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2+1d Dirac equation
L= @Eify,uauw

wave packet dynamics, with a boundary

100

calculation is done in graphene (honeycomb lattice)



2+1d Dirac equation + circularly polarized light
L =y, (10" — A'(t))y

F F
AP = (0, q o8 Qt, q sin (2t)

0
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Introduction: Strongly Correlated Electron Systems

What are strongly correlated electrons?

¢ V(r) = _S ‘)

Strong effects of Coulomb interaction

) strongly
semiconductor

space correlated
material

density of electrons large



Basic degrees of freedom
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Basic rules

1. Hopping between lattice sites /-\'

| @ ® O @
—tz (chja -+ h.C.) )S

’ @ ® ® @

Fermi statistics: Pauli principle

2. On-site Coulomb interaction

U migniy O @O O
U

Hubbard Hamiltonian:

minimum model of strongly correlated electron system.

H = —tz (CwC]a-F h.C. ) + UanTnu
(1)



Other parameters

3. Band filling
n =24')> % (filling)

= number of electrons per lattice site

© 0 0 00 O
©O& 0 0 OO0
©O 0 00 O
O 0 0 O

4. Temperature
typical temp. range: T =0.1-1 eV =1000-10000K



Equilibrium phase transitions

Magic filling

When the filling takes certain values, the groundstate show non-trivial orders.

n =1 (half-filling)
Mott Insulator
@ db @ ({b 1. Insulator:
no free carriers

2. Anti-ferromagnetic order



Doublon-hole “confinement”

doublon hole
< >
d; = nyng g hi = (1 —mnip)(1 —ng)

(d! ho) = exp(—xz /&)

E: correlation length

doublons and holes are bound to each other
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Metal-insulator transition due to doping

XXX y
hole gopi!i metal @ db @ db e ;
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n =1
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carrier = hole carrier = double occupied state

a i (doublon)
h; ; é(l —np)(1 — nz¢)>i d; = ?;ﬁ%:w 70



Temperature (K)

Equilibrium phase diagram

4001

Phase diagram of copper oxides
(2 dim material)
Electrons T Holes
\ 1. AFM = Mott insulator with
300+ i anti-ferromagnetic order
2. Metal-insulator transition
due to doping
| 3. Superconductivity (SC) near the
Mott insulator phase
100

0 1 1 I 1 .
03 02 01 0 0.1 0.2 0.3
X (carriers per Cu)



Temperature (K)

400

Electrons T Holes
300 + \
\
AFM-I\_
200 | \7
\
\
100} B
0

03 02 0.1 0 0.1 02 03
X (carriers per Cu)

electron+Coulomb interaction

4

Hubbard model

H=-t> (cgac]-g + h.C.) +UD npng
(ij) :

Temperature 7

Condensed matter VS Hadron Physics

-

-
e

Liquid-Gas

ColorSuperconductors

A CFLK?, Crystalline CSC _ _ _
Meson supercurrent Baryon Chemical Potential 18
Gluonic phase, Mixed phase

from Fukushima-Hatsuda (2010)
Hatsuda-Kunihiro (‘94)

QCD (quark-gluon)

Nuclear Superfluid

Nambu-Jona Lasinio (NJL) model

L = qiy - 0q + g/2((qq)* + (qinsTq)?]
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Condensed matter VS Hadron Physics 2

magnetic phase transition chiral phase transition
$ ¢ @ ¢
¢ ¢ 9
600 (qq) # 0
® ¢ o ¢ SSB
M =3((~1)"s;.)
Mott transition confinement

doublon hole

PHOPPP O ( ~
« qu ({D > C{D No Mean Field! “

(dlho) = exp(—z/€)

« Mott transition w/o magnetic phase transition is possible (1d Hubbard)

« confinement w/o chiral phase transition is possible (e.g., 1+1d QED)
14



(old) Strong field physics

1935 Volkov

sol. of Dirac equation in electro-magnetic fields

1936 Heisenberg Euler

Effective Lagrangian for static fields
vacuum instability (electron-positron pair creation)

1951 Schwinger

Heisenberg-Euler’s result by path integral

Schwinger mechanism = vacuum instability (electron-positron pair creation)
Schwinger limit = threshold for e-p pair creation

