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ABSTRACT
Since SN 1987A, many observations have indicated that supernova explosions are not spherical. The

cause of the asymmetric explosion is still controversial (e.g., asymmetry in the envelope, the convective
engine in the central core or in the protoÈneutron star). In our previous study, anisotropic neutrino radi-
ation has been proposed as an explanation for this asymmetry. In this paper we carried out a series of
systematic multidimensional numerical simulations in order to investigate the e†ect of anisotropic neu-
trino radiation itself on the supernova explosion energy. The neutrino luminosity and the degree of
anisotropy in neutrino radiation were assumed as input parameters, and the numerical results for
various parameters were compared with each other. It was found that only a few percent of anisotropy
in the neutrino emission distribution is sufficient to increase the explosion energy by a large factor. The
explosion energy calculated so far in many supernova models has tended to be too short to explain the
observation. Anisotropy of 10% in neutrino radiation roughly corresponds to an enhancement of 4% in
total neutrino luminosity as far as the explosion energy is concerned. The increase in the explosion
energy due to anisotropic neutrino radiation can be explained as follows. Anisotropically emitted neu-
trinos locally heat the supernova matter and revive a stalled shock wave in the direction of enhanced
radiation. The expansion of the gas by the shock propagation results in a decrease in the neutrino
cooling (emission) rate that rapidly decreases with the matter temperature. It is this suppression of
energy loss that contributes largely to the increase in explosion energy. The efficiency of neutrino heating
(absorption) itself is almost unchanged between anisotropic and spherical models with available energy
Ðxed for neutrinos. In order for a stalled shock wave to revive, enhancement of the local intensity in the
neutrino Ñux is of great importance, rather than that of the total neutrino luminosity over all the solid
angle. It is Ðrst pointed out that such local neutrino heating is capable of triggering a supernova explo-
sion. Anisotropic neutrino radiation is considered to be a plausible mechanism for a ““ successful ÏÏ explo-
sion other than the so far suggested ““ convective trigger.ÏÏ
Subject headings : convection È elementary particles È hydrodynamics È supernovae : general

1. INTRODUCTION

Since SN 1987A is the nearest supernova that has been
observed by modern scientiÐc instruments, the explosion
energy of collapse-driven supernovae has been best esti-
mated among others. The values for the mass of the
envelope, and the explosion energy,Menv\ 6.7 M

_
,

E\ 1.0] 1051 ergs, have been obtained from an analysis of
the light curve (the e†ect of mixing is also taken into
account ; Shigeyama, Nomoto, & Hashimoto 1988). On the
other hand, Bethe & Pizzochero (1990) have estimated the
observed explosion energy of SN 1987A as 1.5^ 0.5] 1051
ergs. The discrepancy between these two Ðgures is believed
to be due to the degree of matter mixing that they assumed;
Shigeyama et al. (1988) assumed whole mixing (see Bethe
1990 for details). In many one-dimensional simulations, the
calculated explosion energy is too small unless the e†ect of
convection is included (e.g., Wilson & Mayle 1988, 1993),
although Bruenn, Mezzacappa, & Dineva (1995) concluded
that the observed value was never reproduced even with
convection.

There have been convincing observations that the
expanding envelope of SN 1987A was asymmetric

1 Research Center for the Early Universe, University of Tokyo, Hongo,
Bunkyo, Tokyo 113, Japan.

(spectropolarimetry, Cropper et al. 1988 ; speckle interfer-
ometry, Papaliolios et al. 1989). It is amazing that the same
kind of asymmetry was also observed in SN 1993J by
spectropolarimetry (Trammell, Hines, & Wheeler 1993).
Hence, it has become more probable that the deformed
exploding envelope is a general feature of collapse-driven
supernovae. Moreover, many other asymmetric Type II
supernovae have been reported by Wang et al. (2001) in
polarimetric observations. In particular, the observation of
Type Ic SN 1997X (the degree of polarization D5%) implies
that we may be seeing an asymmetric explosion itself
because the core is naked. These observations show that the
theoretical models that assume spherical symmetry must be
revised.

At present, two-dimensional axisymmetric simulations
including the e†ects of convective instability and neutrino
heating, using up-to-date numerical techniques, are the
current issue in the context of the explosion mechanism.
With Herant, Benz, & Colgate (1992) as the Ðrst case,
several research groups have carried out multidimensional
simulations of supernova cores and extensively discussed
the explosion mechanism (Miller, Wilson, & Mayle 1993 ;
Herant et al. 1994 ; Burrows, Hayes, & Fryxell 1995 ; Janka
& 1996 and references therein and in this paperÏsMu� ller
list).
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Herant et al. (1994) have calculated the supernova core
from onset of the collapse, by employing the two-
dimensional axial symmetry smoothed particle hydrody-
namics (SPH) code. Neutrino transfer and gravitation were
included in the framework of spherical symmetry. They suc-
ceeded in producing an explosion energy of D1.2] 1051
ergs. However, their calculations cannot explain the
neutron star mass and the Ni production ; 1.4 for theM

_baryon mass of a neutron star (corresponding to a gravita-
tional mass of 1.3 is somewhat smaller, and D0.6M

_
) M

_Ni is overproduced compared with 0.07 Ni that hasM
_been observed for SN 1987A and SN 1993J. They argued

that neutrino heating (hot bubble) convection was enough
to explain the explosion energy and that enhancement of
the neutrino luminosity was not always necessary. They
emphasized the importance of the supply of low-entropy
matter, which prevented neutrino heating from decreasing
its efficiency. They also argued that the neutrino heating
convection is a ““ robust and self-regulated ÏÏ mechanism, i.e.,
the shock wave remains at the same position until it gains
enough energy due to convection and, once it gains, the
shock stops interacting with a heat reservoir and moves
upward. Their SPH code seems to be a little noisy since
hydrodynamic quantities are represented by Lagrangian
particles that are not distributed in complete spherical sym-
metry during their infalls. In fact, D10% of velocity Ñuctua-
tion even at the collapse stage can be seen in a radial
velocity Ðgure of their SPH simulation. Since the amount of
the initial Ñuctuation is very important to the growth time
of convective instability, such a large noise could result in
overestimating the e†ect of convection. It is necessary to
carry out accurate numerical simulations for convection.
Eulerian hydrodynamic simulations are more suitable for
this purpose.

Janka & (1994) have numerically calculated theMu� ller
neutrino heating convection with two-dimensional (and
three-dimensional) code. They used a Godunov-type
scheme called piecewise parabolic method (PPM). Neutrino
heating was included with the ““ light bulb ÏÏ approximation,
where the radiation Ðelds of neutrinos are given by hand,
and neutrino heating and cooling rates are estimated and
put in the hydrodynamic equations. They have shown that
the explosion energy is increased by convective e†ects, com-
pared with the results of spherical symmetric calculations.
However, they concluded that neutrino luminosity en-
hancement was more important and crucial to explain the
explosion energy, based on their extensive parameter re-
search. Janka & (1995, 1996) have shown that theMu� ller
e†ect of convection is only important if the neutrino lumi-
nosity is small and that convection is not always necessary
to explain the explosion energy if the neutrino luminosity is
sufficiently enhanced.

Burrows & Fryxell (1993) investigated convective e†ects
by using a two-dimensional numerical code in which neu-
trino transfer is suppressed in the h-direction of spherical
coordinates but calculated independently for each r-
direction. They showed that convection develops in a very
early phase (““ prompt convection ÏÏ) and considered that
neutrino luminosity enhancement would lead to an explo-
sion in a shorter timescale than that of the delayed explo-
sion model. Burrows, Hayes, & Fryxell (1995) showed that
multidimensional e†ects are important for a ““ successful ÏÏ
explosion. They discussed that multidimensional e†ects
facilitate the condition for a shock revival, since the accret-

ed matter gains more entropy during its ““ cycling ÏÏ in the
convective region and, as a result, the thermal pressure
behind the shock front is larger than that by a one-
dimensional model (““ convective trigger ÏÏ). It is interesting
that they showed in their simulations that the neutrino Ñux
at the surface of the protoÈneutron star Ñuctuates with
respect to the angle h in spherical coordinates.

Bruenn & Mezzacappa (1994) and Bruenn et al. (1995)
have studied the e†ects of convection by a relativistic one-
dimensional numerical code including the mixing length
theory. They concluded that the neutrino luminosity is not
a†ected by convection. According to their results, convec-
tion in the interior of a protoÈneutron star would cease
before neutrino heating becomes large. Although the e†ects
of large-scale convection were not implemented, various
types of detailed physics that concern the supernova mecha-
nism have been included in their simulations. Thus, the
e†ects of convection on supernova explosions are still unre-
solved. (It is noted here that Liebendoerfer et al. 2000
recently showed that a vigorous [1051 ergs] supernova
explosion was obtained in a general relativistic one-
dimensional simulation with Boltzmann neutrino transport
included.)

As already described, there remain considerable discrep-
ancies in the results of the simulations and their interpreta-
tions among those authors. The Ðrst authors argued that
convection due to an unstable entropy distribution outside
the protoÈneutron star is the most important and provides
a very efficient mechanism for neutrino heating and that
other types of physics are not the determining factor. In
contrast, the second authors argued that the e†ect of con-
vection is only important in a small range of physical pa-
rameters and that enhancement of the neutrino luminosity
due to convective neutrino transfer, for example, is most
important. This is due in part to a di†erence in the input
physics and numerical methods used in the simulations and
also to the complexity of the supernova phenomenon itself
and many unknown physical parameters.

The importance of anisotropy in neutrino radiation Ðelds
has been suggested in order to explain observed asymmetric
features in SN 1987A (Shimizu, Yamada, & Sato 1994). The
suggested anisotropic neutrino radiation due to rotation of
the neutron star is merely one of the explanations. However,
as can be seen in the simulations by Burrows et al. (1995),
Ñuctuation of the neutrino Ñux with angle and time seems to
be a common feature of core collapse supernovae, since the
protoÈneutron star interior is also convectively unstable.
Simulating a rotating protoÈneutron star interior, Keil,
Janka, & (1996) also reported an anisotropy ofMu� ller
D4% in the neutrino Ñux. So far, other groups simulating
the hot bubble convection have only assumed spherical
neutrino radiation (otherwise, perturbed radiation Ðeld
from spherical symmetry) from the hot neutron star (Herant
et al. 1994 ; Burrows et al. 1995 ; Janka & 1995,Mu� ller
1996). We investigate here the e†ect of anisotropic neutrino
radiation on the dynamics of hot bubbles and the shock
front, by using an accurate numerical code.

The purpose of this study is not to demonstrate the simu-
lation as realistically as possible but instead to perform a
systematic survey by a series of simulations to clarify the
e†ect of anisotropic neutrino radiation itself on the explo-
sion dynamics. We also aim at comparing the e†ect of
anisotropy in neutrino radiation with that of ““ convection.ÏÏ
The dynamics of the supernova explosion is very compli-
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cated ; matter is a mixture of electron gas, heavy iron group
nuclei, and photons ; nuclear matter appears ; neutrinos are
transferred and interact with matter ; hydrodynamical insta-
bilities grow; those ingredients are coupled with each other.
These entangled e†ects are in general inseparable. The only
way to separate each e†ect is to compare carefully the
results of models with di†erent physical parameters. Thus,
we carried out a series of numerical simulations, changing
the input parameters such as anisotropy in neutrino radi-
ation, the energy of neutrinos, initial perturbation in the
infalling medium, and so forth, in order to search for the
important mechanism involved in the supernova explosion.

