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® | ow-dimensional systems
® DMFT is exactin d = oo Metzner & Vollhardt (1989)
® Neglect of spatial fluctuations problematic in d < 3

® d = 2 Hubbard model is believed to describe the physics of
high-Tc (cuprate) superconductors

to describe the physics of the cuprates, we need

././. ././. Cuo a cluster extension of DMFT, with at least 4 sites

,0---6 ------ I BaQ T
i s :
././. . ././. Cqu - AFM Mott insulator
® P
1@ 1= A Y hS . pseudo—gap

———————————————————

\ 1
/
. superconductor

G}
G

d-wave 0
/>\ metal & -
> -1

hole doping




DMEI . for.Fermions

® | ow-dimensional systems

® Cluster DMFT self-consistently embeds a cluster of V. sites into a
fermionic bath Hettler, Prushke, Krishnamurthy & Jarrell (1998)

® |f cluster is periodized: coarse-graining of the momentum-dependence
Z(p, w) — Z ¢a(p)2a(w)

® “Tiling” of the Brillouin zone




® | ow-dimensional systems

® Cluster DMFT self-consistently embeds a cluster of V. sites into a
fermionic bath Hettler, Prushke, Krishnamurthy & Jarrell (1998)

® Doping driven insulator-metal transition in the 8-site cluster DMFT

~ first 8% of dopants go into the B sector  Werner, Gull, Parcollet & Millis (2010)
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® | ow-dimensional systems

® Cluster DMFT self-consistently embeds a cluster of V. sites into a
fermionic bath

® Doping driven insulator-metal transition in the 8-site cluster DMFT

~ first 8% of dopants go into the B sector

0.56

0.55
0.54 ¢
c 053¢
0.52 ¢
0.51 ¢
0.5

0O O

2 04 06 08 1
u/t

1.2

1.4

Werner, Gull, Parcollet & Millis (2010)

Pseudogap phase as a momentum-
selective Mott state




Nonequilibrium DMEI

® DMFT accurately treats time-dependent fluctuations
—>» can be directly applied to nonequilibrium systems Freericks et al. (2006)
® Equilibrium: solve DMFT equations on the imaginary-time interval

Time-translation invariance: can use Fourier transformation

® Nonequilibrium: solve DMFT equations on the Kadanoff-Baym
contour Integral-differential equations of Volterra type

9. t

0: = )
: bropagate and converge the DMFT
solution step by step along the
§ vertical branch: real-time axis
5 initial equilibrium
state

—igil



Nonequilibrium DMEI

® Field E(t) applied at t=0

® Choose gauge with pure vector potential: F(t) = —0;A(t)
Freericks et al. (2006)

Oo—0—0—0—0©0
RN
0<—>Q<—><—>Q<—>Q
IR TR
O—0—0—/0—0©0

® Peierls substitution: £(k) — e(k — eA(t))

® Lattice: hybercubic, infinite-d limit p(e) = \/%1W exp(—e?/W?)



DC electric fields

® Dielectric breakdown of the Mott insulator
Eckstein, Oka, &Werner (201 |); Eckstein & Werner (2013)

Electric field (amplitude F) applied at t=0
in the body-diagonal




fields

® Dielectric breakdown of the Mott insulator

Eckstein, Oka, &Werner (201 |); Eckstein & Werner (2013)

® Time evolution of the current and double occupancy

0.004 —ﬂ F=1.0 e ]
F=0.8 -
0.003 | F=0.6 -------
L F=0.4 —
=0.002 [ | _
.

== satte,
=2 Ty w 0
DT % Syt T LA LU L NI TCLCRLL R L LD
0.001 H E: ™ :: _
[} .- = = I
s -
= -
- =z

0 5 10 15 20
time

build-up of a polarization

quasi-steady state

A(w) T
0.6 | .
0.3 .
0002 B O I l ] 7]
-5 0 5
L\L (0))
0.001 .