1965 Keldysh

tunneling problem in time-periodic potential

1970 Brezin Itzykson
1972, 1974 V.S. Popov

Schwinger mechanism in time-periodic potential

Keldysh, Brezin-Itzykson, Popov®{t = (&XPIF2010CDunnes A2 A2 THLLVELT=,



Laser elementary particle physics

Ultra Relativistic Optics

o
h

. 2
E,=m,c

—
—

Relativistic Optics

Bound electrons

Focused Intensity (W / cm’)
=

10 Nuclews
— CPA @
<«——mode locking VAN
= &,
10" Q-switching 3

1960 1970 1980 1990 2000 2010 2020 2030

From a talk at PIF2010 by
Gerard A. Mourou (Institut de Lumiere Extreme, ILE) Physics Today 51 (1998)



NEW Strong field physics

Strong correlation/interaction

Non-linear doublon-hole excitation in Mott insulators

RHIC
Gauge/gravity duality (S. Nakamura’s talk)

Topology (quantum anomaly)

Photo-induced topological phase transition

Control of phase transitions by light

17



New Strong field physics

1936 Heisenberg Euler 1935 VO”JfOV

Oka Aoki PRB 2009
“photovoltaic Hall effect”
1951 Schwinger *This is a non-relativistic effect

v

Oka, Aoki PRL 2003, 2005,PRB2011
1965 Keldysh

1970 Brezin Itzykson
1972, 1974 V.S. Popov

v

Oka arXiv2011

18



Numerically exact methods to study real time dynamics

one dimension
Time-dependent density matrix renormalization group (Feiguin, White 2004)

1.3

F=0.5 A

1
0.91

0.7

| TO, Aoki 2005

40 5

infinite dimension L P01 —

F=0.8 -
Non-equilibrium dynamical mean field theory ik
(Freericks 2008, Eckstein, TO,Werner 2011)

real time diagramatic QMC (Werner, TO, Millis 2008)

Y(k:t,t') — 2(0:¢,t)

J(t)x 1000

SN WwWh = © = N W b
T 1 T 7T T ?l T T
b

d(t)

d [%]

Simplification of Feynman diagrams

0 2 4 6 8 10 12
Eckstein, TO,Werner PRL2011  ©
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Doublon-hole “de-confinement”

In strong electric fields, doublon-hole pair
production leads to instability of the Mott phase

doublon hole
PHOPOP O
g

—
Electric field F

Many-body Schwinger mechanism

What let’s calculate the dh-pair production rate

use the integrability of the 1dHubbard model

21



Electric fields applied to a Mott insulator

(1dim) TO, Aoki: PRL (2003), PRL(2005)
(DMFT) Eckstein, TO, Werner: PRL (2010)

half-filled Hubbard model (1-dim)

H(t) = — 2 [ew)(t)clﬂci + e~ l) Cl‘L Cz‘+1]+U 2. Mg

1 V4 4 Vot et
b
S



Bethe ansatz solution in the 1d half-filled Hubbard model

doublon-hole (holon-antiholon) excitations

0)  d@r )0y ) 0 ()0

b we neglect these
contributions

hole doublon
spectrum of d-h pairs Density of states
14/ } [
12
10
AE § 08
06 “
A ,
. Z; A
00!
p 0 2 4 6 8 10 12 14
e U=8

AFE = en(p) + €5(p)

cn(k) = cq(k) =U/2+ 2cosk
We want to calculate the B /\ dw Jy (w) cos(w sin k)e~Uw/4
0

tunneling probability Pp " cosh(wU /1)




Landau-Dykhne theory of tunneling

Dykhne JETP (1962), Daviis, Pechukas, J.Chem.Phys. (1976)
Landau-Lifshitz Quantum mechanics

generalization of Landau-Zener formula

singularity 1. Use complex time
- 1 2. Find the singular point

By () = Ex (1Y)
3. Tunneling probability

- p = exp (—2ImS; 5 /h)
[ Sia= [ d[E () — Bi(0(t))]
imaginary part of the dynamical phase