The modeling of anisotropic neutrino radiation and the
input physics in the numerical simulation are described in
° 2. The results of the simulation and the discussion are
presented in °° 3È5. A model of anisotropic neutrino radi-
ation and the numerical techniques used for this study are
described in Appendices A and B, respectively. Several
movies produced from the present supernova simulation
are also available on the World Wide Web2 in the Ani-
mation GIF and other formats.

2. BASIC EQUATIONS AND ASSUMPTIONS

FOR SIMULATION

2.1. Hydrodynamic Equations
The numerical simulations are performed in spherical

coordinates, (r, h). With the assumption of axial symmetry,
the basic equations can be presented as
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where o, u, p, G, M, and dq/dt are the density, the velocity
Ðeld, the pressure, the gravitational constant, the mass of
the neutron star, and the energy source term (neutrino
heating and cooling), respectively, and E, H are deÐned by
E\ e] u2/2, H \ h ] u2/2, by using the internal energy
per unit mass, e, and the speciÐc enthalpy, h \ e] p/o. The
Ðrst and last equations (eqs. [1] and [4]) denote mass and
energy conservation, respectively. The second and third
(eqs. [2] and [3]) are the momentum equations. The gravi-
tational pull of the central neutron star is imposed as in
equations (2) and (4). A transformation from the ordinary

2 http ://atlas.riken.go.jp/Dshimizu/movie.html, http ://hellÐre.riken.
go.jp/Dshimizu/movie.html.

coordinate variables (r, h) is performed in order to rewrite
the basic equations in a conservative form as follows :
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These hydrodynamic equations are solved with an extended
version of the Roe scheme that is capable of handling
general equations of state in spherical coordinates and
capable of reproducing stationary strong shock waves by
satisfying all the items of ““ property U ÏÏ that Roe (1981)
required (see Appendix B for details).

The mesh number is 500 ] 60 in (r, h) directions, which
covers from 50 to 104 km in radius. The smallest mesh size
is 0.25 km, and 240 grid points are placed within 200 km.
The computational region includes the convective region
above the neutrino sphere, the Fe core, the Si shell, and part
of the CO shell, where the kinetic and thermal energy is
directly related to the supernova explosion energy. The
region inside the protoÈneutron star, however, is excluded
in the simulation to save computational time.

2.2. Angular Distribution of Neutrino Flux
Neutrino heating and cooling are incorporated as energy

source terms in equation (4) since the simulated region is
transparent enough for neutrinos (the ““ light bulb ÏÏ approx-
imation without neutrino transport). The exchange of
momentum between matter and neutrino radiation is not
included for the same reason. Accordingly, both the neu-
trino radiation Ðeld and its total neutrino luminosity are
Ðxed in the same way as those in the initial model through-
out each simulated model for simplicity.

In this paper we assume the anisotropic neutrino Ñux
density as
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where the neutrino Ñuxes along and orthogonal to the axis
of symmetry are deÐned as
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respectively. Here (r, h) represents the spherical coordinates,
is the neutrino temperature of assumed blackbody radi-Tlation, p is the Stefan-Boltzmann constant, and are thea

x
, a

zmeasures of length that converge to the radius of the central
neutron star in the case of spherical symmetry. Their ratio,
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trino radiation Ðeld. The basic idea of this assumed neu-
trino Ñux is described in Appendix A. The plausibility of the
anisotropy in neutrino radiation is discussed in °° 4.5 and
4.6.

The total luminosity is Ðxed between the anisotropic and
spherical models in order that only e†ects of neutrino
anisotropy are taken into account. For this purpose, the
scale of length is calculated for a given ratio, bya
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and solving equations (A2) and (A7), where km isRNS \ 50
the radius of the protoÈneutron star for the spherical model.

2.3. Initial Conditions
We used the fact that, in the delayed mechanism, the

shock is stalled at a radius of a few hundred kilometers and
stays for a few hundred milliseconds. It is a good approx-
imation to exploit the stationary hydrodynamic solution as
an initial model. The initial solution is exactly consistent
with the input physics that are assumed in the time evolu-
tion calculations. In order to maintain consistency between
the initial model and the hydrodynamic code, we repro-
duced the stalled shock wave by solving the stationary
hydrodynamic equations :
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as well as the equation of state (EOS) p \ p(o, e), where
dq/dt is the net neutrino heating and cooling rate, M is the
mass of the young neutron star, and is the Ñux of infallingm5
mass (assumed as constant) ; all other variables represent
the ordinary ones in hydrodynamics.

Since we cannot at present include the e†ect of either
general relativity or neutrino transport on a multidimen-
sional numerical code, we have to carry out a calculation of
the supernova core by neglecting these e†ects. Fortunately,
such neglect provides a good approximation for calcu-
lations on supernova cores above the neutrino sphere,
where the density of matter is not very high and it is not
opaque for neutrinos. Only a few percent of total emitted
neutrinos are absorbed in this region. The supernova explo-
sion energy, however, predominantly originates from the
kinetic and thermal energy there. The e†ect of neutrinos is
thus introduced as energy source and sink terms in dq/dt in
equation (11). We have assumed the neutrino temperature

to be 5.0 MeV, the radius of the neutrino sphere to be 50Tlkm, and the energy spectrum of neutrinos to be a blackbody
distribution. The corresponding neutrino luminosity is

ergs s~1 and the neutrino Ñux densityL le \ 8.8] 1052
foe cm~2 s~1 ; these are assumed tolle \ 2.8] 10~13

remain constant for simplicity. The neutrino heating and
cooling rates used in the simulations are described in ° 2.4.

As for the EOS, we have included radiation pressure, gas
pressure of nuclei and free nucleons, and pressure of degen-
erate electrons at zero temperature. The dissociation of iron
nuclei via alpha particles into free protons and neutrons is
calculated by using SahaÏs equation for the statistical equi-
librium. The transition from iron to neutron-rich nuclei is
neglected since the interior of the neutron star is excluded in
the simulation. When solving for the initial conditions, the
internal energy density, e, was assumed to satisfy p B oe/3 if
nuclei are completely dissociated into free nucleons, since
this assumption facilitates solving the stationary equations
(9)È(11). The same EOS is used in the numerical simulations
in °° 2.5 and 3. We further assumed that cold matter mainly
consisting of Fe nuclei is infalling above the shock front
with a velocity of 80% of the free-fall velocity. The mass
accretion rate is also assumed to be constant in time as

s~1. A shock discontinuity is connected byM0 \[0.2 M
_

the Rankine-Hugoniot conditions and placed at the radius
of 200 km.

Figure 1 shows the initial model used throughout this
study. The proÐles for density, velocity, temperature, pres-
sure, photon-to-baryon ratio (proportional to entropy), and
net neutrino heating and cooling rates with respect to the
radius in km are plotted. It is shown in the entropy plot
(Fig. 1e) that a negative entropy gradient exists (80È200 km),
which is a site of convective instability. It can be notable
that such a negative entropy gradient is a natural conse-
quence of a stationary shock front and that convective
instability is thus generally produced in the delayed mecha-
nism. This fact is explained as follows : to support the ram
pressure of infalling matter at the shock front, the tem-
perature must rise to D1 MeV behind the shock front ; this
temperature indicates that heating dominates cooling there.
At a smaller radius, however, the temperature increases and
grows sufficiently high for cooling to dominate(DTl)around the neutrino sphere, since the cooling rate is a steep
function of the temperature (PT 6). The location thus exists
where the heating rate equals the cooling rate. Note that the
left-hand side of equation (11) represents an increase in
entropy of the infalling matter, that is, the net heating and
cooling rate vanishes at the peak of the entropy proÐle
(Burrows & Goshy 1993). Therefore, the entropy gradient
must be negative in the region where the net neutrino rate is
positive, as can be seen in the plots of the entropy and the
neutrino rate (Figs. 1e and 1f ).

2.4. Neutrino Heating and Cooling Rates
The following reactions are included as neutrino heating

processes :

4
5
6
0
0
l
e
] n ] p ] e~

l
e
] p ] n ] e`

7
8
9
0
0 Absorption by free nucleons ,

4
5
6
0
0

l] e~ ] l] e~
l] e` ] l] e`

7
8
9
0
0

Scattering o† electrons
and positrons ,

while the neutrino cooling processes are

4
5
6
0
0
e~] p ] n ] l

e
e`] n ] p ] l

e

7
8
9
0
0

Neutrino emission due to
electron capture

Thermal (photo, pair, plasma) neutrino emission process .

The corresponding heating and cooling rates are given as
follows :
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FIG. 1.ÈInitial model for the simulations ; (a) density, (b) velocity, (c) matter temperature, (d) pressure, (e) photon-to-baryon ratio / (D0.1 entropy), ( f ) net
neutrino heating and cooling rate dq/dt (heating term minus cooling term) ; the neutrino sphere and the shock are at 50 and 200 km, respectively.

Adq
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B
ppp

\ [1.9] 1025 ergs s~1 g~1
AT 9

o
B

, (15)

where the neutrino and matter temperatures, and T ,Tlrespectively, are deÐned in MeV; the density o in g cm~3,

is the dimensionless chemical potential of elec-g \k
e~

/T ,
trons ; is the Ñux density of electron neutrinos ;lle (x

p
] x

n
)

is the mass fraction of protons and neutrons ; a \ (4/3)[f(2)/
f(3)]\ 1.825 is a numerical factor ; and the unit foe is equiv-
alent to 1051 ergs. It is to be noted that the e†ect of the
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chemical potential of electrons has been included in the
electron capture term, and the neutrino-electron scattering
term is represented by one equation that covers from the
electron-degenerate regime to the electron-positron pair
dominant regime. The luminosities of electron and anti-
electron neutrinos are assumed to be the same and subject
to the Fermi-Dirac distribution for simplicity, and the k and
q neutrinos are not included since their contribution to the
heating and cooling rates is not important above the neu-
trino sphere.

The dimensionless chemical potential, g, in equations (13)
and (14) is calculated from the photon-to-baryon (number)
ratio,

/\ nc
n
B
\ 5.24] 107 (T /MeV)3

(o/g cm~3) , (16)

by using the relation

2f(3)Y
e
\ /N(g) , (17)

where N(g) is an integral that appears in the formula for the
electron number,
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The photon-to-baryon ratio, /, includes relativistic elec-
trons and positrons and is related to the entropy of the
radiation Ðelds per baryon, assrad\ (4/3)a(kT )3/n

B
,

srad\ 11n4
90f(3)

/\ 9.904/ , (19)

if the system is electron-positron pair dominant.
The energy deposition is mainly due to the absorption

process acting on the shocked matter, so that we can
roughly estimate what portion of the energy in the neutrino
Ñux is absorbed as follows :
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Therefore, only a few percent of the neutrino energy is
absorbed between the neutrino sphere and the shock front.