O | | |
O 03 06 09 12

F

quasi-steady current follows a threshold-law:

j/F x exp(—Fin/F)



fields

® Dielectric breakdown of the Mott insulator
constant production of
Eckstein, Oka, &Werner (201 |); Eckstein & Werner (2013) doublon-hole pairs

® Time evolution of the current and double occupancy

A
_ﬂ F=1.0 o ] 0.017 - F=1.0 v T () T
0.004 06 | l
_ F=0.8 :--eeee F=0.8 - 0-3
F=0.6 ------ F=0.6 - 37 :
L[ E ] 0.002 ! ! ! 7
, 0003 rft F=0.4 — 0015 | F=0.4 — . - 0
= -5 0 5
=0.002 H| | 15 = '
. 0.013 - 1 0001 L |
0.001 {f 7 iU T I~ '
0 001t ]
| | | | J | | | | O | | |
00 5 10 15 20 0 5 10 15 20 0 03 06 09 1.2
time time F
build-up of a polarization quasi-steady current follows a threshold-law:

quasi-steady state J / F exp(—F th/ b )



fields

® Dielectric breakdown of the Mott insulator

Eckstein, Oka, &Werner (201 |); Eckstein & Werner (2013)

® Why is there a steady-state current if number of carriers increases!?

0.004

0.003
L

t)/

=0.002

0.001

® Doublons (and holes) quickly heat up to infinite temperature!

10 15 20

time

AS(w,1)

time-dependent occupation function compared to a
rescaled spectral function (black)
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DC electric fields

® AC-field quench in the Hubbard model (metal phase)
Tsuji, Oka,Werner and Aoki (2011)

Electric field (amplitude E, frequency )
applied at t=0
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® AC-field quench in the Hubbard model (metal phase)
Tsuji, Oka,Werner and Aoki (2011)
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® AC-field quench in the Hubbard model (metal phase)
® Sign inversion of the interaction: repulsive «<> attractive

® Dynamically generated high-Tc superconductivity?

temperature superconductor
metal (attractive interaction)
/

~—_

-==~{ superconductor
N . . .
. +. (repulsive interaction)

f »5
4 \

4 \

hole doping



Origin of the attractive interaction

® Periodic E-field leads to a population inversion

— E(t)
—(O0—0O0——C0O0——C0——0——0—

® Gauge with pure vector potential

E(t) = Ecos(Qt) = —0;A(t)

— A(t) = —(BJQ)sin(Q1)

® Peierls substitution € — €x_ 4(1)

® Renormalized dispersion

0 27 /2

€ = % ; dtek_A(t) — jO(E/Q)Gk




Origin of the attractive interaction

® Periodic E-field leads to a population inversion

Jo(E/S2) =1

® Renormalized dispersion

0 27 /2

€ = 2— dtek_A(t) — jO(E/Q)Gk
T Jo



Origin of the attractive.interaction

® Periodic E-field leads to a population inversion

To(E/Q) = 0.8

v,

® Renormalized dispersion

0 27 /2

€ = 2— dtek_A(t) — jO(E/Q)Gk
T Jo



Origin of the attractive.interaction

® Periodic E-field leads to a population inversion

To(E/Q) = 0.3

P TN

, ~ ’ ~

’ A Y / A Y
. \ ’ .
\
4 A K \

7
\
| \ ‘ |

® Renormalized dispersion

0O 27 /2

€ = 2— dték_A(t) — jO(E/Q)Gk
T Jo




Origin of the attractive.interaction

® Periodic E-field leads to a population inversion

To(E/Q) = —0.2

® Renormalized dispersion

0O 27 /2

€ = 2— dték_A(t) — jO(E/Q)Gk
T Jo



Origin of the attractive.interaction

® |nverted population = negative temperature

® State with U > 0,1 < O is equivalent to state with U < 0,1" > 0

N 1| )
1'<0,J0 <0 P X exXp (_T ;jo%nka -+ U;n”nu )
T 1| U '
Twg=— >0 — ex €ELNLy + — N1
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® Effective interaction of the 1.4 > 0 state

U
Vet = 7 (B/9Q)
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® Potentially interesting material: Sn doped In;03

® Transparent conductor

® Single s-band crossing the Fermi level
band structure by Bernard Delley (PSI)
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® QOverview of DMFI.
® Basic idea: neglect spatial fluctuations, keep dynamical fluctuations
® Map (d+1) dimensional lattice to a (0+1) dimensional impurity model

® Phasediagram of the Hubbard model.
® Importance of short-range spatial correlations in d=2
® Relationship to cuprate physics

® Extension to nonequilibrium problems.
® Dielectric breakdown of a Mott insulator in strong DC fields
® Dynamical band-flipping and interaction conversion by AC fields