Singular point in the 1d Hubbard model
Fukui Kawakami 1998, TO Aoki 2010

gapless line

1.0
0.3 ipC :l/§

crossing point

0o

o — 72V Non-Hermitian Hubbard model

H(t) = — Z [6\1]6,:[4_167; -+ 6_\11(3];62'4_1 +U Z M1
) ?
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dh-pair production rate

tunneling probability
P, = exp (—ZIm / AE(p — <I>)F(q>)d<1>)

production rate

— /P
1Py TO arXiv:1105.3145

Dirac model: Popov (1972)
electric field £(¢)

type F(t) F(®) attempt frequency f

DC-field Fo Fo Fo/27

AC-field FosinQt  +\/F3 — Q292 Q/m

single pulse Fycosh™2%(t/o) Fo (1 — Ug’—;é) 1(single process)

26



DC-result: Schwinger limit
r, Fo Fsen

, = —exp(—m

2 p(‘=1/£ .
- 5 Fa=2 /0 AE(il)dl

strong/weak coupling limits

T (AI\"Iott)Q - .
5 cnFy (DC, Small U

=
b
I
N
Sepe
©)
x
o
/|\
I

(DC, Large U)

Estimate for 1d Mott insulators

T(eV) U(eV) a(A)|A(eV) &(a) Fsen(V/A)
ET-FoTCNQ 0.1 1 10 0.7 1.1 0.06
[Ni(enxn)sBr|Bra| 0.22 24 5 1.6 1.0 0.3
SroCuOg 0.52 3.1 4 1.5 21 0.18

FP =m2é Jeh ~ 10° V/A

Easily accessible with ultra-short pulse lasers!




AC-result: Keldysh Crossover
AC-field ¢(t) = Foysin(Qt)

A
9 =Mott
E(ﬁ) . v >> 1, mulit-photon

exp (—%Ag\f%“(l — 17T—672 + .. )) v < 1, tunneling

Keldysh parameter ~ = () /£ F,

A
-
<
S AMott
s linear response
> I o F}
s Keldysh crossover
—_— ’
T non-linear response T ~ U Q

quantum tunneling multi-photon process

b fott P 0
% O I‘ocexp(—TrAQEFO) M Foc(%)

9 AMuLL
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negative diffgrential resistance

oGS

| " | threshold behavior _,
100 200
Sample Bias (V)

L - - - o — — — — —— ]

electric

field F,
H. Kishida, et al. J. Appl. Phys. 106, 016106 (2009);

possible origin of negative differential resistance

1. Heat transfer between fermion/bosons: phonon=heat resovoir.

c.f.) Altshuler et al. PRL 102 (2009)
Mori et al. PRB (2009)
2. non-equilbrium phase transition

c.f.) Ajisaka et al. (2009)
see S. Nakamura’s talk
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Question:
What happens to Dirac particles
in circularly polarized light?

Energy

High energy answer:

m _\ isp </01 ] .
the Volkov state Vv ;[ RARRE PR
D. M. Volkov, Z. Phys. 94, 250 1935 e 5 iy

2}{ . p S

Condensed matter answer:

A dynamical gap opens at the Dirac point of graphene
making it a photo-induced quantum Hall state.

TO, H. Aoki, PRB 79, 081406 (R) (2009)

The two are different:
in graphene, speed of massless fermion << speed of light

momentum of light [/ — (1, O, O,\l\)




Topology and Transport:
Kubo formula and the TKNN formula

arallel current
\e«'z’e> — \®°6
Hall current
| I—

>
Edc

i J
Jie = Uz’jEdc

Kubo formula(linear response)

o / s Uok) = al)] (Ba (k)| () (s ()] Lo Ba (k)
* o Eske) — Ea(k) Es(k) — Eq(k) +in

O ®a(k) Bloch wave function
fa(k) = (exp(BE. (k) + 1)~

Party anomaly diagram for 2+1 d Dirac model 5




TKNN formula in a 2d Dirac system
Thouless, Kohmoto, Nightingale, Nijs 1982

Oay = ¢ | (Qd:)d S fulk) [V, X Aq(R)

Berry curvature

z

artificial gauge field
Au(k) = —i(Do(E)|V | Da(k))