The cross sections used for these interactions are present-
ed in Tubbs & Schramm (1975). The cross section for the
neutrino absorption by nucleons (eq. [12]) is given by
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for 1.3 (well satisÐed for MeV;MeV> El Tl \ 5 El\ 3.2Tlfor the Fermi-Dirac distribution), where c\ 1, is theEl

average neutrino energy in MeV, is the electron mass,m
ea ^ 1.2 is the correction due to the nucleon structure, and

cm2 is the typical crossp0\ 4G2m
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section for the weak interaction. The cross sections for neu-
trino scattering o† electrons and positrons (eq. [13]) are
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An e†ective factor is introduced into the(Tl[ T )/T
formula for scattering (eq. [13]) in order to take into
account the ratio of translated energy per scattering. The
hyperbolic tangent originates from the sum of the electron
and positron number density, The formula forn

e~
] n

e`
.

the electron capture (eq. [14]) is obtained from Takahashi,
El Eid, & Hillebrandt (1978). Note that for(dq/dt)absP T l6neutrino absorption, while for electron(dq/dt)capP T 6
capture. This is because the incident particles contribute to
the reaction, they are subject to the Fermi-Dirac distribu-
tion, and the cross sections are proportional to the tem-
perature squared. For thermal neutrino emission (eq. [15]),
a Ðtting formula is used, which is a good Ðt in the ranges of
temperature and density involved, 0.86 \ T \ 8.6 MeV and
o \ 1010 g cm~3, respectively (Itoh et al. 1989).

2.5. Simulated Models
Numerical simulations were carried out in order to inves-

tigate the e†ects of anisotropic neutrino radiation. The neu-
trino energy and the degree of anisotropy were changed to
model various anisotropic explosions. The neutrino Ñux
distribution is presented in ° 2.2 (eq. [5]), as well as in
Appendix A in detail. All the simulated models in the
present study are listed in Table 1 for reference. The most
signiÐcant physical parameters for the simulations are the
ratio of neutrino Ñux densities between the polar and equa-
torial directions, and the neutrino temperature on thel

z
/l
x
,

emitting surface, These parameters were changed in aTl.series of numerical simulations to clarify how important
each e†ect is. The assumed values of these parameters are

1.2, 1.05, and 1.0, 4.8, 4.7, and 4.6 MeV,l
z
/l
x
\ 1.5, Tl \ 5.0,

and so on (Table 1). As shown later in ° 3, the model for
MeV corresponds to an energetic-explosion modelTl\ 5.0

due to the enhanced neutrino luminosity, while the model
for MeV is a ““ failed ÏÏ weak-explosion model (theTl \ 4.6
explosion energy is insufficient) as far as spherical symmetry
is concerned ; the spherical 4.7 and 4.8 MeV models are in
the transient region. The rather weakly explosive model

MeV) serves as a Ðducial model in the following(Tl \ 4.7
sections.

The same EOS as the initial conditions (° 2.3) is used for
consistency. The total neutrino luminosity was Ðxed con-
stant for each model throughout the simulation for simpli-
city. We would not like to introduce any complication such
as whether the decay time of neutrino luminosity is equal or
not between the spherical and anisotropic models. Accord-
ing to one-dimensional simulations by Mayle (1985), the
timescale for the decay in luminosity is about 500 ms after
bounce for various models of 12, 15, 25, and 50 Thus,M

_
.

the simulations were ended (at in Table 1) before 500 mstendhad elapsed after the shock stagnation.
The case of density perturbation only was also calculated

and compared with that of the anisotropic neutrino radi-
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TABLE 1

SIMULATED MODELS

Tl do/o tend Eexp(80)a Eexp(200)b
Model l

z
/l
x

(MeV) (%) K(AV) (ms) (foe) (foe)

facg47 . . . . . . . . . . 1.00 4.70 0 1.0 500 0.053 0.065
facg10547 . . . . . . 1.05 4.70 0 1.0 476 0.072 0.276
facg1247 . . . . . . . 1.20 4.70 0 1.0 474 0.111 0.355
facg46 . . . . . . . . . . 1.00 4.60 0 1.0 500 0.053 0.064
facg1546 . . . . . . . 1.50 4.60 0 1.0 367 0.079 0.258
frho1047 . . . . . . . 1.00 4.70 10c 1.0 459 0.055 0.256
frho1p47 . . . . . . . 1.00 4.70 1c 1.0 500 0.053 0.065
fr10†47 . . . . . . . . 1.00 4.70 10d 1.0 290 0.106 0.324
fr1p†47 . . . . . . . . 1.00 4.70 1d 1.0 246 0.053 0.193
facg10247 . . . . . . 1.02 4.70 0 1.0 94 0.053 . . .
facg1147 . . . . . . . 1.10 4.70 0 1.0 82 0.096 . . .
facg1347 . . . . . . . 1.30 4.70 0 1.0 80 0.118 . . .
facg50 . . . . . . . . . . 1.00 5.00 0 1.0 101 0.187 . . .
facg12 . . . . . . . . . . 1.20 5.00 0 1.0 92 0.231 . . .
facg15 . . . . . . . . . . 1.50 5.00 0 1.0 87 0.247 . . .
facg48 . . . . . . . . . . 1.00 4.80 0 1.0 104 0.154 . . .
facg1248 . . . . . . . 1.20 4.80 0 1.0 88 0.151 . . .
facg475 . . . . . . . . 1.00 4.75 0 1.0 105 0.110 . . .
fk021247 . . . . . . . 1.20 4.70 0 0.2 80 0.111 . . .
fk051247 . . . . . . . 1.20 4.70 0 0.5 81 0.111 . . .
fk0212 . . . . . . . . . 1.20 5.00 0 0.2 91 0.228 . . .
fk0512 . . . . . . . . . 1.20 5.00 0 0.5 91 0.230 . . .
fk0215 . . . . . . . . . 1.50 5.00 0 0.2 87 0.247 . . .

a Explosion energy at t \ 80 ms.
b Explosion energy at t \ 200 ms.
c Initial perturbation added only behind the shock.
d Initial perturbation added all through the infalling matter.

ation. An initial perturbation of 10% or 1% in density (a
sinusoidal distribution) was given either to the shocked
matter behind the shock wave or to all the infalling matter
(see ° 4.4 for details). In addition, the strength of the artiÐ-
cial viscosity (coefficient K ; see °° 4.11 and B4) was changed
for some models in order to test its inÑuence on the numeri-
cal results.

3. RESULTS

It was found that the asymmetric explosion as a conse-
quence of anisotropic neutrino radiation was a common
feature for a wide range of explored parameters. Figures 2
and 3 show the resulting entropy distribution for the aniso-
tropic models of ( facg12) and 1.5 ( facg15), wherel

z
/l
x
\ 1.2

the neutrino temperature is 5.0 MeV, while Figures 4 andTl5 are for the models of ( facg1247) and 1.05l
z
/l
x
\ 1.2

( facg10547), where MeV. The contour representsTl \ 4.7
the photon-to-baryon ratio, /, or the entropy : it is to be
noted here that the entropy is given by 9.904/ in the
radiation-dominant region such as that existing behind the
shock. The shock front is around 1000È1200 km in Figures
2 and 3 (the crowded contour lines there represent the shock
discontinuity). The next crowded group of contour lines
inside the shock front show the boundary of a high-entropy
region produced due to neutrino heating. The peak in
entropy was attained on the axis of symmetry at the radius
of D600 km. The entropy decreased to the state of degener-
acy as the central neutron star was approached. The hot
protoÈneutron star is at the origin of the Ðgure with a
radius of 50 km. The maximum and minimum values of the
photon-to-baryon ratio, /, are displayed at the bottom of
each contour map. The scattered arrows represent the

velocity Ðeld. The cold degenerate material is freely falling
onto the shock front from the outer part of the iron core
and the silicon shell. The value for the velocity displayed at
the lowermost right corner is typical for the free-falling
matter, and the values for other parts can be obtained by
comparing the length of the arrow with this typical value. In

FIG. 2.ÈContour map of the photon-to-baryon ratio, /, and the veloc-
ity Ðeld for the model of and MeV ( facg12) at t \ 92 msl

z
/l
x
\ 1.2 Tl\ 5.0

after the shock stall.
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FIG. 3.ÈContour map of the photon-to-baryon ratio, /, and the veloc-
ity Ðeld for the model of and MeV ( facg15) at t \ 87 msl

z
/l
x
\ 1.5 Tl\ 5.0

after the shock stall.

Figures 2, 3, 4, and 5, the high-entropy bubbles are formed
around the symmetrical axis, and their upward velocity
Ðelds can be clearly seen in those Ðgures. The jetlike explo-
sion is a general feature for anisotropically radiating
models. This is also the case even if the neutrino tem-
perature is high. We also calculated some models in which
the total neutrino luminosity or the neutrino tem-(L l)perature is changed. (It is to be noted that there is great(Tl)ambiguity in the total neutrino luminosity estimated by
many simulations at present. It will di†er depending on the

FIG. 4.ÈContour map of the photon-to-baryon ratio, /, and the veloc-
ity Ðeld for the model of and MeV ( facg1247) at t \ 82l

z
/l
x
\ 1.2 Tl\ 4.7

ms after the shock stall.

FIG. 5.ÈContour map of the photon-to-baryon ratio, /, and the veloc-
ity Ðeld for the model of and MeV ( facg10547) atl

z
/l
x
\ 1.05 Tl\ 4.7

t \ 84 ms after the shock stall.

treatment of neutrino transport, that of interaction between
neutrinos and materials, and the adopted properties of the
high-density nuclear matter and heavy nuclei.) The case of
large neutrino luminosity is represented by the models
where MeV is assumed (Fig. 2, facg12) for the sameTl\ 5.0
degree of anisotropy as a less luminous model (Fig. 4,
facg1247). The di†erence in the shock position of model
facg12 from model facg1247 is owing to the increased pres-
sure behind the shock front due to the large neutrino
heating rate. By comparing Figures 2 ( facg12) and 3
( facg15), it is clearly seen that the resulting asymmetry in
the explosion is saturated if the anisotropy in neutrino radi-
ation is as high as ( facg12).l

z
/l
x
\ 1.2

Considerable mass accretion can be seen around the
equatorial plane in Figures 4 and 5. This accretion is due to
the low neutrino Ñux along the equatorial plane. The lower
pressure on the equatorial plane due to the smaller neutrino
heating allows mass accretion even if the shock wave is
moving forward. A strong explosion and heavy accretion
take place at the same time. This is one of the distinctive
features of the models with anisotropic neutrino radiation.
This accretion was also found in the models for Tl\ 5.0
MeV (Figs. 2 and 3), even if the explosion is energetically
driven by a large neutrino luminosity.

Time-sequence color-scale maps of the entropy are dis-
played in Figures 6, 7, 8, and 9. In each Ðgure, the color-
scale bar is plotted at the bottom. The red and blue colors
represent high and low entropies, respectively. The color
boundary between dark blue and light blue shows the shock
front. The red region indicates that intense neutrino heating
takes place there and the matter entropy becomes high.
Time is indicated in each panel, elapsing from the bottom
left panel to the bottom right and then from the top left to
the top right. The early-time growth of the high-entropy
bubble is displayed in Figure 6 for the model of l

z
/l
x
\ 1.2

and MeV ( facg1247). The matter surrounding theTl\ 4.7
neutron star is Ðrst heated along the pole, and a high-
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FIG. 6.ÈPlots of the entropy distribution (/) in time sequence for the model of and MeV ( facg1247) during the relatively early stages.l
z
/l
x
\ 1.2 Tl\ 4.7

The growth of a high-entropy hot bubble is clearly seen.

entropy region is formed there. Since there is a gravitational
pull by the central neutron star, the high-entropy bubble
moves upward as a result of buoyancy. The high pressure of
the heated matter then pushes up the shock front, which
deviates from spherical symmetry. The distortion of the
shock wave continues and is not diminished in the course of
the shock propagation as shown in Figure 7 (slightly later
stages than those in Fig. 6). The essential behavior is the
same for the case of less anisotropy, andl

z
/l
x
\ 1.05 Tl \

4.7 MeV ( facg10547), as that in Figure 8, although the
revival of the shock wave is somewhat retarded. As shown
in Figure 9, the growth of the jetlike motion of the high-
entropy bubble becomes prominent in relatively late stages
of the explosion for the model of andl

z
/l
x
\ 1.05 Tl\ 4.7

MeV ( facg10547). The large mushroom-like structure of the
hot bubble is produced as a result of the global circular
motion behind the shock front. The circulation is clockwise
in these Ðgures : the matter is moving upward in the high-
entropy region and downward in the cool accreted material
with respect to the comoving frame of the shock front. The
cycle is only a few rotations per explosion. In this sense, the
frequently used term ““ convection ÏÏ among supernova
researchers seems to be inappropriate for the hydrodynamic
instability that exists outside the neutron star.

Several degrees of anisotropy in the neutrino radiation
were also investigated and compared with each other. In
Figure 10, entropy color-scale maps of four models with
di†erent anisotropies are plotted. The top left panel is for an
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FIG. 7.ÈSame as Fig. 6 ( facg1247), except at the slightly later stages. The shock front is distorted as a result of the jetlike motion of the high-entropy
bubble.

anisotropic model facg1247 at t \ 82 ms), the(l
z
/l
x
\ 1.2,

top right is for another less anisotropic model (l
z
/l
x
\ 1.05,

facg10547 at t \ 84 ms), the bottom left is for a nearly
spherical model facg10247 at t \ 94 ms), and(l

z
/l
x
\ 1.02,

the bottom right is for a spherical model facg47(l
z
/l
x
\ 1.0,

at t \ 98 ms). The neutrino temperature is identical for all
the models here MeV). The color-scale bars are(Tl \ 4.7
di†erent between the four Ðgures and are displayed in each
panel on the right end. Figure 10 shows that the e†ect of
anisotropic neutrino radiation strongly depends on the
degree of anisotropy. The small-degree anisotropic model of

( facg10247) is similar to the spherical modell
z
/l
x
\ 1.02

( facg47). However, an anisotropy of ( facg10547)l
z
/l
x
\ 1.05

is enough for the stalled shock to revive early and results in
an asymmetric explosion. The energy evolution is also

much di†erent from the spherical case as discussed later.
The larger anisotropy in the neutrino Ðelds is input, and the
larger asymmetry in the explosion is obtained, although the
asymmetry in the explosion seems to be saturated around
the models of ( facg1247) and 1.3 ( facg1347). Fur-l

z
/l
x
\ 1.2

thermore, the high-entropy region grows faster for the more
anisotropic models. The maximum value is D30 for the
anisotropic model of ( facg1247), while it is D15l

z
/l
x
\ 1.2

for the spherical model of ( facg1247). The di†er-l
z
/l
x
\ 1.0

ence between the anisotropic and spherical models is more
and more prominent at the later stage of the explosion. The
shock position, the proÐle of the shock front, the evolution
of the high-entropy bubble, and the jetlike motion are all
considerably di†erent between these models, although the
total luminosity is Ðxed to the same value. Figures 11 and
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FIG. 8.ÈPlots of the entropy distribution in time sequence for the model of and MeV ( facg10547) during the relatively early stages.l
z
/l
x
\ 1.05 Tl\ 4.7

The growth of the hot bubble is essentially the same as that of facg1247 (Fig. 6), except for slow evolution in this less anisotropic case.

12 are for comparison between the anisotropic and spher-
ical models. These Ðgures show the entropy contour and
velocity Ðeld at almost the same time after the beginning of
the simulation, although the axis scales are much di†erent
between them. The position of the shock front is much dif-
ferent, and accordingly, the maximum value of entropy for
the anisotropic model (D40 for facg10547) is larger than
that for the spherical model (D35 for facg47).

The e†ect of the anisotropic neutrino radiation on the
explosion energy was then investigated in detail. The explo-
sion energy is deÐned here as the summation of the total
(thermal, kinetic, and gravitational) energy over the region
where the total energy is positive. The explosion energies

and at 80 and 200 ms, respectively, after theEexp(80) Eexp(200)

shock stalls are listed in Table 1 for comparison. Figure 13
shows the time evolutions of the explosion energy, as well as
the thermal, kinetic, and gravitational energies, for each
model of MeV. Although even the spherical modelTl \ 4.7
( facg47) Ðnally explodes, the rate of energy gain for the
anisotropic models ( facg1247 and facg10547) is consider-
ably larger [see also the corresponding in Table 1].Eexp(200)
The anisotropy in neutrino radiation is capable of trigger-
ing the explosion and even determines the Ðnal value of the
explosion energy. Figure 14 shows a comparison of the
typical anisotropic model ( facg1247, MeV) withTl \ 4.70
di†erent neutrino temperature models, where Tl\ 4.70,
4.75, and 4.80 MeV (spherical facg47, facg475, facg48). As
shown in Figure 14 and Table 1 [see the corresponding
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FIG. 9.ÈSame as Fig. 8 ( facg10547), except at the late stages. Note the jetlike motion in the high-entropy hot bubble.

it was found that the explosion energy evolution wasEexp(80)],
very similar between models facg1247 and facg475. There-
fore, an anisotropy of 10% in neutrino radiation (note that
the amplitude of anisotropy is 10% for the model of l

z
/l
x
\

1.2, which is the ratio between the maximum and minimum
values) roughly corresponds to an enhancement of D4%
(\[(4.75 MeV)4[ (4.70 MeV)4]/(4.70 MeV)4) in total neu-
trino luminosity, with respect to the e†ect on the explosion
energy. In other words, a shortage of 4% in the neutrino
luminosity is supplemented with an anisotropic neutrino
radiation of 10%.

As for models with less neutrino luminosity (Tl \ 4.6
MeV), two cases were simulated in which l

z
/l
x
\ 1.5

( facg1546) and 1.0 (spherical facg46). Qualitatively same
results for the asymmetric properties as those of the more

luminous model MeV) were obtained, although(Tl \ 4.7
the shock wave was weaker and more slowly moving
outward. The di†erence in asymmetry between the aniso-
tropic and spherical models, however, becomes much more
pronounced as the total neutrino luminosity decreased.
Figure 15 shows the energy evolution for the very weakly
luminous models MeV). The explosion energy for(Tl \ 4.6
the anisotropic model was higher than that of the spherical
model as shown in Figure 15 and Table 1 for facg46[Eexp(200)
and facg1546], like the case of the more luminous models.
Spherical model facg46 failed to explode, while the aniso-
tropic model facg1546 was able to explode energetically.
The e†ect of anisotropic neutrino radiation becomes
increasingly more important as the total neutrino lumi-
nosity decreased. In the case of the total luminosity being
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FIG. 10.ÈColor-scale maps of the photon-to-baryon ratio, /, for models of MeV; the corresponding parameters are ( facg1247 atTl\ 4.7 l
z
/l
x
\ 1.2

t \ 82 ms), 1.05 ( facg10547 at t \ 84 ms), 1.02 ( facg10247 at t \ 94 ms), and 1.0 (spherical model, facg47 at t \ 98 ms), respectively, from top left to bottom
right. Time is counted from the shock stall. Note that the color bars are di†erent, which indicates a rapid increase in entropy for the anisotropic models.
Anisotropy of is necessary for an asymmetric explosion.l

z
/l
x
D 1.05

marginally insufficient, the anisotropy in neutrino emission
becomes a crucial point for an explosion. On the other
hand, when a large neutrino temperature is assumed, like

MeV, the di†erence in the energy gain rate betweenTl\ 5.0
the anisotropic and spherical models is signiÐcantly dimin-
ished [see for facg50, facg12, and facg15 in Table 1]. IfEexp(80)
the total neutrino luminosity is sufficiently enhanced like
that, the e†ect of multidimensions is less important and the
energetic explosion is attained only because of the high
luminosity of neutrinos. This tendency was also concluded
in the simulation survey by Janka & (1995, 1996).Mu� ller

The explosion energy was increased as a result of aniso-
tropic neutrino radiation like that shown in Figures 13È15.
The reason for this is considered to be as follows. Neutrino
heating rate was found to be almost the same between the
anisotropic and spherical models, since its e†ect was domi-

nated by the neutrino temperature and hence the lumi-
nosity. Rather than that, the heating rate was even larger for
the spherical model because of the concentration of matter
at the center. It is the suppression of neutrino cooling,
however, that contributes to the energy gain and thus the
explosion energy. This is clearly shown in Figure 16 where
the accumulation of the absorbed and emitted energies due
to neutrino heating and cooling (only the region outside the
neutrino-emitting surface is taken into account) is plotted
for both anisotropic ( facg1247) and spherical ( facg47)
models. The behavior of the neutrino cooling is merely a
result of the revival of the shock wave and the decrease in
temperature behind the shock. Notice here the decrease in
the neutrino emission rate for the anisotropic model
( facg1247) at around 80 ms in Figure 16 and compare it
with the shock positions in Figure 7 at t \ 81.9 ms. Around
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FIG. 11.ÈContour map of the photon-to-baryon ratio, /, and the
velocity Ðeld for the model of and MeV ( facg10547) atl

z
/l
x
\ 1.05 Tl \ 4.7

t \ 266 ms after the shock stall. The same model as the top left panel of
Fig. 9.

this time, in fact, the shock wave is already launched. The
revival of the shock is only resulting from locally intense
neutrino heating due to the anisotropic neutrino radiation.
An increase in globally averaged thermal energy due to
neutrino heating or cooling is not always necessary. Under
the anisotropic neutrino radiation Ðeld, matter is locally
heated only along the axis of symmetry. The thermal pres-
sure around the heated matter is high, and hence it pushes
part of the shock wave outward. It should be noted here

FIG. 12.ÈContour map of the photon-to-baryon ratio, /, and the
velocity Ðeld for the model of (spherical) and MeVl

z
/l
x
\ 1.0 Tl\ 4.7

( facg47) at t \ 271 ms after the shock stall. Compare with Fig. 11 to see the
di†erence in the maximum entropy value and the shock position.

FIG. 13.ÈTime evolution of the kinetic and thermal, explosion, and
gravitational energies for various models with the neutrino temperature

MeV. Solid line : ( facg1247) ; long-dashed line : 1.05Tl\ 4.7 l
z
/l
x
\ 1.2

( facg10547) ; short-dashed line : 1.0 (spherical model, facg47).

that the Rankine-Hugoniot condition is merely a local rela-
tion between both sides of the shock so that a shock revival
in one direction is enough ; the other part of the shock will
follow since the pressure gradient does work along the
shock front. The progress of the shock then decreases the
temperature as well as the density of the matter behind
the shock front. The decrease in the temperature suppresses
the neutrino emission due to the electron capture, since the

FIG. 14.ÈTime evolution of the energies for various models in the Ðrst
100 ms. Solid line : and MeV (anisotropic facg1247) ;l

z
/l
x
\ 1.2 Tl\ 4.70

short-dashed line : MeV (spherical facg475) ; dotted line :Tl \ 4.75 Tl\ 4.70
MeV (spherical facg47) ; long-dashed line : MeV (spherical facg48).Tl\ 4.80
The explosion energy for facg1247 is similar to that for facg475.
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FIG. 15.ÈTime evolution of the energies for various models with the
neutrino temperature MeV. Solid line : ( facg1546) ;Tl\ 4.6 l

z
/l
x
\ 1.5

dashed line : 1.0 (spherical facg46).

emission rate is a very sensitive function of the matter tem-
perature, roughly proportional to T 6. Finally, the explosion
energy increases because of the suppression of neutrino
cooling.