First Chern number if f=1

2d Dirac system has a non-trivial Chern number
Niemi Semenoff ‘83, Redlich ‘84, Ishikawa ‘84

m +k, — ik,
+k, + ik, —m

Opy = €

|V > Ak,

12
_ L 1e(m
2 h||m|

Sign of the mass = direction of the Hall current
Dirac cone = half quantum unit

parity anomaly in field theory 33

W=



photo-induced Chern number

£ = Gin, 0" £ = Dy i0" — A“(1))Y

F F
AF = (0, q co8 Ot ) sin Qt)

200

0.06
0.04
oozk

0.00 kel

100

100

Chern number = 0 Chern number # 0

34



2+1 Dirac + circular polarization

0 k+ Attt

g | |
O k4 Aei %

Vi

=k —iky A= F/Q
Floquet Hamiltonian (Fourier ZEif&)

mn L7 i(m—n
H™ = T/o dtH (t)e! Mm% L m,, QT

(

Floquet
HCP —

o o o D
o R s Bl s Bilas BEFO B~
o o o ™ o o
D o o o

N N T e =
TN OO o O

TO, H. Aoki, PRB 79, 081406 (R) (2009)



circular polarization

[ <k 0-A 0 0)

EQO0 0 0 0

Ieve} repu_lsion with -QI 0 4 0 A

¢p B A O‘ % O level repulsion with l
0 0 00— &k

.0 OAH—Q)
(k)2 k)
Kk —k/2

“Dynamical topological gap”

VAA? + Q2 —Q

K =

2

~ A%/Q)

F/Q=0.2 0001 0.5 1.0

NS

€0 I |<—2KIQ
1 l E l

-1 0 1
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Kubo-formula for photo-induced transport

circularly polarized light

< ac
/ = Large Aac small F/;.
\9% Q@& 1 J
= Jie = 0ij(Aac) By
Edc
. dk (k) — folk)| ({(Pu(k)|Jy|Ps(k Os(k)|J, | Pk
) =i [ L) = L) (LI () )11, )
(2m ) BF ep(k) —ealk) gx/f(k) —ealk) +in
€a Floquet's quasi-energy inner product = tlme average
fa occupation fraction (D,]D5)) _/O (1)|®5(t)

photon

- QQ
Floquet electron
——p—— = — P+ PP + PP +

Floquet method = “Furry picture” in HEP

TO and H. Aoki, Phys. Rev. B 79, 081406 (R) (2009)



/ Extended Thouless-Kohmoto-Nitingale-Nijis formula for \
photo-induced Hall conductivity (photo-induced Chern form)

o) = € [ 355 LK) [T x Ak

photo-induced gauge field A, (k) = —i((,(k)|V|Pa(k)))

t
\ Floguet states (time-dependent sqution)J

<

as
o L

Floquet = 3 )LF—
>
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TO and H. Aoki, Phys. Rev. B 79, 081406 (R) (2009)



Static current in circularly polarized light

|V-characteristics

DC-component of the current

o “‘
8

SSIY
sseee e

‘ Hall current ‘ 4 06 08v 1.
' A A “ )
SOCUESS I
\ =

pr = 1r =V 500 induced Hall conductivity ”ﬁ |

“o.mW

Jy — Gx Y V O ,***f Gxx
2 £ .

ny x F 00 .oo*/ C;.gz 0.04
F ] 39

Experimentally observable!



Quantization of the current

Z. Gu, H.A. Fertig, D. P. Arovas, A. Auerbach, PRL 2011

open boundary condition (ribbon geometry)
Floquet Landauer formalism
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Quantized transport when size is large (Edge state)



Proposals for experimental detection

necessary field strength
Q~1-3eV  F~10V/m

graphene, multilayer-graphene, graphite, surface of Tl, etc.

TO, Aoki, arXiv:1007.5399
Gapless is best, but gapped system is OK

Possible detection

1. Photo-induced Transport
2.Pump-probe (Kerr effect, MOKE)

3.Pump-probe (photoemission)

41



Summary
Strong field physics in condensed matter

1. Many-body Schwinger mechanism
2. photo-induced topological phase transition

Future problems:

1. Comparison with hadron physics (RHIC, gauge/gravity)

2. Fast thermalization, appearance of a correlated liquid

3. Non-equilibrium superconductor transition TO Aoki PRB2008

||||||||||
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