4. DISCUSSION

4.1. Mechanism for the Increase in Explosion Energy
The anisotropy in neutrino radiation was found to be

capable of boosting the explosion energy of a supernova.
The reason for this is not the efficiency of neutrino heating

FIG. 16.ÈAccumulation of the absorbed and emitted energies due to
neutrino heating and cooling, respectively. Solid line : l

z
/l
x
\ 1.2

( facg1247) ; dashed line : (spherical facg47). Note the di†erence inl
z
/l
x
\ 1.0

the emitted energy.

as discussed by Herant et al. (1994). The accumulation of
absorbed energy due to neutrino heating is not so di†erent
between the anisotropic and spherical models. It is the neu-
trino cooling that is suppressed and contributes to the net
energy gain among the neutrino interactions with matter
(see Fig. 16). In other words, the suppression of the energy
loss by neutrino emission is the leading factor for the explo-
sion mechanism. This is similar to the mechanism proposed
by Burrows et al. (1995). In their discussion, the shock Ðrst
starts to move upward, and then neutrino cooling is sup-
pressed as a result of the decreased temperature. The cause
of the shock revival, however, is di†erent ; the locally intense
neutrino heating is important in our model, while an
increase in the average entropy due to convective motion is
not required to help the shock wave to revive, unlike their
model. A temporal variation of neutrino Ñux in angle has
also been reported in Burrows et al. (1995). This Ñuctuates
locally and varies with time, although the typical variation
in angle is relatively large at a factor of 1.6 (3.0 at the most)
and the timescale is of the order of 10 ms. On the other
hand, the anisotropic neutrino radiation investigated in the
present paper does not change with time or vary over angle
with less amplitude in neutrino Ñux density. We still have to
investigate the case of a time-dependent Ñuctuation in neu-
trino Ñux.

4.2. Neutrino L uminosity
Janka & (1995, 1996) have concluded that theMu� ller

enhancement of neutrino luminosity was most important
for driving to an energetic explosion. We also conÐrmed the
tendency like this, comparing spherical models between

( facg50), 4.8 ( facg48), 4.7 ( facg47), and 4.6 MeVTl\ 5.0
( facg46) [see in Table 1] : the explosion energyEexp(80)
increased with by a large factor for the spherical cases. AsTlfor the e†ect of the anisotropy, it was found that the less
luminous the neutrino radiation was, the more important
the anisotropy was. In an energetic explosion like the 5.0
MeV models, the e†ect of anisotropic neutrino radiation on
the explosion energy was negligible. Almost no di†erence
was found in their explosion energy (Table 1). In the mar-
ginally explosive models of 4.7 MeV, however, an anisot-
ropy of 10% in the neutrino Ñux was capable of almost the
same energy evolution as an enhancement of 4% in total
neutrino luminosity as shown in Figure 13 and Table 1

for facg1247 and facg475]. Enhancement of the total[Eexp(80)
neutrino luminosity was not always necessary to drive
toward an explosion. In the models of 4.6 MeV, anisotropic
neutrino radiation was even more crucial for a successful
explosion as shown in Figure 15 and Table 1.

4.3. Anemic Explosions
Since we do not know at present whether the neutrino

luminosity in a real supernova explosion is strong enough
or not, or whether it has been reproduced correctly in past
simulations, we have to wait for the answer to whether
anisotropy in the neutrino radiation Ðeld is generally
important or not, until the neutrino opacity and the
numerical technique for the neutrino transport are
improved in future calculations. The anisotropy is of great
importance, at least, in the case of massive stars of 40È70

at the zero-age main sequence. This is a plausible rangeM
_of the critical mass between the formation of a black hole

and that of a neutron star (exactly speaking, between the
failure and the success of a supernova explosion, since there
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is the probability of an explosion that produces a black
hole ; e.g., Bethe & Brown 1995). Stagnation of the shock
wave is certain to take place there because of the heavy
central core. The explosion should be sensitively attained or
not, depending on the degree of anisotropy in neutrino
radiation.

4.4. Comparison with ““Convective ÏÏ Models
The e†ect of anisotropic neutrino radiation was com-

pared with that of convection (so-called in supernova
research), which was reproduced by putting various initial
Ñuctuations into the spherical model ( facg47). This com-
parison was done in order to remove ambiguity due to
di†erent input physics from other supernova studies.
Merely citing other authorsÏ results is not enough. For such
models, two types of initial perturbation were considered.
One is a model in which only the shocked matter behind the
shock is initially perturbed in density ( frho1047 and
frho1p47 ; see Table 1), while the other is a model in which
all the infalling matter is perturbed in density ( fr10†47 and
fr1p†47). The perturbation only in density is considered
here for simplicity, and its proÐle is given by

do \ ao sin (nh h) , (23)

where is the number of waves as in each panel ofnh/4 \ 5
color-scale Ðgures (an angle n/2 from pole to equator is
shown) and a represents the amplitude of the perturbation.
The amplitude was chosen as a \ 10% and 1% (see Table
1). An amplitude less than 1% is unfortunately inapplicable
since the numerical noise, even with an artiÐcial viscosity
imposed, has been estimated to be 10~3 (see °° 4.11 and B4;
see also Shimizu 1995). The neutrino radiation Ðeld is
spherical for the convective models.

The time evolutions of the various energies for
““ convective ÏÏ models are shown in Figures 17 and 18. It
should be noted that the scales of the time axes are di†erent.

FIG. 17.ÈTime evolution of the energies for convective models where
the initial perturbation is put only inside the shock wave. Solid line : do/
o \ 10% ( frho1047) ; dashed line : do/o \ 1% ( frho1p47) ; dotted line :

(anisotropic but unperturbed facg10547). The dashed line isl
z
/l
x
\ 1.05

almost identical to that of the unperturbed spherical model ( facg47), which
is not shown here but in Fig. 18.

FIG. 18.ÈTime evolution of the energies for convective models where
the initial perturbation is put all through the infalling matter. Solid line :
do/o \ 10% ( fr10†47) ; long-dashed line : do/o \ 1% ( fr1p†47) ; short-
dashed line : (anisotropic facg1247) ; dotted line : (sphericall

z
/l
x
\ 1.2

facg47). Note that the scale of the time axis is di†erent from Fig. 17.

Figure 17 is for the models in which the initial density
perturbation is put only inside the initial shock front
(anisotropic radiation model facg10547 is also plotted for
comparison), while Figure 18 is for the models in which the
initial perturbation is put all through the infalling degener-
ate matter (anisotropically radiative facg1247 and spherical
facg47 are also plotted). In Figure 18, the curves for the
explosion energy for anisotropic facg1247 and perturbative
fr10†47 show almost identical proÐles [see also forEexp(200)
facg1247 and fr10†47 in Table 1]. An anisotropy of 10% in
neutrino radiation ( facg1247) is equivalent to a pertur-
bation of 10% if all the infalling material is uniformly per-
turbed ( fr10†47), as far as the e†ect on the explosion energy
is concerned. It is to be noted here that the total neutrino
luminosity is kept unchanged. It is shown that the aniso-
tropic neutrino radiation has an e†ect on the explosion
energy comparable to the entropy-driven ““ convection.ÏÏ

The curves for the explosion energy for perturbative
frho1047 and less anisotropic facg10547 show similar pro-
Ðles in Figure 17. That is, the perturbation put only within
the shock wave ( frho1047) has a smaller e†ect on the explo-
sion than the perturbation of the same amplitude (do/
o \ 10%) but put all through the infalling matter ( fr10†47),
which shows a similar proÐle to more anisotropic facg1247.
Moreover, there is a remarkable di†erence between model
frho1p47 (only inside the shock ; do/o \ 1%) in Figure 17
and model fr1p†47 (all through the infalling matter ; do/
o \ 1%) in Figure 18 : the curves for frho1p47 are almost
identical to those for facg47 (the spherical, unperturbed
model), and the explosion energy does not increase until
around 220 ms, while those for fr1p†47 show faster energy
gain from 140 ms than the spherical case ; compare also

for frho1p47 and fr1p†47 in Table 1. This di†erence isEexp(200)
due to the fact that the matter continues to inÑow through
the convectively unstable region (due to neutrino heating)
during the stage of the shock stalling. The crossing time
of the inÑowing matter is D20 ms since the height of the
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unstable region is 120 km between r \ 200 and 80 km
(Fig. 1e), and the velocity of inÑow is D5 ] 108 cm s~1 (Fig.
1b). The growth timescale of the convective instability is
20È50 ms, and the convective velocity is between D108 cm
s~1 in the linear growth regime and D109 cm s~1 in the
nonlinear growth regime (empirical from the simulations ;
see, e.g., Figs. 19 and 20) ; the sound velocity is also of the
order of magnitude of 109 cm s~1. Therefore, the growth
time of convection and the inÑow time are comparable, and
these timescales are short compared with the period during
the shock stalling (D100 ms). The perturbed matter con-

FIG. 19.ÈContour map of the photon-to-baryon ratio, /, and the
velocity Ðeld for the perturbed model of do/o \ 10% and l

z
/l
x
\ 1.0

( fr10†47) at t \ 56 ms after the shock stall.

FIG. 20.ÈContour map of the photon-to-baryon ratio, /, and the
velocity Ðeld for the perturbed model of do/o \ 1% and l

z
/l
x
\ 1.0

( fr1p†47) at t \ 63 ms after the shock stall.

tinues passing through the convectively unstable region
when its convective instability grows and it leaves only part
of inÑuence there. When the matter with almost no pertur-
bation Ñows in the shock front, the growth of instability
slows down in the locally perturbed models ( frho1047 and
frho1p47).

The distribution of perturbation is important for the
explosion mechanism in this respect. If the perturbation
were to exist locally within a restricted portion of the iron
core or the silicon shell, the perturbed matter would cross
the convectively unstable region and soon fall onto the
protoÈneutron star before the convective instability could
grow sufficiently and a†ect the explosion energy during the
stalled-shock stage. The models in which the perturbation is
added only behind the shock ( frho1047 and frho1p47) are
corresponding to this case. Thus, widely distributed Ñuctua-
tion is necessary for the ““ convective trigger (or boost) ÏÏ to
work sufficiently. Therefore, it should be clariÐed how large
the perturbation is and how it is distributed in the Si and
C] O shells at the onset of collapse. Bazan & Arnett (1994)
have shown that perturbation of the order of 5% in density
arises from convection in the oxygen-burning shell just
before the onset of collapse, although its distribution is not
described in detail. Both anisotropically radiating and
““ convective ÏÏ models contribute to breaking down the
spherical symmetry at the early stage of the explosion and
increasing the explosion energy. Based on the present
results of the numerical simulations, anisotropic neutrino
radiation is established as another mechanism by which the
shock wave can revive, other than the so far suggested
““ convective trigger.ÏÏ

Figures 19 and 20 show entropy contour and velocity
Ðeld maps for the perturbative models of do/o \ 10% and
1%, respectively. It can be seen that their growth timescales
of the hydrodynamical instability are largely di†erent de-
pending on the amplitude of the initial perturbation only.
Accordingly, the increase in the explosion energy in the
more perturbative model (do/o \ 10%) is quite faster than
that in the less perturbative model (do/o \ 1%) as in
Figures 17 and 18 [see also in Table 1]. We must beEexp(200)
careful here because only 10% of numerical noises in col-
lapse simulations will a†ect the conclusive results, which is
seen in SPH simulations by Herant et al. (1994 ; see also ° 1).

4.5. Anisotropy in Neutrino Radiation
It is possible to consider several causes for anisotropic

neutrino radiation as follows. First, the convection inside
the neutron star transports neutrinos outward anisotropi-
cally. Second, matter accretion on the neutron star is not
spherical because of the entropy-driven convection outside.
Accordingly, the accretion-originated contribution of the
neutrino emission is anisotropic. Third, if the central core is
a fast enough rotator, there is no reason for the system to
maintain spherical symmetry. Although many models
should be examined in order to investigate the e†ect of
anisotropic neutrino radiation in detail, we consider in the
next discussion (° 4.6), as the Ðrst step, the last, simplest case
of them, namely, anisotropy due to rotation.

It should be noted here that the anisotropic neutrino
radiation investigated in this study has to be maintained for
over 100 ms in order to increase the explosion energy suffi-
ciently. This may be the case in which the central core is a
fast enough rotator. Even without rotation, on the other
hand, the neutrino Ñux is expected to Ñuctuate with angle
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and time as a result of gravity waves around the neutrino
sphere (Burrows et al. 1995). The accordingly produced hot
spots will heat the surrounding gain region selectively. It
would be interesting to investigate further how the gravity
waves are modiÐed if a slow rotation is put into the system.
Detailed numerical simulations including these time-
dependent e†ects are further necessary.

We only carried out the anisotropic model with the least
number of modes in the angular variation of the neutrino
Ñux (maximum at the pole and minimum at the equator) as
in equation (5). A model with the higher order variation can
be considered, but it would result in an almost spherical
model. The neutrino luminosity at an observer is an integra-
tion of the neutrino Ñux over the neutrino-emitting surface
that is seen from the observer (see Appendix A for details).
The higher order variation of the neutrino Ñux on the
surface is averaged and smoothed out soon ; the neutrino
radiation Ðeld is already almost spherical and hence the
heating process. In contrast to the short-lived hot spot in
the simulation by Burrows et al. (1995), a long-lived hot
spot, if any, is worth taking into account, but the presented
model in this paper is a good approximation to this, if the
spot is placed on the axis of symmetry.

4.6. Rotation of the Central Core
Progenitors of core collapse supernovae, such as OB

stars, are in general observed to be fast rotators (D200 km
s~1 at the surface, PD 1 day ; see, e.g., Tassoul 1978 ; Quir-
renbach et al. 1993). Neutron stars, which are products of
core collapse supernovae, are also observed as rotating
pulsars (e.g., Crab pulsar : PD 0.033 s). The dimensionless
angular momentum, which is deÐned as q \ J/(GM2c~1), is
often used for discussing stellar rotation. If q [ 1, the rota-
tion is so high that the centrifugal force will balance with
the gravitational force during the collapse. Observation of
massive progenitor stars indicates q D 10 for the central
core (rigid rotation at the main-sequence phase is assumed),
while that of pulsars shows at least q D 10~3. Since this
parameter q is conserved for an isolated system, its value for
the central core at collapse is between them. The discrep-
ancy is due to the angular momentum transport (convective
or whatever) from the center to the envelope during the
stellar evolution. However, the exact answer for the q value
is not known.

Several researchers have considered that the rotation of
the central core would not be important for the explosion
energy (see, e.g., Yamada & Sato 1994 ; Fryer & Heger
2000). Their reasoning is that the centrifugal force would
prevent a sufficient collapse of the central core and hence it
would become difficult to transform large gravitational
energy via neutrino radiation energy into explosion energy.
This is the case in which the core is an extremely fast rotator
with the q value close to unity. The situation, however, can
be di†erent as in this study if the core is rotating moderately
and the anisotropic neutrino heating is taken into account.
If the protoÈneutron stars are rotating, centrifugal force will
asymmetrically deform the neutrino emission surface on the
neutron stars, and the emitted neutrinos will be focused on
(or deÑected from) the direction of the rotation axis. These
anisotropic neutrinos then locally heat the material behind
the shock wave, and, as a result, the shock wave will revive
and escape from the central iron core. The rotation of the
protoÈneutron star itself can play an important role in the
explosion phenomenon through the anisotropic neutrino

heating. Any tiny deviation from spherical symmetry in
neutrino radiation will be magniÐed into a large explosion
asymmetry, since there is a large reservoir of the gravita-
tional energy of the neutron star that is released as neutrino
radiation, the absorbed energy (a few percent) of neutrinos
almost balances the emitted energy, and their small di†er-
ence (about 1%) is converted into the kinetic and thermal
energy of the exploding material. The e†ect on the explo-
sion energy, however, is a subtle problem. It is not so easy to
conclude that such a local deviation would contribute to
the global explosion energy. In the present study, therefore,
we carried out a systematic series of simulations to investi-
gate the e†ect of anisotropic neutrino radiation on the
explosion energy.

The angular velocity corresponding to each simulated
anisotropic model can be estimated, for example, for the
case of the Maclaurin spheroid (see Appendix A and
Shapiro & Teukolsky 1983) as

)2\ 2nGo
C(1[ e2)1@2

e3 (3[ 2e2) arcsin e[ 3(1 [ e2)
e2

D
,

(24)

where the eccentricity is deÐned by Thee2\ 1 [ (a
z
/a

x
)2.

period of rotation for a given ratio of the Ñuxes is evaluated
as follows :

l
z
/l
x
\ 1.05% P\ 19.4 ms ,

l
z
/l
x
\ 1.20% P\ 10.5 ms ,

l
z
/l
x
\ 1.50% P\ 7.7 ms . (25)

In particular, the ratio of the rotational and gravitational
energy and the q value for are calculated asl

z
/l
x
\ 1.05

T / oW o \ 1.3% and q \ 0.63, respectively. The angular
velocity that corresponds to the assumed anisotropy in this
study is not unrealistic but a little higher than that of
observed isolated radio pulsars.

Moreover, the anisotropy in neutrino radiation that has
been assumed in the present work is only one of the e†ects
of rotation of the collapsed core. There are other e†ects of
rotation that are expected to enhance an asymmetric explo-
sion, so that the present simulations provide a demonstra-
tion of the lower limit of the e†ect of rotation on the
supernova explosion. The other e†ects of rotation are con-
sidered like this :

1. In a spheroidal conÐguration of matter in the rotating
iron core, it is easier for the shock wave and the high-
entropy matter to proceed in the direction of the rotation
axis where matter accretion in the outer part of the central
core is less than that around the equatorial plane.

2. The temperature is distributed on the neutrino-
emitting surface in which the highest value of temperature
(and consequently, the highest neutrino energy) is attained
on the rotation axis.

3. Aspherical convective and di†usive neutrino transfer
occurs inside the rotating protoÈneutron star.

The Ðrst and second e†ects will enhance a jetlike explosion.
It has been shown (H.-T. Janka 1997, private communica-
tion ; Keil 1997) that the third one gives intense neutrino
Ñux at the pole in the very early phase of neutrino emission,
but it is severely suppressed later as a result of a combined
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e†ect of convection and rotation. However, an asymmetric
explosion will result anyway, and the results strongly
depend on the speed of rotation. According to the results of
the present simulation, only moderate rotation is required,
since the e†ect of anisotropy in neutrino radiation is satu-
rated as shown in ° 3. Results of explosive nucleosynthesis,
moreover, prefer moderate rotation (Nagataki, Shimizu, &
Sato 1998). (The circulation of the high-entropy matter at
later stages of the explosion could also be a†ected by rota-
tion.) These issues remain to be investigated further.

It is noted here that the symmetry axis of deformation of
the exploding envelope (speckle image ; Papaliolios et al.
1989 ; Cropper et al. 1988) at early time (several months) is
not aligned with that of the ring around SN 1987A (HST
image ; Jakobsen et al. 1991) ; the di†erence in the projected
angle on the sky is as large as 30¡. The former might reÑect
the nature of the explosion, while the latter presumably
indicates the rotation axis of the progenitor star at the
supergiant phase. These observations can neither support
nor reject the rotator model. It is only clear that the asym-
metry in the speckle image is not of the rotational origin
alone (either in the core or in the envelope). The asymmetry
still has to be explained in another way (such as clumping of
expanding envelope or a combination of various e†ects).
We have not obtained enough information on the original
asymmetry in the explosion of the supernova core yet. In
the case of a close binary system, the central core of the
supernova progenitor can be a fast enough rotator, since
the angular momentum transport from the central core to
the envelope does not work as much as that in a single star
after its envelope is stripped during the Roche lobe Ñow.
Some supernova explosions at least will have rotating cores.
Moreover, there is a possibility to observe the original
asymmetry in the explosion of the core since such a star
often appears to be stripped of the H and He envelopes (see
Wang et al. 2001).

4.7. Observed Asymmetry in Supernova Explosions
The jetlike explosion (due to rotation or whatever) seen in

the simulations may be the origin of the observed asym-
metry in the envelopes of SN 1987A, SN 1993J, and others
(Cropper et al. 1988 ; Papaliolios et al. 1989 ; Trammell et al.
1993 ; Wang et al. 2001). In the case of SN 1987A, the rota-
tional origin is rejected and another mechanism is necessary
for the anisotropy of the neutrino Ñux if this is the case. We
must be careful, however, because the initial asymmetry of
the explosion in the central core tends to diminish in the
course of shock propagation in mostly spherical progenitor
envelopes (Chevalier & Soker 1989 ; Ishikawa et al. 1992).
The degree of asymmetry Ðnally observed in the explosion
depends on the asymmetries in both the central core and the
envelope (and even in the surrounding interstellar matter).
Nevertheless, it is to be noted that the degree of initial
asymmetry obtained in the present simulations is compara-
ble to that required for SN 1987A; it has been estimated in
Ishikawa et al. (1992) that two times the di†erence in the
initial explosion energy anisotropy with the assumption of
the spherical conÐguration of the envelope has the compa-
rable e†ect to asymmetry due to the plausible rotational
conÐguration of the hydrogen envelope. It is still possible
that the axis of asymmetry deviated from the one due to the
hydrogen envelope by the e†ect of the initial asymmetry due
to anisotropic neutrino radiation. It should also be noted
that there is a naked-core explosion that has been observed

to be asymmetric by Wang et al. (2001), whose detailed
observation can reveal the nature of supernova explosions.

4.8. Kick Velocity
The kick velocity of a high-velocity pulsar may also be

explained if jetlike convective motion occurs asym-
metrically between the northern and southern hemispheres,
which could be due to instability inside the neutron star or
to severe sensitivity of the bubble convection to the local
neutrino Ñux. Since the maximum velocity of convection in
Figures 2 and 3 is nearly 3] 109 cm s~1 and the associated
mass is between 10~2 and 10~1 the estimated pulsarM

_
,

velocity can be in the range D200È2000 km s~1 (the highest
pulsar velocity observed is D1500 km s~1). In fact, we
found, as a preliminary result, that a neutron star can be
accelerated to the velocity of 105 km s~1 within 200 ms for
the model ( facg12), by calculating an integral ofl

z
/l
x
\ 1.2

the momentum distribution of the exploding material with
an assumption of a spherical explosion over one of the
hemispheres. This is similar to the result of Janka & Mu� ller
(1994).

4.9. T he r-Process
As can be seen from Figures 2 and 3, it was found neither

that the hot bubbles are shell-like nor that the thermody-
namical variables are those averaged over solid angles of
the same radius. We have to do r-process network calcu-
lations mass element by mass element. In fact, Woosley et
al. (1994) have pointed out that the multidimensional e†ect,
namely, convection acting on the r-process nucleosynthesis,
is important to Ðt the solar abundance of r-process nuclei. If
this is the case, we have to calculate the r-process nucleo-
synthesis coupled with the multidimensional collapse
simulation.

4.10. Neutron Star Mass and Ni Production
Two problems, small baryon mass of the produced

neutron star and Ni overproduction, are often reported in
simulations of basically spherical models in which convec-
tive motion breaks spherical symmetry but the shock wave
is mostly spherical (Herant et al. 1994 ; Janka & Mu� ller
1996 ; Burrows et al. 1995). It seems that the enhancement of
the total neutrino luminosity is favorable for the explosion
energy but not for the neutron star mass or for the explosive
Ni production, since a large amount of matter is blown o†
by an energetic shock wave. The jetlike anisotropic explo-
sion model, however, provides a new way to solve these
problems. This is because, in this model, only part of matter
in the outer part of the collapsed core is exploded in the
direction of the intense neutrino Ñux and because an addi-
tional amount of matter around the plane orthogonal to it,
where the explosion is weak, falls onto the protoÈneutron
star as shown in Figures 2, 3, 4, and 5. (This infall could
further contribute to enhancement of neutrino luminosity.
This ceases at the later stage after the expansion of the
shock wave ; see Fig. 11.)

4.11. A Problem with ArtiÐcial V iscosity
An artiÐcial viscosity has been input in order to suppress

numerical oscillation whose amplitude can be as much as
1% in the downstream side behind the standing shock
wave. Moreover, artiÐcial viscosity that deals with two
dimensions is essential in order to achieve the synchro-
nization of the shock jump along the shock front. The deÐ-
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nite formula of numerical artiÐcial viscosity is presented in
° B4. The e†ect of artiÐcial viscosity has been investigated
by varying its coefficient, K, that is deÐned in equation
(B24).

For energetic explosion models, the e†ect of artiÐcial vis-
cosity was relatively small. It only changed the growth of
instability at the top of the high-entropy bubble as seen in
Figure 2 and in Figures 21a and 21b. It should be noted
here that this region is strongly unstable because of the
inverted and steep entropy gradient. The only di†erences
are the artiÐcial viscosity term (eq. [B24]) that is input at
the shock front and whether a very small perturbation is

provided or not there. The less artiÐcial viscosity was input,
and the larger numerical noises were generated at the shock
front on the downstream side. These noises served as per-
turbation in the convectively very unstable region and
a†ected the growth of the instability.

On the other hand, for marginally explosive models in
which MeV, a di†erent amount of artiÐcial vis-Tl \ 4.7
cosity resulted in a di†erent asymmetry in the explosion.
This can be found by comparing Figure 4 with Figures 22a
and 22b. The numerical noise produced at the shock front is
larger because of failure in estimating the speed of the
slowly moving shock wave in the numerical scheme, since a

Fig. 21a Fig. 21b

FIG. 21.ÈSame model as Fig. 2 ( facg12, K \ 1.0), except that the artiÐcial viscosity is less input. (a) K \ 0.5 ; (b) K \ 0.2.

Fig. 22a Fig. 22b

FIG. 22.ÈSame model as Fig. 4 ( facg1247, K \ 1.0), except that the artiÐcial viscosity is less input. (a) K \ 0.5 ; (b) K \ 0.2. Note the growth of instability
behind the shock.
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numerical spiky structure, which is an indication of such a
numerical error, was observed on the shock front in a model
with lower viscosity (a closer look of Fig. 22b ; see also
Shimizu 1995 for details). The model with artiÐcial viscosity
K \ 1.0 is more reliable since such a spiky structure was not
seen in Figure 4. The e†ect of artiÐcial viscosity is yet to be
investigated for further conÐrmation. It was found,
however, that time evolutions of various energies were all
the same for models even with di†erent degrees of artiÐcial
viscosity [compare of facg1247, fk021247, fk051247,Eexp(80)
facg12, fk0212, fk0512, facg15, and fk0215 in Table 1]. Thus,
the results for the explosion energy in the present study are
not modiÐed by the e†ect of artiÐcial viscosity.

5. CONCLUSIONS

The accurate two-dimensional axisymmetric numerical
simulations in the present study have revealed the e†ect of
the anisotropic neutrino radiation on the explosion energy.
It was found that locally intense neutrino emission along
the axis of symmetry was adequate to revive a stalled shock
wave, which leads to the explosion. This means that aniso-
tropic neutrino radiation is capable of triggering a super-
nova explosion. Enhancement of the neutrino luminosity
over the total solid angle is not necessarily required,
although it is true that the explosion energy can be
explained if the total neutrino luminosity is sufficiently high.
The least required anisotropy in the neutrino Ñux is as

much as 2.5% in amplitude in order to a†ect the explosion
energy. This is a plausible value for many supernova events.

It has also been shown in this study that there could be
some correlation between the rotational velocity of fast-
rotating neutron stars and the explosion energy of super-
novae (and also the asymmetry of the explosion) owing to
the e†ects of anisotropic neutrino radiation and local neu-
trino heating and cooling. The mechanism described in the
present paper is e†ective in such a situation as in a close
binary system where a relatively fast-rotating core is
expected. It will also a†ect the critical mass between the
production of neutron stars and that of black holes. These
series of simulations prompt us to introduce a new idea to
the supernova study, that is, ““ globally anisotropic neutrino
radiation and locally intense neutrino heating.ÏÏ What is
most important is that anisotropic neutrino radiation, or
local neutrino heating, is suggested as a meaningful key to
the explosion mechanism of supernovae.
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APPENDIX A

ANISOTROPIC MODEL FOR NEUTRINO RADIATION

The background and a brief derivation of anisotropy in neutrino radiation assumed in ° 2.2 are described here. The main
aim of the present study was to investigate merely the e†ect of anisotropy, so that we adopted the simplest model of all : the
neutrino sphere deformation model. We assumed the rotating conÐguration of the neutron star to be the Maclaurin spheroid.
The surface of the Maclaurin spheroid is given by
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We also assumed blackbody radiation of neutrinos with a uniform neutrino temperature, from the surface of the spheroid.Tl,The neutrino Ñux that is radiated from an inÐnitesimal surface of a blackbody to an observer is given by

dJl \ 7
16

4p
c

T l4
d)
4n

dS c cos h , (A3)

where p is the Stefan-Boltzmann constant, h is the angle between the direction of the Ñux and the normal to the surface, dS is
the area of the surface, and d) is the solid angle around the direction of the Ñux. The factor 7/16 is multiplied since neutrinos
are Fermi-Dirac particles and have only a left-handed spin. An integration over 2n solid angles yields anddJl\ (7/16)dS pT l4,the total luminosity is easily obtained as L l \ (7/16)S(a

x
, a

z
)pT l4.The radiation Ñux of neutrinos at a distant observer far from the spheroid can be evaluated as follows. The ratio of the solid

angle (d)/4n) in equation (A3) is given by that of the area (no2/4nr2), where no2 and r are the area normal to the passing Ñux
at the observer and the distance between the observer and the spheroid, respectively. The local Ñux density at the observer is
then deÐned by In order to calculate the Ñux density, all we have to do is to evaluate the projectedll \ [/ (dJl/dS)dS/no2].
area, / dS cos h, of the spheroid seen from the observer. A straightforward geometrical calculation yields the local Ñux
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density as
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where h is the angle between the axis of symmetry and the direction to the observer. Note that the neutrino Ñux in the polar
and equatorial directions, and is proportional to the projected area of the spheroid seen from each respective observer asl
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so that the ratio of Ñux is related to that of the axis as Note also that the total luminosity over the entire solidl
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where is identical to the surface area of the spheroid (eq. [A2]).S(a
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The total luminosity has been Ðxed between the anisotropic and spherical models for the same neutrino temperature (° 2.2).
As a matter of fact, the scale of the axis was calculated for the given ratio, by settinga
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where km is the radius of the protoÈneutron star for the spherical model.RNS \ 50

APPENDIX B

NUMERICAL SCHEME

In the present simulations, the numerical technique has been improved from that used in the previous studies (Yamada,
Shimizu, & Sato 1993 ; Shimizu, Yamada, & Sato 1993, 1994 ; Yamada & Sato 1994). An extended Roe scheme for general
equations of state was applied in spherical coordinates. A generalized version of the Roe scheme has been devised (Hanawa,
Nakajima, & Nobuta 1994 ; Shimizu 1995, 1996) that satisÐes all the items of ““ property U ÏÏ (Roe 1981) and is capable of
reproducing stationary strong shock waves. Various comparative tests show us that the Roe scheme is no less accurate than
the Godunov scheme, which uses the exact solution to the Riemann problem. The accuracy purely depends on the variable
interpolation method, not the hydrodynamical scheme itself. The new scheme is expected to be more efficient in computa-
tional speed as well as in coding feasibility than other Godunov-type schemes like PPM, which is often used in supernova
simulations.

On the other hand, a linearized Roe-like scheme was used in our previous studies (Yamada et al. 1993 ; Shimizu et al. 1993,
1994 ; Yamada & Sato 1994). The linearized scheme has the problem that the estimate of the shock speed is sometimes
incorrect, especially for stalled shock waves. As for a spherical explosion model using the Roe-like scheme, this numerical
error is extremely serious so that even qualitative results, especially the shock position and the energy evolution, are incorrect.
However, the numerical error is only severe for spherical models in which a weak shock stalls for a relatively long time. The
qualitative conclusion in Shimizu et al. (1994) is not changed since only an anisotropic model was discussed there, and the
asymmetric properties in the explosion have also been reproduced in the new scheme here.

In the following part, the extended Roe scheme for general equations of state is brieÑy presented in °° B1 and B2, and some
cautions are advised when applying the scheme to spherical coordinates (r, h) in °° B3 and B4. For details of the used
numerical scheme, see Shimizu (1995), in which the various issues on the scheme, including the numerical tests, numerical
errors, and comparison between schemes, are extensively discussed.

B1. ROE SCHEME FOR GENERAL EQUATIONS OF STATE AND SPHERICAL COORDINATES

In general situations, such as supernova explosions, the EOS deviates from the ideal c-law EOS. The original Roe scheme,
however, is only well deÐned under the condition of the ideal EOS. The Roe scheme is one of Godunov-type schemes, in
which a Riemann problem is solved to estimate the Ñuxes on the numerical cell boundaries. Roe (1981) has proposed an
approximate solution to a Riemann problem in order to reduce the heavy computational load of the Godunov scheme. He
deÐned a matrix that is a function of and where q \ (o, E\ e] u2/2, and the subscripts ““ R ÏÏ andA3 q

R
q
L
, ou

r
, ouh, oE)T,

““ L ÏÏ denote the values at the numerical cell boundary on the right- and left-hand sides, respectively. He then required a set of
four conditions for this matrix A3 (q

R
, q

L
) :

1. It constitutes a linear mapping from the vector space q to the vector space F.
2. As where A\ LF/Lq.q

L
] q

L
] q, A3 (q

R
, q

L
)] A(q),

3. For any q
R
, q

L
, A3 (q

R
, q

L
) Â (q

R
[ q

L
)\ F

R
[ F

L
.

4. The eigenvectors of are linearly independent.r
i

A3
Here the Ñux vector is deÐned as and H \ h ] u2/2. This set of conditions is often calledF \ (ou

r
, ou

r
2] p, ouh ur

, oHu
r
)T

““ property U.ÏÏ The Ñux vector on the numerical cell boundary is then calculated from the eigenvalues (i\ 1, . . . , 5)F
*

j
i
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and the corresponding eigenvectors of asr
i

A3

F
*

\ 1
2

(F
R

] F
L
) [ 1

2
;
i

o j
i
o*a

i
r
i
, (B1)

where are deÐned as It has been shown by Shimizu (1995) that, in order to simulate the standing shock*a
i

*F \ £
i
j
i
*a

i
r
i
.

waves correctly, it is important to satisfy all the items of RoeÏs ““ property U,ÏÏ especially property (iii), that is, a linear
relationship even under Ðnite di†erence. In many cases, however, deviation from ideal gas is not so large like supernova
matter. It is, therefore, preferable that the extended Roe scheme only includes correction terms from the original Roe scheme.
It was the proportionality between the pressure and the internal energy of the c-law EOS that substantially facilitated
constructing an original RoeÏs matrix. It was found that all we have to do to construct RoeÏs matrix for the generalA3 (q

R
, q

L
)

EOS is Ðrst to assume the following relation among the di†erences in the thermodynamical variables, *o\o
R

[ o
L
,

and*(oe)\ (oe)
R

[ (oe)
L
, *p \ p

R
[ p

L
:

*p \ b8 *o] a8 *(oe) , (B2)

and then to Ðnd the coefficients, and For the ideal EOS, note that and It is discussed later how to deÐnea8 b8 . b8 \ 0 a8 \ c[ 1.
those coefficients.

The assumption of equation (B2) allows us to choose the same parameter vector as in Roe (1981),
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It is then straightforward to show that RoeÏs matrix is given byA3
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where the Roe averages are deÐned by
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Note that RoeÏs matrix for ideal gas is easily recovered by setting b \ 0 and a \ c[ 1 and that RoeÏs property (ii) (consistency
in the limit of continuity) is easily conÐrmed. In order to obtain the eigenvalues of the matrix, a calculation of a determinant
yields

det (A3 [ jI)\ (j [ u
M
)3
G
[(j [ u

M
)2]

C
a8 H

M
[ a8

2
(u

M
)2] b8

DH
. (B6)

Therefore, the eigenvalues of RoeÏs matrix are

(j1, j2, j3, j4, j5) \ (u
M

] c, u
M

, u
M

[ c, u
M

, u
M
) , (B7)

where the ““ e†ective ÏÏ sound velocity, c, is necessarily deÐned by

c2\ a8
C
H

M
[ (u

M
)2

2
D

] b8 . (B8)



No. 2, 2001 EFFECT OF ANISOTROPIC NEUTRINO RADIATION 779

The corresponding eigenvectors are

(r1, r2, r3, r4, r5)\
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respectively. It is remarkable that the newly deÐned variables, and appear only in the Ðfth component of and in thea8 b8 , r2e†ective sound velocity squared, c2, and that there is no other additional term in these equations for the extended version of
the Roe scheme. It is obvious that this extended scheme includes the original. The di†erences and*q \ q

R
[ q

L
*F \ F

Rbetween the neighboring hydrodynamical states can then be decomposed by the eigenvectors as[ F
L

*q \ ;
i

*a
i
r
i

(B10)

and

*F \;
i

j
i
*a

i
r
i
. (B11)

The coefficients in these equations are given by

*a1\ *p ] o*c*u
2c2 ,

*a2\ *o[ *p
c2 ,

*a3\ *p [ o*c*u
2c2 ,

*a4\ o**v

*a5\ o**w , (B12)

where the geometrically averaged density is deÐned by

o* \ Jo
R

o
L

. (B13)

It is to be noted here that the arithmetical average is not necessary at all. It is then easy and straightforwardo6 \ (o
R

] o
L
)/2

to show that equation (B12) satisÐes equation (B10) with the use of the postulated relation, equation (B2). Note that the Ðrst
and third lines of equation (B12) are Riemann invariants in the limit of continuity.

The remaining problem is how to deÐne and Following a procedure that Roe (1981) has proposed, one can choose thea8 b8 .
coefficients for general equations of state as

a8 \
P
0

1 C Lp
L(oe)

D
o
(h)dh ,

b8 \
P
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1 ALp
Lo
B
oe

(h)dh , (B14)

where the parameter h varies from 0 to 1 along a straight path between (o, oe) and (o, oe) so that
R
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. (B15)

However, this method, which we call the ““ numerical integration ÏÏ method, is heavy in computation, since we have to perform
numerical integrations. Another possible method is to use equation (B2) contrarily as a deÐnition of the coefficients anda8 b8 ,
which we call the ““ numerical di†erence ÏÏ method. Only one of the two coefficients is deÐned with the di†erences, *o, *oe, and
*p, while the other has to be given by hand ; some approximation must be introduced instead of the computational
convenience in this method.

Glaister (1988) and Toumi (1992) have generalized the Roe scheme for general equations of state. In both of their schemes,
however, di†erence *o appears explicitly in denominators, and some terms such as *p/*o are replaced by derivatives like
Lp/Lo if *o\ 0. Nevertheless, the accuracy in a numerical derivative *p/*o is unclear if *o B 0 but *oD 0.

However, it has been shown that such a difficulty is removed in the ““ numerical di†erence ÏÏ method. The additional term in
the Ðfth component of the eigenvector (eq. [B9]) is, in general, written asr2

[ b8
a8

\*(oe) [ *pM[H
M

[ (u
M

)2/2]/c2N
*o[ *p/c2 . (B16)
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It is amazing that the same variable appears in the denominator of equation (B16) as that in the coefficient of the eigenvector
Even if *o[ *p/c2\ 0, the additional term is multiplied by in advance as follows :r2 : *a2\*o [ *p/c2. r2 *a2

*a2 r2\
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. (B17)

Owing to this procedure, no numerical di†erential appears in the ““ numerical di†erence ÏÏ method. The only problem is that
there remain some possibilities of how to deÐne the ““ e†ective ÏÏ sound speed squared c2 ; this is discussed in the following
section.

B2. HNN METHOD

Hanawa et al. (1994) have proposed a scheme (HNN method) in which the additional term in the eigenvector is directlyr2evaluated by the di†erences in variables between two neighboring states, deÐning

[b8
a8

\ e
H

4
*(oe) [ *p/(c[ 1)

*o[ *p/c2 . (B18)

The e†ective sound velocity is then necessarily deÐned from equation (B16) by

c2\ (c[ 1)
A
H

M
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M
2
2
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, (B19)

whereas c is given by hand as

c[ 1 \Jo
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. (B20)

It can be shown that when *o, *p ] 0 if so that RoeÏs property (ii) is satisÐed. Note that thee
H

] [L(oe)/Lo]
p

*o[ *p/c2D 0
HNN method is a special case of the ““ numerical di†erence ÏÏ method in ° B1, where the coefficients are given by

a8 \ c[ 1
1 [ [(c[ 1)/c2]e

H
,

b8 \ [(c[ 1)e
H

1 [ [(c[ 1)/c2]e
H

. (B21)

There is the unresolved problem for this method that the uniqueness of deÐnition of c is unclear. Its uniqueness is important
since the estimate of the shock speed depends on this deÐnition. This scheme, however, is the simplest of the schemesu

M
^ c

for general equations of state and is the most convenient for computation. Moreover, since the scheme is extended by adding
the correction term to that for the ideal EOS, the problem will not be serious for the EOS that does not largely deviate from
the ideal EOS. For this reason, we have actually adopted this method for the simulations in the present paper.

B3. CURVATURE TERMS IN SPHERICAL COORDINATES

When applying spherical coordinates, the curvature term in the equation of momentum conservation (e.g., eq. [2]) should
be treated as follows :

[ L
Lr

F2[ 2
r

ou
r
2 \ [ L

Lr
F2[ L

L(r3/3)
(r2ou

r
2) ] L

Lr
(ou

r
2) , (B22)

where the second component of the Ñux vector F2 \ou
r
2] p.

In place of the left-hand side of equation (B22), the right-hand side should be calculated without any explicit curvature
term. It should be noted that both sides are no longer equivalent after the operation of Ðnite di†erence. Here the radial
momentum Ñux, in the right-hand side is estimated by composing the density o and the mass Ñux (theou

r
2\ F12/o, F1\ ou

rÐrst component of the Ñux vector) as

o \ 1
2

(o
R

] o
L
) [ 1

2
;
i

sign (j
i
)*a

i
r
i
(1) (B23)

and the Ðrst component of equation (B1), respectively. The reason for this prescription is to remove serious numerical errors
around both the shock front and the free-fall region in one scheme. The Ðrst term in the right-hand side of equation (B22)
ensures that RoeÏs Ñux vector F is applied properly and that no serious numerical error occurs at the shock front, while the
second and third terms together serve as a good estimate of the curvature term. On the other hand, the second term of the
right-hand side of equation (B22), at the same time, ensures the conservation of radial momentum in regions where the radial
Ñuid velocity is very large. Otherwise, computation sometimes results in an underestimate of the thermal energy in a free-fall
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region. The Ðrst and third terms are then a good estimate of the pressure gradient since The correspondingp \ F2[ ou
r
2.

term for the h-direction is also treated likewise.

B4. ARTIFICIAL VISCOSITY FOR TWO DIMENSIONS

ArtiÐcial viscosity should be inevitably added in order to suppress numerical noises that are produced behind the stalled
shock front. Colella & Woodward (1984) have pointed out that numerical oscillation occurs in a calculation of extremely
strong shocks by a Godunov-type Eulerian method as well as by a Lagrangian one. Such numerical errors up to several
percent will result in overestimation of convective motion in the hydrodynamically unstable region behind the shock front. In
fact, we found that the results of numerical calculations without artiÐcial viscosity substantially di†ered from those with it.
Reducing such numerical noises is very important since convective instability always appears behind a stalled shock wave in
the delayed supernova explosions as shown in ° 2.3. In two-dimensional calculations, furthermore, artiÐcial viscosity compat-
ible with two dimensions is important in order to ensure the synchronization of the shock jumps along the shock front. In
order to suppress the numerical oscillation to a level of the order of 10~3, the following procedure was implemented as in
Colella & Woodward (1984). The Ñux vector is replaced by a new Ñux vector including artiÐcial viscosity terms,

F (AV)\ F [ l*q , (B24)

where is the di†erence in the Ñuid variable vector between two adjacent grid points and l\ K max ([*u, 0).*q \ q
R

[ q
LHere the coefficient K represents the strength of the artiÐcial viscosity. The velocity di†erence would be deÐned as *u \ u

Rfor one-dimensional calculations. (Incidentally, the entropy problem of Roe scheme in expansion fans is Ðxed in a[ u
Lsimilar manner.) For artiÐcial viscosity in two-dimensional calculations, however, *u for the cell boundary j) is(i] 12,

evaluated by the following divergence-like formula :
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whereas the derivatives are calculated by(*uh/r*h)
ij

A*uh
r*h
B
ij
\ uh,ij`1 [ uh,ij~1

r
i
[*h

j
] (*h

j`1] *h
j~1)/2]

. (B26)

The velocity di†erence *u is introduced in order to detect shock discontinuities only. The value of *u should always be
negatively Ðnite at shocks, while it should be negligible at contact discontinuities and in continuous regions. It should be
noted here that we do not have to calculate the exact divergence for the spherical coordinates since the purpose of the artiÐcial
viscosity is to smooth out the numerical oscillation around the shock where numerical di†usion is insufficient without it. The
di†erence *u for the h-direction is deÐned in a similar way.
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